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Abstract

This paper aims to evaluate the effect of the geometrical uncertainties on
the collapse condition of the circular masonry arch in presence of horizontal
actions. Adopting Heyman’s hypotheses about the material, a limit analysis
based procedure has been developed in order to evaluate the horizontal loads
multiplier, taking into account the uncertainties related to the imprecisions
of construction, the shape defects of the voussoirs or the deterioration level.
The collapse state has been determined in terms of horizontal loads multi-
plier, whose statistical moments up to second order and probability density
functions have been evaluated versus a stereometry parameter. The compar-
ison between the obtained results and those related to the nominal geometry
highlighted that the uncertainties effects could reduce significantly the nom-
inal bearing capacity of the structure. Within this context, a safety factor,
which takes into account such effects, is introduced.

Keywords: Masonry arch, Uncertain geometry, Limit analysis, Collapse
mechanism, Seismic action.

1. Introduction

The cultural and architectural heritage in seismic areas often shows a high
vulnerability, requiring a special attention in order to ensure its protection
and conservation. Many ancient structures are characterized by the presence
of the masonry arch as bearing element, since it was one of the first struc-
tural solutions to be thought in order to carry loads. Although the arches
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and vaults have already been known, the credit to understand the potential
of these elements goes to the Romans. The architect Vitruvius, in his fa-
mous book De Architectura, proves to have a deep knowledge of the thrust
exercised by arches or vaults. The Romans consolidated the constructive
practice by using the arch for the bridges and aqueducts construction, deter-
mining in this way the development of the infrastructure network. Starting
from the Middle Age and passing through the Renaissance, the construction
technique of the masonry arches led to architectural masterpieces that were
designed according to stability criteria, although at the time a clear static
or mechanical justification had not yet been provided. When designing a
masonry structure, both the medieval masters and then the architects of Hu-
manism and Renaissance referred to their system of practical rules, jealously
guarded. Some of them can be traced in ancient treatises, whose derivation
is often unknown, since they belonged to the heritage of secret knowledge
passed down from one generation of builders to the subsequent one. The
design was carried out by establishing precise rules of proportion between
the structural elements of the building: the equilibrium state was achieved
through geometrical criteria, without any consideration of the concepts of
statics, strength, safety and collapse loads [1]. This geometrical approach was
almost abandoned during the XIX century and the favourite key to reading
the behavior of the masonry arches became the elastic analysis. However,
the scientific community of that time became soon aware of the ephemeral
nature of the state of a masonry structure and of its close relationship with
the arbitrary definition of the boundary conditions. During the second half
of the XX century the plastic theory spread among the scientists and became
parallel with the elastic one; the limit analysis, strongly connected to geom-
etry, started to be considered as a valid method for the structural analysis
of the masonry arches. For a detailed analysis on the historic development
of the static theories on masonry arches, the reader is invited to see [2, 3].

In particular, since the beginning of the studies on the stability of masonry
arches through the limit analysis, carried out for the first time by Jacques
Heyman during the XX century, the bearing capacity of these structures has
been considered a geometric problem [4, 5]. The research on the optimal
shape and the minimum thickness has been a central topic for years and
is still now a theme of great interest, both for the specific case of an arch
[6, 7, 8] and for vaults and dome more in general [9, 10, 11, 12]. In particular,
the first solution for the minimum thickness of the circular masonry arch was
provided by Milankovitch about one century ago; an interesting remark can

2



be found in [13, 14].
Some studies have been developed regarding the effects of the stereotomy

on the collapse loads multiplier. The term stereotomy – from the Greek
σvτερεός, solid and τομή, cut – refers to the science of the cutting of solids
and uses the geometrical projections for the determination of the shape and
size of the stones that form arches, vaults or domes.Differently from the
main contributions that considered an arch made of voussoirs having con-
stant thickness and joints defined by radial cuts, more recently, other authors
studied the effect of a non-radial joints orientation on the minimum thickness
of the arch [15], revealing that the thrust line is not unique since it depends
on the shape of the voussoirs.

The effect of an irregular geometry on the bearing capacity of masonry
arch bridges has been studied by de Arteaga et al. [16], through the Lives-
ley’s linear programming method combined with a detailed structural relief,
performed by means of planimetric surveying techniques. The results, re-
lated to some cases study subjected to the action of a vertical pointed load,
permitted to highlight that an idealized geometry may lead to an unsafe so-
lution in term of collapse multiplier. The main influence of the thickness
value on the collapse condition of the masonry arch has been highlighted by
Riveiro et al. [17, 18], who applied a limit analysis based procedure to an ex-
isting masonry arch bridge, whose geometry has been reconstructed in detail
through a novel methodology for the three-dimensional survey [17], subse-
quently improved by means of an integration with non-destructive tests for
the geometrical characterization of the hidden portions of the structure [18].
The influence of a local thickness reduction on the seismic capacity of ma-
sonry arches has been evaluated by Zampieri et al. [19] by means of a limit
analysis procedure based on the virtual work principle. The parametric anal-
ysis on the characteristics of the defect has shown a variation of the collapse
multiplier value and of the collapse mechanism, depending on the intensity
and localisation of the defect itself. The effects of a localized thickness loss
of the arch has been analysed also by Zanaz et al. [20], who presented a
methodology for the assessment of the masonry vaults bearing capacity in
presence of a pointed vertical load, based on the finite element method. All
these approaches consider the irregularity of the structure by means of the
regeneration of its real geometry or through the identification of a local de-
fect, but they do not reproduce the uncertainty related to the shape of each
constitutive stone element of the arch. When the analysis reveals that the
structure is not able to stand the assigned loads, strengthening interventions
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should be realized in order to increase its bearing capacity [21, 22, 23, 24].
The knowledge of the carrying capacity under horizontal loads is a first

fundamental step toward the comprehension of the behaviour of complex
structural systems in seismic areas. When evaluating the limit equilibrium
condition of the masonry arch, the presence of both vertical and horizontal
loads has been considered by several authors [25, 26, 27, 28, 29, 30], also with
the presence of the backfill for the analysis of historical bridges [31, 32]. In
this context, the evaluation of the ultimate resistance of the masonry arch
has been usually carried out by considering deterministic values of the in-
volved geometrical or mechanical parameters, but actually many factors can
affect the deterministic ideal bearing capacity. The effects of the random
variability of the material strength have been evaluated by some researchers
for the circular masonry arch subjected to vertical loads, through static or
kinematic approaches [33, 34]. Other studies have been carried out on ma-
sonry arch bridges subjected to vertical pointed loads, in order to perform a
safety assessment that takes into account the random variability of the prop-
erties of the backfill [35]. A probabilistic approach for the safety assessment
of existing arches has been proposed by Schueremans et al. [36] and applied
to a circular masonry arch having an uncertain geometry and subjected to
a vertical pointed load. Defects on the shape of the voussoirs, due to both
the imprecisions of construction and the deterioration associated to environ-
mental actions, can often be found in masonry structures. Hence, the safety
assessment of the masonry arch should take into account the variability of
these factors, by adopting random values of the geometrical parameters in-
stead of deterministic ones. To the knowledge of the authors, there are no
studies about the effects of the geometrical uncertainties of the voussoirs on
the collapse load of the masonry arch in presence of horizontal actions. In
fact, the existing studies took into account only the presence of vertical loads
or considered the real geometry of a certain case study, without reproducing
the uncertain geometry of each voussoir in a probabilistic sense.

