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Abstract
Data linkage can be used to combine values of the variable 
of interest from a national survey with values of auxiliary 
variables obtained from another source, such as a popula-
tion register, for use in small area estimation. However, 
linkage errors can induce bias when fitting regression mod-
els; moreover, they can create non-representative outliers 
in the linked data in addition to the presence of potential 
representative outliers. In this paper, we adopt a second-
ary analyst’s point of view, assuming that limited infor-
mation is available on the linkage process, and develop 
small area estimators based on linear mixed models and 
M-quantile models to accommodate linked data containing 
a mix of both types of outliers. We illustrate the properties 
of these small area estimators, as well as estimators of their 
mean squared error, by means of model-based and design-
based simulation experiments. We further illustrate the 
proposed methodology by applying it to linked data from 
the European Survey on Income and Living Conditions 
and the Italian integrated archive of economic and demo-
graphic micro data in order to obtain estimates of the aver-
age equivalised income for labour market areas in central 
Italy.

K E Y W O R D S

exchangeable linkage error, finite population inference, linear mixed 
models, mean squared error estimation, robust estimation

1  |   INTRODUCTION

Estimates of finite population parameters are often needed for subsets (domains) of the population, 
defined either by geographical disaggregation (areas) or by other classification criteria (e.g. region by 
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gender by age class). When the domain-specific portion of the available data is so small that standard 
estimators are unacceptably imprecise for most of the domains, we have a small area estimation (SAE) 
problem. See Pfeffermann (2013) and Rao and Molina (2015) for general introductions to the topic. 
From now on we refer to the domains of interest as areas.

Small area estimation methods complement available data, typically from a large population sur-
vey, with area specific auxiliary information. A standard setting is where it is reasonable to assume 
that the value yij of the target variable for unit j in area i is related to a known vector of covariates xij by 
means of a regression model. These xij values, assumed to be known for both the survey sample and 
the rest of the population, are then used to predict the area parameter of interest.

Data integration is fast becoming an intrinsic part of Official Statistics, in large part due to the 
increasing availability of administrative registers and other population data sources. Here we focus on 
the situation where the yij values are measured in a sample survey while the xij are from a population 
register that can be linked to either the population frame from which the survey sample is drawn or 
directly to the selected sample. If an error-free unique identifier exists in both the survey record and 
the population register, this linkage is unremarkable. However, in many cases, such an identifier is not 
error free or does not exist, in which case we need to allow for record linkage errors.

Due to its growing importance, record linkage has attracted considerable scientific interest. Broadly 
speaking, we can identify two main literature streams: the first is concerned with how to link records 
when an error-free unique identifier is missing; the second is focused on how to adjust statistical 
methods so that they are appropriate for the analysis of linked data containing linkage errors. We place 
ourselves in the latter stream of research. For recent reviews of the first literature stream see Winkler 
(2009, 2014), and Han and Lahiri (2018).

It is widely recognised that overlooking linkage errors when analysing linked data can lead to bi-
ased estimates even if most records are correctly linked. Bias correction methods when fitting linear 
regression models to linked data are discussed in Scheuren and Winkler (1993, 1997), Lahiri and 
Larsen (2005), Chambers (2009), Kim and Chambers (2012), Han and Lahiri (2018), Zhang and 
Chambers (2019) and Chambers and Diniz da Silva (2020). The impact of linkage errors on linear 
mixed models, which are often used in small area estimation, has received comparatively less attention 
(Samart and Chambers, 2014). Lahiri and Han (2017) consider probabilistically linked data in the 
context of SAE but focus on simple linear regression models; to the best of our knowledge, Briscolini 
et al. (2018) and Han (2018) are the only attempts to use mixed models with linked data for SAE.

There is a further aspect to linkage errors that seems to have attracted much less attention: this is when 
linkage errors generate artificial outliers in the linked dataset. Let y∗

ij
 denote the linked value correspond-

ing to yij. An outlier can then be generated when there is linkage error as the residual associated with the 
correctly linked pair (yij, xij) is small, while the residual associated with the incorrectly linked pair (y∗

ij
, xij) 

is large. This can happen when the variables used in the matching process (such as name, address, identifi-
cation code) are independent of those used as regressors. In Figure 1, we illustrate this phenomenon using 
a synthetic population, which is described in more detail in Section S.4 of the Supplementary Material. In 
panel (a), a scatterplot shows the strong linear relationship between y and x when there are no linkage errors; 
in panel (b) the same relationship is shown when linkage errors occur at an overall rate of 28.5 per cent. 
In panel (b), incorrectly matched pairs (y∗

ij
, xij) are shown as open circles. Outlying residuals are evident.

Chambers (1986) first distinguishes between representative and non-representative outliers in a 
survey sample. Using this distinction, these artificial outliers are non-representative, and so are fun-
damentally different from outliers associated with the correctly linked population units, which are 
representative. Unfortunately it is not possible to tell a priori whether an outlier is induced by linkage 
error (and so is non-representative) or whether it is representative. In particular, outliers due to link-
age errors can violate the assumptions underpinning non-robust estimation methods, as well as cause 
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bias problems for robust projective estimation methods (Chambers et al., 2014) since down-weighting 
linkage error-induced outliers does not generally remove bias due to linkage errors. This problem is 
illustrated in the lower panels of Figure 1, where scatterplots depict an outlier-prone version of the 
same synthetic population underpinning in the upper panels. Here, panel (c) shows the relationship 
between x and y when there are representative outliers (denoted by filled triangles, point-up), whereas 
the scatterplot in panel (d) shows the same population when linkage errors lead to wrongly matched 
pairs (y∗

ij
, xij) (denoted by open circles). It is difficult to distinguish the residuals due to representative 

outliers from those due to linkage errors in this panel.
Non-representative outliers inflate the variance of all small area predictors; moreover they can 

have an impact on bias of robust-projective predictors. Representative outliers, provided their distribu-
tion is approximately symmetric, have an impact on the variance of all predictors but not on their bias 
(Chambers et al., 2014; Jiongo et al., 2013; Sinha & Rao, 2009). In other words, such representative 
outlying values represent a stability problem for small area predictors, whereas linkage error-induced 
outliers can create a problem of both validity and stability for small area predictors.

Two questions immediately arise when looking at Figure 1. The first is whether well-known out-
lier robust methods for small area estimation can adequately deal with the mix of representative and 
non-representative outliers that can potentially occur in a linked data situation. The second concerns 
appropriate modifications to these methods to allow for linkage errors. We address both in this paper. 
In particular, we extend some popular small area estimators based on linear models, including the 
Empirical Best Linear Unbiased Predictor (EBLUP, Battese et al., 1988), its robust version (REBLUP, 

F I G U R E  1   Scatterplot of four synthetic populations. Panel (a) shows the relationship between x and y when there 
are no linkage errors (filled circles). Panel (b) shows the same relationship when wrongly matched pairs (y∗

ij
, xij) occur 

(circles). Panel (c) shows the relationship between x and y when there are representative outliers (filled triangles point-
up). Panel (d) shows the same relationship when wrongly matched pairs (y∗

ij
, xij) also occur (circles)
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Sinha & Rao, 2009), and the M-quantile-based predictor (Chambers & Tzavidis, 2006; Tzavidis et al., 
2010) to non-deterministically linked data. We also propose analytical MSE estimators for the modi-
fied estimators that we introduce.

In our development, we adopt a secondary analyst viewpoint, that is, we assume that the researcher 
producing the small area estimates does not have access to all the information used in the linkage 
process. Instead, we assume that he/she has access to the linked dataset (including area indicators, 
which are assumed to be without error) and is also provided with minimal information regarding the 
linkage quality. We characterise this minimal information via a simple exchangeable linkage error 
structure within specified poststrata, referred to as blocks below. In contrast, Lahiri and Han (2017), 
Briscolini et al. (2018), and Han (2018) take a primary analyst viewpoint and so assume that a richer 
set of information on the linkage process is available; although not directly concerned with SAE, the 
same comment applies to Han and Lahiri (2018).

The paper is organised as follows. Section 2 is devoted to setting out the theoretical background 
and the assumptions on the linkage error model which is then used to extend the small area predictors. 
In Sections 3–5 we introduce the proposed extensions to the EBLUP, REBLUP and M-quantile-based 
predictors under linkage error and their corresponding MSE estimators respectively. In Section 6 
the performance of these newly proposed predictors are empirically assessed, both in terms of point 
estimation performance as well as in terms of MSE estimation, by a design-based simulation. The per-
formance of the predictors has also been evaluated by means of a model-based simulation study that 
considers a number of different scenarios. For reason of space these results are reported in Section S.5 
of the Supplementary Material. In Section 7 we then apply these SAE methodologies to the estimation 
of equivalised income averages for 113 labour market areas (LMAs) in central Italy. LMAs are un-
planned domains defined as clusters of municipalities, with many containing no sampled households. 
The estimates are obtained using 2016 EU-SILC survey data for Italy linked to the Italian integrated 
archive of economic and demographic microdata. Here, the only information about linkage accuracy 
provided to the user is the overall probability of correct linkage. Finally, in Section 8 we summarise 
our main findings and provide directions for future research.

2  |   BACKGROUND AND ASSUMPTIONS

For simplicity of exposition, we restrict our development to the case of two registers. Extension to the 
case of multiple linked registers can be carried out along the same lines set out in Kim and Chambers 
(2015). In particular, we consider a situation where sample data on a target variable y are available 
from a survey, while auxiliary information on a vector of variables x comes from a register . Based 
on our secondary analyst viewpoint, we formalise this scenario by making the following assumptions:

(i)	 the linkage process is non-informative, that is, the probability of correct linkage does not depend 
on the values of y and on the realised sample given the auxiliary information;

(ii)	 the survey sample is randomly drawn from a population frame or register , and sampling 
is non-informative, in the sense that it does not depend on the values of y given the auxiliary 
information;

(iii)	the  frame/register and the  register contain no duplicates, correspond to the same target pop-
ulation U of size N, and include a shared set of unit identifiers (linking variables) so that they 
can, in principle, be matched on a one to one basis. However, the linking variables are not unique 
identifiers, and linkage errors are possible.
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Given these assumptions, the process of sampling from  and then linking to register  is sto-
chastically equivalent to the complete and one to one linkage of  and , which essentially creates a 
unique linked register, followed by sampling from this linked register. In order to see why this equiv-
alence holds, note that after collection of the sample information, the  frame/register contains two 
types of variables: a set of variables, which we can label as attributes and include y, that are observed 
only on sampled units and the set of identifier variables to be used in linking the  and  registers, 
that are known for all units in . Attribute variables are not involved in the linking process. This does 
not necessarily mean that all units in the  and  registers are linked, but register level information 
from both registers is available, so one to one and complete linkage of  and  is in principle possi-
ble. Since sampling and linkage are two distinct processes, the equivalence noted previously in this 
paragraph follows.