This paper deals with the uncertain geometry and its effects on the hori-
zontal loads carrying capacity of the circular masonry arch. In the first part
of this work, the limit analysis based procedure has been explained and a
deterministic calculation, which refers to an ideal geometry, has been carried
out in order to determine the nominal horizontal loads multiplier. Nowa-
days, other computational methods could be useful to carry out consistent
numerical analyses, taking also into account the effective behaviour of the
materials, with their hardening and softening response. Nevertheless, when
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a significant amount of cases has to be considered, the limit analysis is an
efficient tool, which allows to achieve reliable results with low computational
costs. The evaluation of the failure condition has been performed by adopt-
ing the well known Heyman’s hypotheses related to the masonry, which has
been considered as a no-tension material, with infinite compressive strength
and capable to generate a friction between the voussoirs that prevents the
sliding. In the second part, the effects of the geometrical uncertainties of the
voussoirs and the imprecisions of construction have been modelled. Among
the approaches that could be used to analyse the uncertainties effects on the
structural response, probabilistic, fuzzy and interval methods are worthy of
note [37]. The fuzzy method is generally used when the boundaries of a set
of activities are not well-defined [38], while the interval method can be used
when the uncertain parameters are denoted by simple ranges. However, even
if the analyses performed in this work are based on the variability of some
parameters within specific ranges related to geometric tolerances, the proba-
bilistic approach has been preferred due to the great number of variables to
be considered, for example in the case of high number of voussoirs. In fact,
the thickness, the radius of the mean circular construction line of the arch
and the angle of embrace of each voussoir have been considered as random
variables with uniform probability density functions. All the other parame-
ters involved in the problem have been taken into account as deterministic.
The effects of the uncertain geometry on the horizontal loads carrying ca-
pacity have been evaluated in term of probability density function of the
horizontal load multiplier.

2. Mechanical model and limit analysis

2.1. The limit analysis based method

The safety of the masonry arch has been analysed by referring to the
limit analysis. A thrust line analysis has been carried out starting from
the following hypotheses for the masonry: i) no-tension material, ii) infinite
compressive strength and iii) the sliding between the voussoirs does not
occur. The applied method is based on the assumption that the arch at the
collapse satisfies at the same time the equilibrium, the resistance criterion and
the mechanism condition. In other words, the thrust line must be determined
by imposing the equilibrium respect to the acting loads, including the self-
weight, and must be contained everywhere inside the thickness of the arch
in order to make the resistance criterion satisfied. The mechanism condition
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requires that the thrust line passes tangent to the boundaries of the masonry
at the intrados and extrados in correspondence of a certain number of points,
determining the growing of hinges that turn the structure into a kinematic
chain. The rotational mechanism is characterized by a number of hinges
depending on the geometry of the arch and the loading system [29].

2.2. Nominal geometry

The circular masonry arch in its plane has been considered. The deter-
ministic geometry – in the following indicated nominal geometry – of the
structure has been defined by assigning the radius R, the angle of embrace
α and the thickness t. The total arch length has been denoted by δ = Rα.
The arch has been discretized into n voussoirs by radial lines passing though
the centre O (Fig. 1), so that the values of the angle of embrace of each vous-
soir αi = α/n and the corresponding subtended arch length δi = δ/n have
been defined, with i = 1 to n. The position of each joint has been identified
through the progressive angle

βj =
π − α

2
+ (j − 1)α/n, with j = 1 . . . n+ 1 (1)

Assuming radial joints, the arch stereotomy is deterministically defined
(any voussoir is an arch of ring with radial initial and final section). On
the other hand, varying the number of the voussoirs, it appears adequate
to introduce a stereometry parameter, from the Greek σvτερεός, solid and
μέτρον, measurement. Let us define the stereometry parameter

η =
α

n
=

δ

Rn
(2)

that can have two meanings: the effective microstructure of the arch and
the discretization adopted in the numerical structural analysis.

2.3. Loading system

Dealing with the seismic actions, the generic masonry arch analysed in
this paper has been subjected to the action of the self-weights of the vous-
soirs F and to a system of horizontal loads FS proportional to the weights
through a load multiplier k, both applied at the centre of mass G of each
voussoir (Fig. 2). Hence, the vertical component of the seismic action has
not been taken into account, even if its contribution could play a significant
role in the stability assessment of masonry arch-type structures. However,
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Figure 1: Nominal geometry of the masonry arch.

Figure 2: Loading system and generic configuration of the hinges at the collapse.

7



in order to compare the results obtained by the proposed procedure with
those reported in several papers already present in the literature, the only
horizontal component has been considered which is related to the vertical
weight through a constant multiplier. In fact, according to several works
[25, 27, 26, 39, 28, 40, 29], being the structure modelled as a rigid body, it is
reasonable to consider that, at the collapse, the lateral inertial load for each
voussoir is proportional to the vertical distribution of the mass by means of
the same load multiplier k, related to the level of horizontal ground motion
acceleration. Indeed the loading system applied to the ith voussoir consists
of:

Fi = ρm Ai d (3)

FSi
= k Fi (4)

where ρm is the specific weight of the masonry, Ai the area of the ith
voussoir and d the out-of-plane depth of the arch, assumed unitary. The hor-
izontal loads have been assumed directed from left to right. The asymmetric
loading condition, due to seismic loads, implies that a four-hinges mechanism
forms at the collapse.