The assumptions we make above can be viewed as strong, and we do not claim that they apply 
in all situations. However, we emphasise that they represent a reasonable formalisation of the prob-
lem from a secondary analyst perspective. Such an analyst is typically not from the organisation re-
sponsible for creating the linked dataset, and confidentiality protocols will usually preclude access 
to detailed information about the linkage process that could be included in the SAE model. These 
assumptions are also consistent with the common practice of outsourcing the linking process to 
another body, often referred to as a trusted third party, commissioned by the registers’ owners to 
implement the linkage of the two registers using the linking information available on both. Trusted 
third parties are often used when identifiable linked data cannot be released to analysts, so there 
is a need to keep identifiers separate from attribute data (sometimes referred to as the separation 
principle, Kelman et al., 2002). A sample survey carried out on one of the registers can then be 
linked to the other register via the linking identifiers (match keys) created by the linking organi-
sation, and the information from the non-sampled register combined with the sample information 
from the sampled register to create the linked sample data (Harron, 2016). Finally, these assump-
tions reflect how data linkage is carried out by National Statistical Offices in Europe and Australia 
(Abbott et al., 2016; Dygaszewicz, 2012; Garofalo, 2014; Schulte Nordholt, 2009; Swiss Federal 
Statistical Office, 2012). For example, they are consistent with the linking procedure adopted by 
the Italian National Statistics Office (ISTAT), and which underpins the data used in the application 
of Section 7. We also recognise that in some situations, linkage can depend on the sample design, 
for example, when only sampled identifiers are used in linkage, though it is unlikely that a second-
ary analyst would have access to such information. Nevertheless, in Section 6, we use simulations 
to evaluate the robustness of the methods described in this paper when linkage depends on the 
sampled units.

The data available to secondary analysts are somewhat limited, as they are not involved in the 
linking process, although some information about the accuracy of the linkage process may still be 
available. In order to allow for heterogeneity of linkage errors, we assume that the analyst has access 
to identifiers that allow each register to be partitioned into Q non-overlapping subsets or blocks such 
that linkage error probabilities are homogeneous within a block and possibly heterogeneous between 
blocks. The block identifiers themselves are assumed to depend on one or more linking variables 
measured without error and so are known to the analyst. We also assume that the target population U 
can be partitioned into D non-overlapping areas or domains, and that linkage is carried out within each 
area, so two population units from different areas cannot be erroneously matched. In effect, the known 
domain identifier is one of the linking variables. Cross-classifying U by area and block indicators, we 
then define Uiq to be the subset of Niq population units that make up the segment of area i nested within 
block q, with i = 1, …, D and q = 1, …, Q. We use xiqj and yiqk to denote individual population values 
from the two registers associated within the iq cell.
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      |  83SALVATI et al.

These assumptions now allow us to treat the sample as drawn from a linked register that has 
a one to one correspondence with the units making up U. To simplify notation (see Chambers, 
2009; Chambers & Diniz da Silva, 2020; Kim & Chambers, 2012; Samart & Chambers, 2014), 
we shall assume that sampling is from the records in register  containing values xiqj and that 
the sampled records are then combined with matched records from frame/register  contain-
ing values yiqk. Although this may seem the opposite of the situation that is described in the 
previous section, it is easy to see that since linkage is one to one, the only difference between 
sampling from  and augmenting the sampled records with linked data from , and sampling 
from  and augmenting the sampled records with linked data from  is the assumed ‘correct’ 
ordering of the units in U. What is important in both cases is that the frame/register , with its 
area and block identifiers, is not available to the analyst. The linked sample data that are avail-
able, however, will be assumed to include area and block identifiers, together with any auxiliary 
information that can be extracted from , including, at a minimum, area by block-specific sum-
mary data for both the linkage and analysis model covariates. In what follows, we will always 
condition on the availability of this auxiliary information when evaluating moments of random 
variables.

Let siq denote the set corresponding to the niq population indexes of the sample units in small area i 
and block q, with n =

∑D

i=1

∑Q

q=1
niq. The set containing the Niq−niq indices of the non-sampled units 

in small area i and block q is denoted by riq. For ease of notation, we assume that all areas are sampled, 
noting that non-sampled areas are easily accommodated. Let yiq denote the Niq vector of values for yiqk 
in Uiq, with Xiq denoting the Niq × p matrix with rows defined by the xiqj values of the correspond-
ing population units. The sample components of these quantities are then denoted by ysiq and Xsiq, 
respectively. As noted in the previous paragraph, assumptions (i)–(iii) introduced at the beginning of 
this section allow us to assume that the ‘correct’ ordering of the population is that of register . As 
a consequence, unless the linkage is perfect, ysiq is unknown. What we observe is a sample from the 
vector y∗

iq
 containing the values y∗

iqj
 generated by the linkage process. Given that both registers can be 

matched on a one to one basis, we characterise the relationship between yiq and y∗
iq

 via a latent random 
permutation matrix Aiq = [a

iq

jk
] of order Niq, whose row sums and column sums are equal to 1. That 

is, we define 

 The distribution of linkage errors in Uiq is then determined by the distribution of Aiq. In general, this 
distribution depends on all the information used in the linking process, which, as already noted, is typi-
cally unavailable. However, a minimal amount of information about the accuracy of the linkage may be 
available, in which case, a secondary analyst should be able to model the linkage errors within Uiq by com-
bining an assumption of conditional independence of Aiq and yiq given Xiq with the simple exchangeable 
linkage error (ELE) specification: 

 

 with j, k = 1, ⋯, Niq. Given that we know which block is being referred to, the probability of correct 
linkage �iq is the same irrespective of the values of Xiq and yiq. As a consequence, 

(1)y∗
iq
=Aiqyiq.

(2)Pr(correct linkage)=Pr(a
iq

jj
=1)=�iq

(3)Pr(incorrect linkage)=Pr(a
iq

jk
=1)= � iq =

1−�iq

Niq−1
,
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84  |      SALVATI et al.

 where INiq
 denotes the identity matrix of order Niq, 1Niq

 denotes a vector of ones of length Niq and EA(. ) 
denotes expectation with respect to the linkage error model.