2.4. Numerical procedure

The evaluation of the horizontal loads multiplier k has been carried out
by following the iterative procedure briefly described below. Let us denote
by A, B, C and D the four collapse hinges and by VD, HD the reactions at
hinge D (Fig. 2). A first attempt position of the collapse hinges has been
assumed, corresponding to values of the progressive angles equal to βA, βB,
βC and βD. The equilibrium of the rigid blocks AD, BD and CD has been
imposed respectively around the hinges A, B and C, providing the following
system of equations:
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
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





































HD(yC − yD) + VD(zC − zD)−
nCD
∑

i=1

Fi(zC − zGi
)− k

nCD
∑

i=1

Fi(yC − yGi
) = 0

HD(yB − yD) + VD(zB − zD)−
nBD
∑

i=1

Fi(zB − zGi
)− k

nBD
∑

i=1

Fi(yB − yGi
) = 0

HD(yA − yD) + VD(zA − zD)−
nAD
∑

i=1

Fi(zA − zGi
)− k

nAD
∑

i=1

Fi(yA − yGi
) = 0

(5)
where nAD, nBD and nCD represent the number of voussoirs between

hinges A, B, C and the hinge D. Once the system of equations (5) is solved,
the loading system is completely known. Hence, the thrust line can be deter-
mined by evaluating the eccentricity ej of the normal force in correspondence
of each joint. The satisfaction of the resistance criterion is then checked:

− t

2
≤ ej ≤

t

2
(6)

Eq. (6) must be verified at each joint, by considering the sign of equality
only at the hinges joints, in order to obtain the actual horizontal loads mul-
tiplier k and the corresponding collapse mechanism. On the contrary, if the
resistance criterion is not satisfied, a new attempt configuration of hinges has
to be assumed and the calculation repeated. For a more detailed description
of the procedure, the interested reader is invited to see [29].

2.5. Horizontal loads carrying capacity for nominal geometry

In the first part of this work, the limit analysis of the circular masonry
arch has been carried out by considering the nominal values of the geometrical
parameters. Following seminal works taken from the literature (e.g. [27]),
the results related to a circular arch with a unitary radius R, an angle of
embrace α equal to 157.5◦ (2.7489 rad) and a thickness-radius ratio t/R of
0.15 will be shown. In order to obtain a solution for the discretized arch
which is equivalent to that of the arch made of a continuous mean, a high
number of voussoirs should be adopted [29].

Let us denote by knom the nominal horizontal loads multiplier correspond-
ing to a continuous solution and by kη the horizontal loads multiplier obtained
through a discretization of the structure with n voussoirs, or equivalently
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Figure 3: Horizontal loads multiplier kη (continuous black line) and nominal multiplier
knom (dashed blue line) for the analysed arch depending on the stereometry parameter.

with a stereometry parameter η. In order to highlight the influence of the
discretization, a sensitivity analysis has been carried out by varying the stere-
ometry parameter η and evaluating the corresponding value of the horizontal
loads multiplier kη. The results have been represented in Fig. 3 through a
continuous black line linking the values kη. The results show a high variabil-
ity of the horizontal loads multiplier in the range of low values of 1/η, while
if 1/η increases the horizontal loads multiplier tends to a limit value, which
can be defined as the nominal horizontal loads multiplier knom (horizontal
dashed blue line of Fig. 3). Hence, it results:

knom ≤ kη (7)

This observation, related to an assigned arch geometry, has a general va-
lidity when a deterministic approach is adopted. The solution kη depends on
the number of voussoirs and differs, in general case, from the exact multiplier
obtained through a continuous analysis. The coincidence of the two values
can be obtained through a reduction of the stereometry parameter, i.e. by
increasing the number of voussoirs:

knom = lim
n→∞

kη = lim
η→0

kη (8)

Eq. (7) can be proved through the kinematic theorem of the limit anal-
ysis. In fact, as a consequence of the discretization, the hinges may develop
in different positions respect to those of the continuous solution and the cor-
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α R t/R knom βA βB βC βD

[rad] [m] - - [rad] [rad] [rad] [rad]

2.7489 1 0.15 0.3534 0.2238 1.2318 2.2397 2.9452

Table 1: Data and results of the deterministic limit analysis.

responding horizontal loads multiplier is, therefore, a kinematic multiplier.
The kinematic multiplier may be equal to the collapse multiplier of the con-
tinuous system – i.e. knom – for particular discretizations, corresponding to
the stereometry parameter η, that permit the formation of the hinges in po-
sitions very close to those obtained by the continuous solution [40]. For what
concerns the practical implementations, Eq. (7) highlights the safety of any
continuous solution for the limit analysis of the masonry arch with nominal
geometry.

In order to evaluate the nominal results in term of horizontal loads mul-
tiplier and position of collapse hinges, a number n of voussoirs equal to 300,
corresponding to η = 0.0092, has been used for the masonry arch considered
in this paper. In Tab. 1 the data and the results of the deterministic analysis
are summarized, being α the fixed value of the angle of embrace of the arch,
R the radius of the mean circular construction line, t the thickness and βA,
βB, βC and βD the progressive angles of the four collapse hinges. In Fig. 4 the
thrust line referred to the nominal condition has been depicted, highlighting
the position of the collapse hinges.

It should be noted that in the previous analyses, and then also in the fol-
lowing, no restriction has been assumed for the number of voussoirs, which
could be either even and odd. This hypothesis implies that no specific at-
tention has been devoted to the presence or not of a keystone, because the
four-hinges collapse mechanism related to the vertical and horizontal forces
does not involve the central joint, except in the cases of very low number of
voussoirs. In other words, the presence of the keystone does not change the
main results of this work.
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Figure 4: Nominal thrust line and collapse hinges resulting from a high discretization
(n = 300).

3. A probabilistic approach

3.1. Definition of the uncertain geometry

A deterministic approach is currently adopted in the limit analysis. In
fact, all the parameters involved in the calculation are usually considered
to be exactly known. Actually, the obtained solution in terms of horizontal
loads multiplier and collapse mechanism is an approximation of the effec-
tive one. This could be due to many causes, such as shape defects of the
voussoirs, imprecisions of execution or material deterioration due to environ-
mental actions. Hence, in the framework of the safety assessment of masonry
structures, a probabilistic analysis should be adopted to take into account
these aspects and to ensure that the bearing capacity is not overestimated.

The uncertain geometry of the masonry arch has been modelled by as-
suming the following hypotheses: i) radial joints, ii) nominal value of the
angle of embrace α of the arch and iii) uniform probability density func-
tions for the random geometrical parameters (independent functions). Three
nominal parameters, which have been previously defined with reference to
the entire structure and considered constant at §2.5, in this section have to
be related to each voussoir: αi, ti and Ri denote respectively the angle of
embrace, the thickness and the radius of the mean circular construction line
associated to the generic ith voussoir. In the nominal condition it results:
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Figure 5: Generic uncertain geometry of the circular arch (a) and random geometrical
parameters related to the ith voissoir (b).