Let EM(. ) denote expectation with respect to the model for yiq. The conditional independence 
assumption referred to just before (2) then allows us to write 

where EA,M denotes joint expectation with respect to the linkage error model and the model for the distri-
bution of yiq. Without loss of generality, we partition the matrix Aiq as 

where Asiq is a nsiq × Niq matrix and Ariq is a (Niq−niq) × Niq matrix. These matrices contain the rows of 
Aiq corresponding to sampled and non-sampled units, respectively. Then y∗

siq
 and Xiq are available to the 

analyst, while ysiq is not observed, where 

As noted above, the matrix Asiq is not observable, but under the ELE assumptions (2) and (3) we have that 

where 0riq
 is a niq × (Niq − niq) matrix of zeroes, Iniq

 denotes the identity matrix of order niq, and 1niq
 de-

notes a vector of ones of length niq.
Unless stated otherwise, we treat the parameter �iq as known (as is then the matrix Tsiq), with 

its value communicated to the secondary analyst by the linking agency as part of the linkage 
paradata (Gilbert et al., 2018). In practice, it is likely that linkage error quality will be assessed 
using a clerical audit of a sample of linked pairs or via some other measure of the accuracy of 
the achieved linkage (see e.g. Chambers & Diniz da Silva, 2020). It is unlikely that individual �iq 
values will be passed on to the secondary analyst: it is more likely that block-specific �q values 
will be made available, or even a single overall average value λ as in the application described 
in Section 7. In any case, when linked data are released to the user, the small areas of interest 
may not be known to the linkage agency and/or the secondary analyst may want to use the data 
to obtain estimates for different sets of small areas. We note that Briscolini et al. (2018) assume 
that the area indicator is the only blocking variable, so that the probabilities of correct linkage 
are area-specific (the authors use �i instead of �iq). All these settings fit into our framework. We 
address the issue of accounting for uncertainty due to estimation of �iq in Section 8. Finally, we 
shall assume that the sampled rows Xsiq and the column means xiq of Xiq are known. It immedi-
ately follows that the matrix X∗

siq
 defined by 

can be treated as known when �iq is known.

EA(Aiq)=Tiq = (�iq−� iq)INiq
+� iq1Niq

1�
Niq

,

(4)EA,M(Aiqyiq)=EA(Aiq)EM(yiq)=TiqEM(yiq),

Aiq =

[
Asiq

Ariq

]
,

(5)y∗
siq

=Asiqyiq.

(6)EA(Asiq)=Tsiq = [(�iq−� iq)Iniq
| 0riq

]+� iq1niq
1�

Niq
,

(7)X∗
siq

=EA(AsiqXiq)=TsiqXiq ={(�iq−� iq)Xsiq+� iqNiq1niq
x
�

iq
}
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3  |   LINEAR MIXED MODELS FOR SMALL AREA 
ESTIMATION WITH LINKED DATA

Linear mixed models for population unit data are widely used for SAE. These models include area-
specific random effects that are used to characterise area-level heterogeneity in the model residuals. 
See Battese et al. (1988) for an early example of their application. A general specification for a unit 
level linear mixed model used in SAE is 

where y is the vector of the N population values of the response variable, and X,Z are known matrices, 
of dimension N×p and N×Dm respectively, containing the corresponding population level values of the 
p covariates used to model unit level heterogeneity and the m covariates used to model area-level het-
erogeneity (Section 4.5.3 in Haslett, 2016; Rao & Molina, 2015); u = (u�

1
, ⋯, u�

D
) is a vector of length 

Dm made up of D independent realisations {ui;i = 1, ⋯, D} of an m-dimensional random area effect 
with u ∼ N(0,Σu) and e ∼ N(0, Σe) is the vector of individual errors. The random effects u and the 
individual errors e are assumed to be independent, so the covariance matrix of y is Σ(�)=Σe+ZΣuZ�. 
Here D is the total number of small areas that make up the population, and we assume that the m covari-
ates defining Z are contextual and so do not vary within an area. That is, Z = diag(Zi), where Zi is the 
Ni × m matrix with rows equal to the area i values zi of these covariates. Note that there is no restriction 
on the contextual variables defining Z also being included in the set of variables defining X (Section 
4.5.3 in Rao & Molina, 2015).

We also assume that the covariance matrices Σu and Σe are defined in terms of a lower dimen-
sional set of parameters � = (�1, ⋯, �K), which are typically referred to as the variance compo-
nents of model (8), whereas the vector β stands for the p×1 vector of regression coefficients. In 
particular, we shall assume Σe = �2

e
diag(w) where 𝜎e > 0 is an unknown scale parameter and w 

is a vector of order N of strictly positive values that are known functions of the values in X. This 
allows for heteroskedasticity in individual residuals, an assumption often needed in small area 
estimation and especially in poverty mapping (Section 7.6.1 in Das et al., 2017; Molina & Rao, 
2010; Rao & Molina, 2015).

Provided that it is reasonable to assume that the distribution of the unit level residuals in e remains 
the same from block to block (i.e. the blocking variables are independent of the response variable 
given auxiliary information), then at the Uiq level, (8) can be written as 

where Ziq is the Niq × m incidence matrix defined by the rows of Z corresponding to area i units in block q.
Now suppose that linked data are used to define the sample values of the response variable within 

sub-population Uiq. In view of (1) and (5), we can consider the following model for the linked sample 
values y∗

siq
 that takes into account the linkage error process: 

where EA,M(e∗
siq

) = 0 and VA,M(e∗
siq

) = Σ∗
seiq

= �2
e
diag(Tsiqwiq). Here, wiq denotes the compo-

nent of vector w for area i and block q, EA,M and VA,M denote the joint expectation and variance 
with respect to the linkage error model and the linear mixed model. Note that the expression for 
Σ∗

seiq
 above follows from the fact that EA,M(e∗

siq
) = EA(Asiq)EM(eiq) = Tsiq0 = 0 so we can write 

V
A,M(e∗

siq
)=E

A

(
AsiqEM(eiqe

�
iq
|Asiq)A�

siq

)
=�2

e
E

A
(Asiqdiag(wiq)A�

siq
)=�2

e
diag

{
E

A
(Asiq)wiq

}
=�2

e
diag(Tsiqwiq). 