αi = α/n

ti = t

Ri = R

(9)

The uncertainties related to the voussoirs shape have been modelled by
considering these parameters as random variables (Fig. 5), with uniform
probability density functions (Fig. 6). The use of a uniform probability
density function defined in a specific interval is related to the concept of tol-
erance, as will be discussed in the following. Moreover, this assumption has
allowed to avoid the definition of further parameters (such as standard devi-
ation, etc.) and, at the same time, the possibility to obtain negative samples,
as in the case of normal probability density function. The amplitude of the
range of variability depends on the tolerance ε:











α̃i = E[α̃i] + ε α/n · p̃αi
= α/n+ ε α/n · p̃αi

= α/n (1 + ε p̃αi
)

t̃i = E[t̃i] + ε t · p̃ti = t+ ε t · p̃ti = t (1 + ε p̃ti)

R̃i = E[R̃i] + χ R · p̃Ri
= R + χ R · p̃Ri

= R (1 + χ p̃Ri
)

(10)
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χ χ

Figure 6: Probability density functions for the angle of embrace αi (a), the thickness ti
(b) and the radius Ri (c).

where χ = ε t
R

and p̃αi
, p̃ti , p̃Ri

are independent samples taken from a
uniform probability density function defined in the range [−1, 1]. The mean
values of the random geometrical parameters have been assumed equal to the
corresponding nominal values. The uncertain geometry has been generated
by extracting n samples both for the radius R̃i and the thickness t̃i. On the
other hand, in order to make the angle of embrace of the arch α constant, as
prescribed by the hypothesis number ii) at §2.5, only n − 1 samples of the
variable α̃i have been extracted for each uncertain geometry. The value of
the nth angle of embrace has been determined by difference:

α̃n = α−
n−1
∑

i=1

α̃i (11)

and then it has been checked that this value belongs to the range of
definition of the random variable:

α/n(1− ε) ≤ α̃n ≤ α/n(1 + ε) (12)

Starting from the nominal arch described at §2.5, three different levels of
geometrical uncertainty have been analysed, assuming the tolerance ε equal
to 0.03, 0.05 and 0.10 and χ = ε t

R
equal to 0.0045, 0.0075 and 0.015. The

assumption of ε = 0.03 refers to the tolerance prescribed by the standard
codes of the industrial, hence modern, fabrication of blocks for masonry
constructions (brick masonry, stone masonry,. . . ). The other values have
been assumed to simulate effective voussoirs and/or degradation process of
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the structure, analysing more suitable conditions for historical constructions.
For an assigned deterministic geometry, considering the symmetry of the

structure respect to the vertical axis passing through the crown, a unique
value of the nominal horizontal loads multiplier can be found. On the con-
trary, when an uncertain geometry is assigned, two values of the random
horizontal loads multiplier k̃l and k̃r have to be determined, corresponding
respectively to the direction of loads acting from left to right and from right
to left. Hence, the random horizontal loads multiplier has been determined
as the minimum value:

k̃ = min(k̃l, k̃r) (13)

It should be noted that the adoption of an uncertain geometry implies that
the transmission of the stresses between two adjacent voussoirs does not occur
through the entire thickness of each voussoir anymore, but a geometrical
parameter that quantifies the effective contact length t̃c along each joint has
to be defined, depending on the random thickness t̃ and radius R̃ of the
delimiting voussoirs:











t̃cj = t̃j for j = 1

t̃cj = min(R̃j−1 +
t̃j−1

2
, R̃j +

t̃j
2
)−max(R̃j−1 − t̃j−1

2
, R̃j − t̃j

2
) for j = 2 to n

t̃cj = t̃j−1 for j = n+ 1

(14)
while in deterministic conditions it results t̃cj = t for j = 1 to n+1. Hence,

the resistance criterion of Eq. (6) has necessarily to be modified, since the
thrust line must be included inside the irregular boundaries of the arch, i.e.
must pass through the contact length of each joint:

−
tcj
2
≤ ej ≤

tcj
2

(15)

where j = 1 to n+ 1.
In the following, the effect of uncertainties on the horizontal load multi-

plier has been analysed by considering both the single contributions of the
three random parameters and the sets of their combinations. The probabilis-
tic approach is essentially based on the Monte Carlo method: for each set
of analysis n samples have been generated by using the probability density
functions previously introduced and the related distributions of the horizon-
tal loads multiplier have been obtained. It should be noted that the limit
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analysis procedure requires only a few seconds of computational cost to give
the results related to each random arch.

3.2. Random angles of embrace

The effect of the random value of the angle of embrace α̃i of each voussoir
on the horizontal loads multiplier has been evaluated in this section. The
radius Ri and the thickness ti related to each voussoir are assumed to be
deterministic variables:











α̃i = α/n (1 + εp̃αi
)

t̃i = ti = t

R̃i = Ri = R

(16)

where i = 1 to n. The contact length at each joint is equal to t̃cj = t
for j = 1 to n + 1, since the thickness has been considered in this section
with its nominal value. A partition of the angle of embrace α of the entire
arch has been generated through n random angles of embrace α̃i. The limit
analysis has been carried out on a wide range of number of voussoirs, adopting
n = 3 ÷ 50 or equivalently 1/η = n/α = 1.1 ÷ 18.2. A random horizontal
loads multiplier k̃η corresponds to each assumed random discretization. Let
us consider the set (α̃i)η, corresponding to a discretization with n = α/η
voussoirs. The set, made of n samples, has been taken from the uniform
distribution of Fig. 6(a), according to Equations (11) and (12). The analysis
has been carried out through the procedure described at §2.4, by varying the
stereometry parameter η, for a total number of cases equal to 1000. For each
sample (α̃i)

h
η ∈ (α̃i)η, with h = 1÷1000, the random load multiplier k̃h

η ∈ k̃η
has been evaluated. The results of the analysis in terms of random horizontal
loads multiplier have been represented in Fig. 7 by red dots, depending on
the stereometry parameter. The continuous black line represents the curve
obtained by linking the mean values E[k̃η] and the continuous green lines
represent those obtained by linking the values E[k̃η] ± σ[k̃η], being σ the
standard deviation. By comparing Fig. 7(a), (b), (c) and considering a fixed
value of the stereometry parameter, it can be observed an increment of the
variability of the horizontal loads multiplier k̃η when the tolerance ε increases,
i.e. when the level of the geometrical uncertainty grows up.

A limit value of the stereometry parameter ηL can be defined for the
analysed arch, such that the difference between the horizontal loads multiplier
coming from a discretized solution and the nominal multiplier is negligible. In
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Figure 7: Horizontal loads multipliers k̃η (red dots) with the corresponding values E[k̃η]

(black line) and E[k̃η]±σ[k̃η] (green lines) for random radial discretization, depending on
the stereometry parameter. Case (a) ε = 0.03, (b) ε = 0.05 and (c) ε = 0.10.
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the following a value of nL = 30 voussoirs, corresponding to 1/ηL = nL/α =
10.9, has been considered, in order to have an error (k̃η−knom)/knom < 1.0%
for each cases. Two regions can be identified in each graph: for values
1/η ≥ 1/ηL the effect of the random angle of embrace α̃i on the horizontal
loads multiplier can be neglected, while in the range 1/η < 1/ηL the random
variability of this parameter should be taken into account. In particular,
it results (k̃η − knom) → 0 for 1/η → ∞. The explanation lies in the fact
that the angle of embrace of each voussoir, deterministic or random, might
determine a position of the hinges close to that of the continuous case, making
the collapse multipliers coincident. In Fig. 8 the results of the analysis in
terms of position of the four collapse hinges have been represented. The
random values of the progressive angles β̃j, with j = A, B, C, D, tends to
the corresponding nominal values βj for 1/η → ∞ (Tab. 2.5). By comparing
Figures 7 and 8, it can be observed that the value of the horizontal loads
multiplier is mainly determined by the position of the hinges, in particular
by the hinge B. In fact, while the stereometry parameter increases, the
convergence to the nominal value knom is periodically obtained when the
position of the hinge B is very close to its nominal value. By referring to
Fig. 7 it can be observed that the probabilistic distribution of the random
horizontal loads multiplier k̃η is defined in a range [k̃inf

η , k̃sup
η ]. In other words,

the random horizontal loads multiplier is limited:

knom ≤ k̃inf
η ≤ k̃h

η ≤ k̃sup
η (17)

The condition k̃inf
n = knom exists because in general it is possible to

identify a sequence of random angles of embrace α̃i corresponding to a sample
(α̃i)

h
η that produces a configuration of the collapse hinges equal to that of

the continuous case. From Eq. (17) it results

knom ≤ k̃η (18)

namely the uncertainty of the arch geometry in term of angle of embrace of
each voussoir can not be associated with an horizontal loads multiplier lower
than the nominal one, obtained through a continuous modelling. Eq. (18)
represents the general case of Eq. (7), since the partition (αi)η of deterministic
equal angles αi = αi+1, with i = 1 to n − 1, is a particular sample taken
from the set (α̃i)η. It can be stated that knom is the lower bound of the
horizontal loads multipliers corresponding to any radial discretization, both
deterministic or random. In other words, starting from a discretization of the
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Figure 8: Position of the collapse hinges A (black), B (red), C (green), D (blue) for
random radial discretization, depending on the stereometry parameter. Nominal val-
ues of progressive angles: βA = 0.2238 rad = 12.82◦; βB = 1.2318 rad = 70.58◦;
βC = 2.2397 rad = 128.32◦; βD = 2.9452 rad = 168.75◦. Case (a) ε = 0.03, (b) ε = 0.05
and (c) ε = 0.10. 19



arch, modelling only its random radial stereotomy, it is not possible to find
an horizontal loads multiplier inferior to that corresponding to a continuous
analysis. Hence, both the continuous analysis and the analysis with a high
discretization, by using 1/η → ∞ or n → ∞, are on the safe side.

3.3. Range of high values of the stereometry parameter

The results of the previous paragraph §3.2 permit to state that for high
values of the number of voussoirs, namely for low values of the stereometry
parameter, the radial discretization of the arch is functional to the evalu-
ation of the horizontal loads multiplier and may not necessarily represents
the effective radial stereotomy, even if for arch with high values of the span
length and a high number of real voussoirs there might be also a physical
correspondence. In this section, the variability of the horizontal loads mul-
tiplier in the range 1/η ≥ 1/ηL has been analysed. In particular, values of
the number of voussoirs n = 30 ÷ 210 have been adopted, corresponding to
1/η = n/α = 10.9÷ 76.4. The analysis has been carried out step by step: in
the first part only the thickness ti has been considered as a random variable
(Fig. 9(a)), while in the second part both the uncertainties due to the thick-
ness ti and the radius Ri have been taken into account (Fig. 9(b)). In both
cases the contact length at each joint has been determined through Eq. (14).
Both the analyses are necessary in order to understand the influence of each
geometrical parameter on the horizontal bearing capacity of the arch. How-
ever, if these two cases are compared, it should be noted that when the radius
of the voussoir is modified, even if the thickness remains the same, there is
a small variation of the area and the centre of mass, i.e. of the forces and
their application point, of the voussoir itself.

3.3.1. Random thickness

Since the random value of the angle of embrace of each voussoir α̃i does
not affect, in the considered range of 1/η, the value of the horizontal loads
multiplier k̃, the following assumption have been used in order to study the
effects due to a random variation of the thickness of the voussoirs:











α̃i = αi = α/n

t̃i = t (1 + εp̃ti)

R̃i = Ri = R

(19)

The uniform probability density function of Fig. 6(b) has been used for
the thickness. It should be noted that the geometry, represented in Fig. 9(a),
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Figure 9: Uncertain geometry of the voussoirs for the case of (a) random thickness t̃i and
(b) random thickness t̃i and radius R̃i.

is characterized by the centroids of each joint that are placed on the mean
circular construction line of the arch, since the radius Ri has been assumed
as a deterministic parameter. In this case, the uncertain geometry has been
generated by extracting a sample of n values of thickness t̃i for the voussoirs.
Eq. (14) that defines the contact length t̃c can be written as follows:











t̃cj = t̃j for j = 1

t̃cj = min
( t̃j−1

2
,
t̃j
2

)

for j = 2 to n

t̃cj = t̃j−1 for j = n+ 1

(20)

For each of considerated cases of the stereometry parameter 1/η (in the
range 1/η = 10.9÷ 76.4, or equivalently n = 30÷ 210), the analysis has been
carried out for a total number of samples equal to 1000. In this paper, only
the results related to n equal to 30, 90, 150, 210 will be shown. For each set
(t̃i)

h
η taken from the uniform probability density function of Fig. 6(b), being

n = α/η, the corresponding value of the random horizontal loads multiplier
k̃h
η has been evaluated, with h = 1÷ 1000.
As previously asserted, the direction of the horizontal ground motion does

not have any influence on the horizontal load multiplier in deterministic con-
dition, because of the symmetry respect to the vertical axis passing though
the crown, while in presence of the geometrical uncertainties two multipliers
k̃l and k̃r can be defined. At each iteration h two values of horizontal loads
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multiplier k̃h
l and k̃h

r have been determined in order to apply Eq. (13) and
find the minimum value between them, that is the proper horizontal loads
multiplier k̃h. In Fig. 10 the histogram of the probability density of the hor-
izontal loads multiplier k̃ has been represented, for values of n equal to 30,
90, 150, 210 and for ε = 0.10. The normal probability density function pk̃η
has been used in first approximation to interpolate the numerical results:

pk̃η = f( k̃η |µ, σ ) =
1

σ
√
2π

e
−(k̃η−µ)2

2σ2 (21)

where µ = E[k̃η] and σ2 = σ2[k̃η] = E[k̃η−µ]2 are the mean value and the
variance of the sample of the random horizontal loads multipliers, with a dis-
cretization of the arch by means of n = α/η voussoirs. The histogram of the
probability density of k̃ of Fig. 10 has been represented with its interpolant
normal probability density function (continuous black line), superimposed
to the interpolant normal probability density functions of k̃l (dashed black
line) and k̃r (dash-dot black line). It can be observed the coincidence of
the mean values E[k̃l] ≃ E[k̃r] and of the standard deviations σ[k̃l] ≃ σ[k̃r].
Moreover it results E[k̃] < E[k̃l] ≃ E[k̃r] and σ[k̃] < σ[k̃l] ≃ σ[k̃r], namely
the horizontal loads multiplier has a mean value and a standard deviation
that are lower than those of k̃l and k̃r. The absence of correlation between
k̃l and k̃r is proved by means of the graph of Fig. 11, in which the differences
k̃l−E[k̃l] have been plotted versus the differences k̃r −E[k̃r]. The increment
of dispersion of the results appears if the number of voussoirs increases.