(8)y=X�+Zu+e,

(9)yiq =Xiq�+Ziqui+eiq,

(10)y∗
siq

=Asiqyiq =AsiqXiq�+AsiqZiqui+e∗
siq

,
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In most of the SAE literature, Σe = �2
e
IN so Σ∗

seiq
= Σseiq, that is, the sampled rows and columns of the 

area i by block q component of Σeiq. Let Zsiq denote the sampled rows of Ziq. Then, since matching 
across areas is impossible, and since the values in each column of Ziq are identical, AiqZiq = Ziq and so 
AsiqZiq = Zsiq. As a consequence, we can write 

and 

See Section S.1 in Supplementary Material for details concerning the derivation of Equation (12). Here 
Σsiq(�, �) is the (iq) component of the block diagonal covariance matrix of y∗

s
. The matrices Σui

 and Σ∗
seiq

 
depend only on the variance components � = (�1, ⋯, �K)∀i, q, that are not area or block specific, that is, 
do not change across areas or across blocks. The last component of the covariance matrix, Vsiq, is defined 
in terms of the regression coefficients β. An exact expression for Vsiq is unavailable. However, using the 
arguments set out in Appendix 1 of Chambers (2009), we can write down the approximation 

where fsiq ={fiqj}=x�
iqj
� and fsiq, f

(2)

siq
 denote the block q averages of the components of fsiq and their 

squares, respectively. Note that in the case of the widely used random intercepts model, �= (�2
u
, �2

e
) and 

Σsiq(�2
u
, �2

e
, �) = �2

u
1niq

1�
niq

+ �2
e
Iniq

+ Vsiq.
Given (11) and (12), and assuming that Σui

 and Σ∗
seiq

 are known ∀i ∈ D and q  ∈  Q, with Vsiq 
approximated by (13), the optimal unbiased estimating function for β based on the linked sample 
values y∗

siq
 is H(�0) =

∑D

i=1

∑
q∈iX

∗�
siq
Σ−1

siq

�
y∗

siq
− X∗

siq
�0

�
, where �0 is the ‘true’ value of β and the 

notation q  ∈  i is used to allow for the case where different numbers of blocks are represented in 
different areas. The solution to H(β) = 0 is then the feasible generalised least squares estimator 
of β, 

where Σ̃siq denotes the value of Equations (12) at (14). The consistency and asymptotic efficiency 
properties of Equation (14) are well known, with Bera et al. (2006) providing an extensive discussion. 
Computation of Equation (14) is carried out iteratively, with an initial estimate of β used to compute an 
estimate of Vsiq based on (13). This is substituted into (14) to obtain an updated estimate of β, which is 
then used to update the estimate for Vsiq. This process continues until convergence.

We refer to (14) as the pseudo-Best Linear Unbiased Estimator (pseudo-BLUE) since it is the stan-
dard BLUE for β when Σ̃siq is replaced by Σsiq and there are no linkage errors. Following this analogy, 
we define the pseudo-Best Linear Unbiased Predictor (pseudo-BLUP) of ui as 

When there are no linkage errors, (15) is the usual BLUP of ui where Σ̃siq is replaced by Σsiq.

(11)EA,M(y∗
siq

)=X∗
siq
�,

(12)VA,M(y∗
siq

)=Σsiq =Σsiq(�, �)=ZsiqΣui
Z�

siq
+Σ∗

seiq
+Vsiq.

(13)Vsiq ≈diag(vsiq)=diag
[
(1−�q)

{
�q(fiqj− fsiq)2+ f

(2)

siq
− f

2

siq

}]
, j=1,⋯, niq,

(14)�̃
∗
=

(
D∑

i= 1

∑
q∈i

X∗�
siq
Σ̃
−1

siq
X∗

siq

)−1 ( D∑
i= 1

∑
q∈i

X∗�
siq
Σ̃
−1

siq
y∗

siq

)
,

(15)ũ∗
i
=
∑
q∈i

Σui
Z�

siq
Σ̃
−1

siq

(
y∗

siq
−X∗

siq
�̃
∗
)

.
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From (1) it is straightforward to see that the sum of the values in yiq will be the same as the corre-
sponding sum for y∗

iq
. Consequently, the small area means Yi and Y

∗

i
 will be identical. Given (11) and 

(12), and the estimators (14) and (15), the pseudo-BLUP of Yi (referred to from now on as the ∗BLUP)  
can be written as 

where y∗
si
= n−1

i

∑
q∈i

∑
j∈siq

y∗
iqj

 and x∗
ri
 is the vector of column averages for the non-sampled rows of X∗

i
.

The ‘empirical’ versions of Equations (14) and (15), denoted by �̂
∗
 and û∗

i
 respectively, are ob-

tained by substituting estimates �̂
∗
 for the unknown variance components δ that define Σsiq. These 

estimates can be obtained using either the pseudo maximum likelihood (pseudo-ML) or the pseudo 
restricted maximum likelihood (pseudo-REML) approach of Samart and Chambers (2014), and only 
depend on the conditional moments (11) and (12). Note that the resulting estimators are referred to as 
pseudo-ML (or pseudo-REML) because their estimating functions are based on the assumption that 
the matrices Σsiq are known. The pseudo-EBLUP of the small area mean Yi is then defined by substi-
tuting �̂

∗
 and û∗ for �̃∗ and ũ∗, respectively, in Equation (16). This is denoted ̂Y

∗EBLUP

i
, and referred to as 

the ∗EBLUP, in what follows.
Note that (15) can be expressed as 

under the assumed ELE model since y∗
siq

− X∗
siq
�̃
∗
= y∗

siq
− {(�iq − � iq)Xsiq + �qNiq1niq

x
�

iq
}�̃

∗ and 
−�iqXsiq �̃

∗
= (1−�iq)Xsiq �̃

∗
− Xsiq �̃

∗. This implies 

As �q = (1 − �iq)∕(Niq − 1) and (1 − �iq) = � iq(Niq − 1) it follows that 
(1 − �iq)Xsiq �̃

∗
+� iqXsiq �̃

∗
= , (1 − �iq)

Niq

Niq − 1
Xsiq �̃

∗ from which (17) easily follows.

Ignoring Niq∕(Niq−1) in Equation (17), the jth component of the residual vector y∗
siq
−X∗

siq
�̃
∗ be-

comes y∗
iqj
−x�

iqj
�̃
∗
+
(
1−�iq)(xiqj−xiq

)�
�̃
∗. That is, this modified residual can be interpreted as the 

naive residual that ignores linkage error plus a bias correction that increases in absolute value as the 
probability of an incorrect match increases and also as the leverage exerted by the individual fitted 
value x�

iqj
�̃
∗ increases. Alternatively, we can note the approximation 

When the probability of an incorrect match is significantly greater than zero, the second term on the 
right hand side of Equation (18) can be unstable. Consequently, we consider an alternative expression 
for the predicted area effect that ignores this second term. This leads to a modified predictor of ui of 
the form 

(16)̃
Y
∗BLUP

i
=N−1

i

{
niy

∗

si
+ (Ni−ni)

(
x
∗�

ri
�̃
∗
+z�

i
ũ∗
)}

,

(17)ũ∗
i
=
∑
q∈i

Σui
Z�

siq
Σ̃
−1

siq
{y∗

siq
−Xsiq �̃

∗
+ (1−�iq)

Niq

Niq−1

(
Xsiq−1niq

x
�

iq

)
�̃
∗
},

y∗
siq
−X∗

siq
�̃
∗
=y∗

siq
−Xsiq �̃

∗
+ (1−�iq)Xsiq �̃

∗
+� iqXsiq �̃

∗
−�qNiq1niq

x
�

iq
�̃
∗
.

(18)y∗
siq
−X∗

siq
�̃
∗
≈�iq

(
y∗

siq
−Xsiq �̃

∗
)
+ (1−�iq)

(
y∗

siq
−1niq

x
�

iq
�̃
∗
)

.

(19)ũ∗∗
i
=
∑
q∈i

Σui
Z�

siq
Σ̃
−1

siq
�iq

(
y∗

siq
−Xsiq �̃

∗
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The corresponding versions of the pseudo-BLUP and pseudo-EBLUP are referred to as ∗∗BLUP and 
∗∗EBLUP, respectively, in what follows.

3.1  |  MSE estimation for the ∗EBLUP and ∗∗EBLUP

Methods for estimating the unconditional MSE of small area EBLUPs are typically based on averaging 
over the distribution of the random area effects, with the standard estimator of the unconditional MSE of 
the EBLUP predictor being the one suggested by Prasad and Rao (1990). In what follows, we derive an 
estimator of the unconditional MSE of ̂Y

∗EBLUP

i
 along similar lines. In particular, we assume the regularity 

conditions (RCs) 1-6 set out in Section S.2 of Supplementary Material and use the decomposition 

Under normality of the random area and individual effects, the cross-product term missing from (20) is 
zero provided the vector of variance components is translation invariant. Furthermore, the last component 
on the right hand side of Equation (20) is generally intractable. We therefore approximate this term using a 
first-order Taylor expansion. Finally, given the values of the variance components, the estimators of β can 
be represented as the solution to estimating equations, as we have stated above, and consequently, we follow 
the approach described in Chambers (2009) in order to define large sample estimators of the variances of 
these regression parameter estimators. Following Henderson (1975), we first note that the MSE of ̃Y

∗BLUP

i
 is 

where 

and g∗
2i

(�) = Ci

�∑D

i=1

∑
q∈iX

∗�
siq
Σ̃
−1

siq
X∗

siq

�−1

C�
i
. Here Ci = x

�

i
− z�

i
Σui

∑
q∈i(Z

�
siq
Σ̃
−1

siq
Xsiq) and 

xi = N−1
i

∑
q∈iNiqxiq. Next, a first order approximation to the second term on the right hand side of 

Equation (20) follows from:

Proposition 1  Suppose that population model (8) holds, the sample design is non-informative so 
that sample model (10) holds, and linkage error is non-informative, so that (4) holds. In ad-
dition, assume that the regularity conditions 1–6 specified in Section S.2 of Supplementary 
Material hold, and that the random errors in Equation (8) are normally distributed. Let �̂ be the 
pseudo-REML estimator of δ and put 

where ∇b�
i
= col1⩽l⩽K(�b�

i
∕��l) and b�

i
=
∑

q∈iΣui
Z�

siq
Σ̃
−1

siq
. Then 

(20)MSEA,M
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i

)
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̃
Y
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i

)
+EA,M
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̂
Y
∗EBLUP

i
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i

)2
)

.

(21)MSEA,M

(
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Y
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i

)
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1i
(�)+g∗

2i
(�),
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1i

(�)= z�
i
{Σui
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siq
Zsiq)Σui

}zi,
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(�)= tr{(∇b�
i
)(
∑
q∈i

Σ̃siq)(∇b�
i
)�EA,M(�̂−�)(�̂−�)�},
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̂
Y
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i
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Y
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i
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Proof   The expansion (23) is a modified version of that obtained by Prasad and Rao (1990).

Following the same line of reasoning as in Prasad and Rao (1990), an approximately unbiased 
estimator of the MSE of ̂Y

∗EBLUP

i
 under (8) is then 

An estimator of the covariance matrix of the variance component estimator �̂
∗
 is necessary in order to 

compute (22). This can be obtained as the inverse of the expected information matrix developed in Samart 
and Chambers (2014). If a pseudo-ML estimator is used instead, a bias correction to (24) is necessary, 
along the same lines in Rao and Molina (2015, Section 5.2.5). If the random area effects are estimated 
using (19), then the three components of the estimated MSE become: 

g∗∗
2i

(�̂
∗
) = Ĉ

∗∗�

i

�∑D

i=1

∑
q∈iX

∗�
siq
Σ̂
−1

siq
X∗

siq

�−1

Ĉ
∗∗

i
, and g∗∗

3i
(�̂

∗
) = tr

�
∇b∗∗�

i

∑
q∈iΣ̂siq(∇b∗∗�

i
)�V̂(�̂)

�
. 