In Fig. 12 the results related to the random horizontal loads multiplier
have been represented by red dots, depending on 1/η. The interpolating
normal probability density has been plotted for each set k̃η. The black line
links the mean values E[k̃η] and shows a decreasing trend when 1/η increases.
The standard deviation σ[k̃η] also decreases when 1/η increases. The green
line corresponds to the horizontal loads multiplier knom(α, tmin, R) obtained
from a deterministic arch having a radius R, an angle of embrace α and a
thickness tmin = t(1− ε) equal to the minimum value of the definition range
of its probability density function (Fig. 6(b)). The value knom(α, tmin, R)
could be thought as the lower bound of the horizontal loads multiplier for
this type of uncertain geometry. Actually, it results:

knom(α, tmin, R) < E[k̃η] (22)

The mean value of the random horizontal loads multiplier E[k̃η] never

22



0.28 0.32 0.36 0.4
0

10

20

30

40

50

k̃

p k
n

o
m

=
0
.3

5
3
4

(d)

0.28 0.32 0.36 0.4
0

10

20

30

40

50

k̃

p k
n

o
m

=
0
.3

5
3
4

(a)

0.28 0.32 0.36 0.4
0

10

20

30

40

50

k̃

p k
n

o
m

=
0
.3

5
3
4

(b)

0.28 0.32 0.36 0.4
0

10

20

30

40

50

k̃

p k
n

o
m

=
0
.3

5
3
4

(c)

Figure 10: Histogram of the probability density of the horizontal loads multiplier k̃ with
its interpolant normal probability density function (continuous black line) and with the
indication of the nominal horizontal loads multiplier (blue line), superimposed to the
interpolant normal probability density functions of k̃l (dashed black line) and k̃r (dash-
dot black line), for ε = 0.10. Cases of random thickness: (a) n = 30, (b) n = 90, (c)
n = 150, (d) n = 210.
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Figure 11: Correlation between the differences k̃l − E[k̃l] and k̃r − E[k̃r] for ε = 0.10.
Cases of random thickness: (a) n = 30, (b) n = 90, (c) n = 150, (d) n = 210.
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reaches knom(α, tmin, R), but tends to a greater value. The motivation lies in
the fact that the combination of two different aspects plays a fundamental
role in the definition of the value of the random horizontal loads multiplier
k̃. From one side, the random thickness t̃i produces a reduction of k̃ because
the resistance domain has been modified in Eq. (15) through the definition
of the contact length t̃c, whose mean value E[t̃c] for an assigned random
geometry is lower than the nominal thickness t. On the other side, the
random thickness t̃i can modify the position of the hinges respect to the
nominal case, producing an increment of the value of k̃. Let us consider the
set of results in the case of ε = 0.10 for 1/η = 10, 91 (n = 30) (red dots for
1/η = 10, 91 of Fig. 12(c)). In Fig. 13 the uncertain geometries corresponding
to the minimum (k = 0.294), the intermediate (k = 0.328) and the maximum
(k = 0.364) horizontal loads multiplier of this set of multipliers have been
represented with the corresponding thrust lines. The horizontal loads act
from left to right. It can be observed that the hinge B moved toward the
left adjacent joint when passing from the condition of minimum multiplier
of Fig. 13(a) to the condition of intermediate multiplier of Fig. 13(b). In the
condition of maximum multiplier of Fig. 13(c) also the hinge C moved toward
the left adjacent joint. The movement of the hinges is mainly dictated by the
position of the voussoir that has, within the region of the nominal position
of the hinges, the biggest reduction of the thickness.

A reduction of the standard deviation has been observed when n increases:
the greater is the number of voussoirs, the higher is the probability to obtain
a stable configuration of the hinges position. In other words, if the number
of voussoirs is high, the position of the collapse hinges has a low shifting
from an iteration h to the next one and the variation of the horizontal loads
multiplier is low.

3.3.2. Random thickness and radius

In this section, the issue about the evaluation of the effects of the geo-
metrical uncertainties on the collapse condition of the masonry arch has been
completed in the range of high values of the number of voussoirs. In par-
ticular, both random values of the thickness t̃i and the radius R̃i have been
adopted, while the angle of embrace of each voussoir α̃i has been considered
equal to its nominal value:
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Figure 12: Horizontal loads multipliers for n = 30, 90, 150, 210 (red dots) compared to
knom(α, tmin, R) (green line) and interpolant normal probability density function, depend-
ing on the stereometry parameter. Cases of random thickness: (a) ε = 0.03, (b) ε = 0.05
and (c) ε = 0.10.
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Figure 13: Examples of arches with random thickness with the corresponding thrust lines,
for a number of voussoirs n equal to 30 (1/η = 10, 91) and for ε = 0.10. Case (a) minimum
(k = 0.294), (b) intermediate (k = 0.328) and (c) maximum horizontal loads multiplier
(k = 0.364).
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









α̃i = αi = α/n

t̃i = t(1 + ε p̃ti)

R̃i = R(1 + χp̃Ri
)

(23)

The uniform probability density functions of Fig. 6(b) and (c) have been
used respectively for the thickness and the radius. The contact length t̃c

can be evaluated by means of Eq. (14). The resulting uncertain geometry
depicted in Fig. 9(b) may reproduce, in a probabilistic sense, a more realistic
condition of the arch geometry in the field of high values of n – since it has
been already proved that a deterministic value of αi can be adopted in this
range.