Here Ĉ
∗∗

i
=x

�

i
− z�

i
Σ̂ui

∑
q∈i�iq(Z�

siq
Σ̂
−1

siq
Xsiq), ∇b∗∗�

i
= col1⩽l⩽K(�b∗∗�

i
∕��l) and b∗∗�

i
=
∑

q∈i�iqΣ̂ui
Z�

siq
Σ̂
−1

siq
.

4  |   ROBUST LINEAR MIXED MODELS FOR SMALL AREA 
ESTIMATION WITH LINKED DATA

Outliers are a problem for any model-based survey estimation method, but particularly so for small area 
estimates. Sinha and Rao (2009) proposed an estimator of a small area mean based on outlier robust 
estimation of the parameters of the linear mixed model. This robust-projective approach (Chambers 
et al., 2014) uses plug-in robust prediction, that is, the authors substitute these outlier robust parameter 
estimates for the optimal, but outlier-sensitive, parameter estimates used in the EBLUP. In particular, 
they estimate fixed effects and variance components using a modified version of the estimating equa-
tions corresponding to the Robust ML Proposal II of Richardson and Welsh (1995) and compute outlier 
robust predictions for the random area effects using the robust estimating equations suggested by Fellner 
(1986). The solutions to these estimating equations depend on specification of a bounded influence func-
tion ψ, which we take to be the Huber (1981) influence function, defined as ψ(u) = umin(1, c/|c|) where 
c is a tuning constant. Quantities that depend on this influence function (and hence on the choice of the 
tuning constant) will be denoted by a superscript ψ in what follows. Under (8), the Sinha and Rao (2009) 
robust version of the EBLUP, denoted by REBLUP, of the small area mean Yi is given by 

where ysi =
∑

j∈si
yij∕ni, xri denotes the vector of average values of Xi for non-sampled units in small 

area i, �̂
�
 is the robust estimated vector of regression coefficients and û� is the vector of robust predicted 

values of the area effects.
Given linked data, we modify the estimating equations of both the Robust ML Proposal II of 

Richardson and Welsh (1995) and of Fellner (1986) to account for linkage errors, making the same 
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assumptions (ELE errors, one to one, complete and non-informative linkage) as in Section 2. The 
modified Fellner (1986) estimating equations assume the variance components δ are known, and 
define robust estimates �∗ and u∗ of the fixed effects and the area random effects, respectively. 
These are: 

and 

Here r∗
siq

= U
−1∕2

siq
(y∗

siq
− X∗

siq
�∗), ΣseAiq = Σ∗

seiq
+ Vsiq, Σsiq is given in Equation (12), and Usiq is a di-

agonal matrix with the same diagonal entries as Σsiq. As with the computation of Equation (14), the 
estimation of �∗ is carried out iteratively, with an initial estimate of �∗ first used to compute an estimate 
of Vsiq based on (13). This is substituted into (26) to obtain an updated estimate of �∗, which is then 
used to re-estimate Vsiq. At convergence, the estimates of �∗ and Vsiq are substituted into (27) in order 
to estimate u∗

i
. Robust estimates of the variance components δ are obtained as solutions to the modified 

version of the Robust ML Proposal II estimating equations of Richardson and Welsh (1995), and are 
then substituted into (26) and (27). Let Ksiq = E{�2(R)}Iniq

, where R is a standard normal random 
variable. These estimating equations can be written as 

and the corresponding linkage error-adjusted version of the REBLUP is 

Here �̂
�∗

 and û�∗ depend on the influence function ψ, and are the solutions to the robust estimating equa-
tions (26) and (27) respectively, using values of δ obtained by solving (28). Note that the value of Equation 
(29) when the true value of δ is used in Equations (26) and (27) is referred to as the pseudo-RBLUP 
and denoted by ̃Y

�∗RBLUP

i
, with the corresponding solutions to (26) and (27) denoted by �̃�∗ and ũ�∗, 

respectively. We refer to these linkage-error adjusted versions of RBLUP and REBLUP as ∗RBLUP and 
∗REBLUP respectively below.

When the probability of an incorrect match is significantly greater than zero, the solution to equa-
tion (27) can be unstable. Consequently, as with the pseudo-EBLUP, we propose an alternative version 
of the Fellner (1986) estimating equation for computing the robust random area effects: 

The solution to (30) is denoted by ũ�∗∗, and the version of the pseudo-REBLUP obtained by substituting 
û
�∗∗ for û�∗ in Equation (29) is referred to as the ∗∗REBLUP below.

(26)
D∑

i= 1

∑
q∈i

X∗�
siq
Σ−1

siq
U

1∕2

siq
�{r∗

siq
}=0,

(27)
D∑

i= 1

∑
q∈i

[
Z�

siq
Σ
−1∕2

seAiq
�
{
Σ
−1∕2

seAiq
(y∗

siq
−X∗

siq
�∗ −Zsiqu∗

i
)
}
−Σ−1∕2

ui
�{Σ−1∕2

ui
u∗

i
}
]
=0.