As well as in §3.3.1, the analysis has been carried out for a number of cases
equal to 1000 by varying the stereometry parameter η. A sample of n values
of thickness t̃i and a sample of n values of radius R̃i have been independently
extracted at each case. For each couple of sets (t̃i)

h
η and (R̃i)

h
η being n = α/η,

the corresponding value of the random horizontal loads multiplier k̃h
η has been

evaluated.
The analysis has been carried out all over the range n = 30 ÷ 210, cor-

responding to 1/η = n/α = 10.9 ÷ 76.4, but the results will be shown only
for certain values of the number of voussoirs n equal to 30, 90, 150, 210.
In Fig. 14 the histogram of the probability density of the horizontal loads
multiplier k̃ has been represented for ε = 0.10 with its interpolant normal
probability density function (continuous black line), superimposed to the in-
terpolant normal probability density functions of k̃l (dashed black line) and
k̃r (dash-dot black line), in comparison to the nominal multiplier knom (blue
vertical line). It can be observed again as the mean values and of the stan-
dard deviations of the random variables k̃l and k̃r are very close. Moreover,
it results E[k̃] < E[k̃l] ≃ E[k̃r] and σ[k̃] < σ[k̃l] ≃ σ[k̃r]. The absence of
correlation between k̃l and k̃r is proved by means of the graphs of Fig. 15.

In Fig. 16 the results related to the random horizontal loads multiplier
have been represented by red dots with the interpolant normal probability
density function defined according to Eq. (21). Similar considerations to
those of section §3.3.1 can be made regarding the trend of the mean values
and the standard deviations of the horizontal loads multiplier k̃η. Also in
this case, the reduction of the mean value of the horizontal loads multiplier
E[k̃η] respect to the nominal value knom is related to the further reduction of
the mean value of the contact length E[t̃c] respect to the nominal thickness
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Figure 14: Histogram of the probability density of the horizontal loads multiplier k̃ with
its interpolant normal probability density function (continuous black line) and with the
indication of the nominal horizontal loads multiplier (blue line), superimposed to the
interpolant normal probability density functions of k̃l (dashed black line) and k̃r (dash-
dot black line), for ε = 0.10. Cases of random thickness and radius: (a) n = 30, (b)
n = 90, (c) n = 150, (d) n = 210.
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Figure 15: Correlation between the differences k̃l − E[k̃l] and k̃r − E[k̃r] for ε = 0.10.
Cases of random thickness and radius: (a) n = 30, (b) n = 90, (c) n = 150, (d) n = 210.
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t, due to the random radius R̃i. A reduction of both the mean value E[k̃η]
and the standard deviation σ[k̃η] of the horizontal loads multiplier has been
observed if the number of voussoirs increases. From the comparison between
Fig. 12 and Fig. 16, a further reduction of k̃η can be observed if the uncer-
tainties on the radius are considered. The reason lies in the change of the
contact lengths t̃cj. In the previous case of paragraph §3.3.1, in which the
thickness ti is the unique random variable, the law of the contact length has
been defined by means of Eq. (20) and it results t(1 − ε) ≤ t̃cj ≤ t(1 + ε).
In this case, on the contrary, the contact length can be evaluated through
the general Eq. (14) and it has a higher range of variability because of the
random value of R̃i. The blue horizontal line of Fig. 16 corresponds to the
horizontal loads multiplier knom(α, tmin, Rmax) obtained from a deterministic
arch having a radius Rmax = R(1 + χ) equal to the maximum value of its
definition range, an angle of embrace α and a thickness tmin = t(1− ε) equal
to the minimum value of its definition range. For this type of uncertain
geometry, knom(α, tmin, Rmax) could be thought as the lower bound of the
horizontal loads multiplier. In fact, as known, if the angle of embrace of the
arch α has been fixed, a reduction of the horizontal loads multiplier can be
obtained by decreasing the thickness and increasing the radius [29]. Actually,
except for values of 1/η less than about 21.8, corresponding to n < 60, it
results:

knom(α, tmin, Rmax) > E[k̃η] (24)

being knom(α, tmin, Rmax) < knom(α, tmin, R). The mean value of the random
horizontal loads multiplier E[k̃η] may be lower than the value knom(α, tmin, Rmax)
because of the uncertainties on the radius combined with those of the thick-
ness that cause a high reduction of the average contact length, as highlighted
above. In Fig. 17 the uncertain geometries corresponding to the minimum
(k = 0.223), the intermediate (k = 0.293) and the maximum (k = 0.366) hor-
izontal loads multiplier of the set of multipliers k̃η of Fig. 16(c), for η = 10, 91
(n = 30), have been represented with the corresponding thrust lines. The
hinges A, B and C moved toward a left adjacent joint when passing from
the condition of minimum multiplier of Fig. 17(a) to the condition of inter-
mediate multiplier of Fig. 17(b). In the condition of maximum multiplier of
Fig. 17(c) the hinge B further moved toward left, while the hinge A moved
toward a right adjacent joint.
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Figure 16: Horizontal loads multipliers for n = 30, 90, 150, 210 (red dots) compared
to knom(α, tmin, Rmax) (blue line) and interpolant normal probability density function,
depending on the stereometry parameter. Cases of random thickness and radius: (a)
ε = 0.03, (b) ε = 0.05 and (c) ε = 0.10.
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Figure 17: Examples of arches with random thickness and radius with the corresponding
thrust lines, for a number of voussoirs n equal to 30 (1/η = 10, 91) and for ε = 0.10. Case
(a) minimum (k = 0.223), (b) intermediate (k = 0.293) and (c) maximum horizontal loads
multiplier (k = 0.366).
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3.4. Range of low values of the stereometry parameter: random thickness,

radius and angle of embrace of the voussoirs

When modelling the arch through a discretization that uses a low value
of the number of voussoirs, all the parameters involved – i.e. the thickness ti,
the radius Ri and the angle of embrace αi – should be considered as random
variables. Following the observations at §3.2 about the role played by the
angle of embrace αi, in this section the variability of the horizontal loads
multiplier in the range 1/η < 1/ηL has been analysed. Values of the num-
ber of voussois equal to n = 3 ÷ 29 have been considered, corresponding to
1/η = n/α = 1.1 ÷ 10.6. The random values of the the angle of embrace,
thickness and the radius, expressed by Eq. (10), produce the uncertain ge-
ometry depicted in Fig. 5. The contact length t̃cj at each joint has been
determined through Eq. (14). For an assigned value of η, at each case h,
with h = 1 ÷ 1000, three independent sets (ti)

h
η , (Ri)

h
η and (αi)

h
η of samples

have been extracted from the uniform probability density functions of Fig. 6,
according to Equations (11) and (12) for what concerns the angle of embrace.
Then, the corresponding value of the random horizontal loads multiplier kh

η

has been evaluated. Even if all the range n = 3 ÷ 29 has been analysed,
in this section only the results related to the cases n = 5, 10, 15, 20 will be
shown.

In Fig. 18 the histogram of the probability density of the horizontal loads
multiplier k̃ has been represented for ε = 0.10, with its interpolant normal
probability density function (continuous black line), superimposed to the
interpolant normal probability density functions of k̃l (dashed black line) and
k̃r (dash-dot black line). The nominal multiplier knom has been indicated by
means of a blue vertical line. It can be observed again thet the mean and
the standard deviations values of the random variables k̃l and k̃r are very
close. Also in this case of low values of the number of voussoirs there is no
correlation between k̃l and k̃r, as shown in Fig. 19.

The results in term of k̃η related to the cases n = 5, 10, 15, 20 have been
represented in Fig. 20, for different values of the tolerance ε. Each value of
kh
η has been depicted by a red dot and a black line has been drawn linking

the mean values E[k̃η]. The interpolant normal probability density function,
defined according to Eq. (21), has been represented at each value of η. The
effect of the random value of the angle of embrace α̃i immediately appears
from the irregular trend of this black line, as previously observed at §3.2 with
reference to Fig. 7. For very low values of 1/η the horizontal loads multiplier
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Figure 18: Histogram of the probability density of the horizontal loads multiplier k̃ with
its interpolant normal probability density function (continuous black line) and with the
indication of the nominal horizontal loads multiplier (blue line), superimposed to the
interpolant normal probability density functions of k̃l (dashed black line) and k̃r (dash-
dot black line), for ε = 0.10. Cases of random angle of embrace, thickness and radius: (a)
n = 5, (b) n = 10, (c) n = 15, (d) n = 20.

35



−0.15−0.1−0.05 0 0.05 0.1 0.15−0.15

−0.1

−0.05

0

0.05

0.1

0.15

k̃l − E[k̃l]

k̃
r
−

E
[k̃

r
]

(c)

−0.15−0.1−0.05 0 0.05 0.1 0.15−0.15

−0.1

−0.05

0

0.05

0.1

0.15

k̃l − E[k̃l]

k̃
r
−

E
[k̃

r
]

(d)

−0.15−0.1−0.05 0 0.05 0.1 0.15−0.15

−0.1

−0.05

0

0.05

0.1

0.15

k̃l − E[k̃l]

k̃
r
−

E
[k̃

r
]

(a)

−0.15−0.1−0.05 0 0.05 0.1 0.15−0.15

−0.1

−0.05

0

0.05

0.1

0.15

k̃l − E[k̃l]

k̃
r
−

E
[k̃

r
]

(b)

Figure 19: Correlation between the differences k̃l−E[k̃l] and k̃r−E[k̃r] for ε = 0.10. Cases
of random angle of embrace, thickness and radius: (a) n = 5, (b) n = 10, (c) n = 15, (d)
n = 20.
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k̃η may be greater than the nominal multiplier, but further increasing the
number of voussoirs its value decreases, reaching the condition k̃/knom < 1.
In Fig. 21 the geometries corresponding to the minimum (k = 0.229), the
intermediate (k = 0.315) and the maximum (k = 0.399) horizontal loads
multiplier of the set k̃η of Fig. 20(c), for 1/η = 3, 64 (n = 10), have been
represented with the corresponding thrust lines. It can be observed that
when passing from the condition of minimum multiplier of Fig. 21(a) to the
condition of intermediate multiplier of Fig. 21(b), the hinge A moved towards
the adjacent left joint. In Fig. 21(c) the hinges B and C also moved in the
same way towards left.

4. Safety factor for the nominal horizontal loads multiplier

The previous results show that, if the geometrical uncertainties are ne-
glected, the horizontal bearing capacity might be overestimated. In order to
take into account the uncertain geometry, a safety factor γs to be applied to
the nominal multiplier in order to obtain the effective one ke is proposed

ke = γs knom (25)

Given the previous results, the safety factor has been assumed equal to

γs =
E[k̃]− σ[k̃]

knom
(26)

and it has been represented in Fig. 22 depending on the stereometry
parameter η and for several values of the tolerance ε. In particular, the
results related to the cases of random thickness and radius of paragraph
§3.3.2 and random angle, thickness and radius of section §3.4 have been
represented together, covering a range n = 3÷210 of the number of voussoirs
(1/η = 1.1 ÷ 76.4). Each curve links the numerical factors γs and refers
to a constant value of the tolerance ε, which can be chosen depending on
the imprecisions of construction, the shape defects of the voussoirs or the
deterioration level.

5. Conclusions

In this paper, a limit analysis based procedure has been developed in order
to evaluate the collapse condition of the circular masonry arch with uncertain
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Figure 20: Horizontal loads multipliers for n = 5, 10, 15, 20 (red dots) and interpolant
normal probability density function, depending on the stereometry parameter. Cases of
random thickness and radius: (a) ε = 0.03, (b) ε = 0.05 and (c) ε = 0.10.
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Figure 21: Examples of arches with random angle of embrace, thickness and radius with
the corresponding thrust lines, for a number of voussoirs n equal to 10 (1/η = 3, 64) and for
ε = 0.10. Case (a) minimum (k = 0.229), (b) intermediate (k = 0.315) and (c) maximum
horizontal loads multiplier (k = 0.399).
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Figure 22: Safety factor γs of the analysed circular masonry arch with uncertain geometry,
depending on the stereometry parameter.

geometry. The thickness, the radius of the mean circular construction line of
the arch and the angle of embrace of each voussoir have been considered as
random variables with independent uniform probability density functions.

The results have been provided in term of horizontal loads multiplier,
depending on a specifically introduced stereometry parameter that is equal
to the ratio between the number of voussoirs and the arch embrace angle. The
results have been compared with those obtained using the nominal geometry.
A limit value for the stereometry parameter has been introduced, beyond
which the effect of the embrace angle randomness of the voussoirs can be
neglected.

For stereometry parameters lower than the limit one, if the arch is mod-
elled adopting deterministic values of thickness and radius but reproducing
the randomness of the angle of embrace of each voussoir, an unsafe solution
in term of horizontal loads multiplier may be obtained.

Viceversa, a considerable reduction of the nominal horizontal loads mul-
tiplier may result if all the geometrical uncertainties are taken into account.
The value of the horizontal loads multiplier is influenced by the variation
of the hinges position, due to the geometrical uncertainties, respect to the
nominal condition. The shifting of the hinges is mainly dictated by the the
voussoir that shows, within the region of the nominal position of the hinges,
the biggest reduction of the thickness.

Finally, safety factor that should be applied to the nominal horizontal
loads multiplier has been introduced in order to obtain the effective one.
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Even if further studies are necessary to consider the uncertainties effect on
different nominal shapes (e.g. pointed arches) and to relax the hypotheses
adopted in this work (e.g. correlation between the geometrical uncertainties,
not radial joints, random value of the entire arch angle of embrace, etc.), the
obtained results are interesting to achieve more reliable seismic assessment
of masonry arches.
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