(28)
D∑

i= 1

∑
q∈i

{
� �{r∗

siq
}U

1∕2

siq
Σ−1

siq

�Σsiq

��l

Σ−1
siq

U
1∕2

siq
�{r∗

siq
}− tr

(
KsiqΣ

−1
siq

�Σsiq

��l

)}
=0,

(29)̂
Y
�∗REBLUP

i
=N−1

i

{
niy

∗

si
+ (Ni−ni)

(
x
∗�

ri
�̂
�∗

+z�
i
û
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4.1  |  MSE estimation for the ∗REBLUP and ∗∗REBLUP

We develop an analytic estimator for the MSE of Equation (29) under a working mixed model 
that conditions on the realised values of the area effects, that is, the proposed MSE estimator is 
an estimator of the conditional MSE of ̂Y

�∗REBLUP

i
. It is based on the assumption that a consistent 

estimator of the MSE of a linear approximation to a non-linear small area estimator can be used as 
an estimator of the MSE of that small area estimator. See Booth and Hobert (1998) and Chambers 
et al. (2014). Our theoretical development is based on approximations that correspond to assum-
ing that max(niq) = O(1), so that, as D→ + ∞ , the prediction variance and the squared bias are 
O(1) and the correction term is O(D−1) (see Chambers et al., 2014). The same arguments are valid 
for approximating the MSE of the M-quantile predictors described in Section S.4. Such linearisa-
tion-based MSE estimators are generally not consistent, and can be biased low, see Harville and 
Jeske (1992). However, in small sample problems, this is not an issue since it is the variability, 
rather than the bias, of the MSE estimator that is of concern. The development below omits some 
technical details, which are available from the authors upon request.

Proposition 2  Put �̃�∗
= (�̃

�∗�
, ũ�∗�)� and assume that this random variable converges in proba-

bility to ��∗

0
= (�

�∗�

0
, u

�∗�

0
)�. Also let VA, M|u denote variance with respect to both the linkage 

error model and the linear mixed model for y in terms of X given the realised values of the 
area effects. Suppose the same assumptions are made as in Proposition 1, regularity condi-
tions 1–5 and 7–9 in Section S.2 of Supplementary Material apply, and ψ corresponds to the 
Huber influence function. Then the conditional prediction variance of the ∗RBLUPRBLUP 
can be expressed as 

where e�∗

ri
= (Ni−ni)

−1
∑

j∈ri
(y∗

ij
− x∗�

ij
�
�∗

0
− z�

i
u
�∗

0
).

Proof   Formula (31) is a modified version of a similar prediction variance formula developed in 
Chambers et al. (2014).

A first-order approximation to the prediction variance (31) is then: 

where

1.	 h1i(�̃
�∗

) =
(

1 −
ni

Ni

)2

[x
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ri
| z�

i
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)[x

∗�
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| z�

i
]�. Here V̂A,M|u(�̃

�∗
) is the sandwich-type 

estimator of VAM|u(�̃
�∗

) set out in Section S.3 of the Supplementary Material.
2.	 h2i(�̃
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) =
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)2
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Note that V̂A, M|u(e
�∗

ri
) above pools data from the entire sample. This leads to more stable MSE es-

timates when area sample sizes are very small. The estimator of the MSE of the ∗RBLUP is obtained 
by adding an estimator of the squared conditional bias to (32): 

where 

Here �̃∗
ij
 is an unbiased linear estimator of the conditional expected value �∗

ij
= EA, M(y∗

ij
|xij, u�∗) and 

w
�∗RBLUP

ij
 is the weight for unit j in area i based on the pseudo-linearisation approach to MSE estima-

tion described in Chambers et al. (2011) and extended to RBLUP in Chambers et al. (2014). Note that 
the weights w�∗RBLUP

ij
 can be obtained in a straightforward manner in the case of linkage data following 

Chambers et al. (2011).
Finally, we consider MSE estimation for the ∗REBLUP (29), noting that an estimator of its condi-

tional MSE can based on a decomposition similar to that used in Prasad and Rao (1990): 

An approximation to the second term on the right-hand side of equation (35) can be obtained using the 
following proposition.

Proposition 3  We make the same assumptions as in Proposition 1. In addition, we assume that the 
regularity conditions 1–5 and 7–9 in Section S.2 of Supplementary Material hold. Let �̂

�∗
 be the 

vector of estimated variance components obtained by solving the robust estimating equations 
(26)–(28). Then 

where h3i(�̂
�∗

) = z�
i

∑
q∈iΩsiqVA,M�u(�̂

�∗
)zi. Here 

 

 

(33)M̂SEA,M|u(
̃
Y
�∗RBLUP

i
)=h1i(�̃

�∗
)+h2i(�̃

�∗
)+ B̂

2

A,M|u(
̃
Y
�∗RBLUP

i
),

(34)B̂A,M|u(
̃
Y
�∗RBLUP

i
)=

∑
j∈si

w
�∗RBLUP

ij
�̃∗

ij
−N−1

i

∑
j∈Ui

�̃∗
ij
.

(35)
MSEA,M|u(

̂
Y
�∗REBLUP

i
)=MSEA,M|u(

̃
Y
�∗RBLUP

i
)+

+EA,M|u

((
̂
Y
�∗REBLUP

i
−
̃
Y
�∗RBLUP

i

)2
)
+O(D−1).

(36)EA,M|u

((
̂
Y
�∗REBLUP

i
−
̃
Y
�∗RBLUP

i

)2
)
=h3i(�̂

�∗
)+O(D−1),

Ωsiq =

K∑
k= 1

K∑
g= 1

[
(��k

Bsiq)
{

(z�
i
u
�∗

0
)(z�

i
u
�∗

0
)� + Σ̃seAiq

}
(��g

Bsiq)�
]

,

(37)Bsiq =
(

Z�
siq
Σ̃
−1∕2

seAiq
W2siq Σ̃

−1∕2

seAiq
Zsiq+Σ−1∕2

ui
W3siqΣ

−1∕2
ui

)−1 (
Z�

siq
Σ̃
−1∕2

seAiq
W2siq Σ̃

−1∕2

seAiq

)
,

W2siq =�
{
Σ̃
−1∕2

seAiq
(y∗

siq
−X∗

siq
�̃
�∗

−Zsiq ũ
�∗

i
)
}{

Σ̃
−1∕2

seAiq
(y∗

siq
−X∗

siq
�̃
�∗

−Zsiq ũ
�∗

i
)
}−1
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is a niq × niq diagonal matrix of weights for the individual effects in area i, and 
W3siq = �{Σ−1∕2

ui
ũ
�∗

i
}
(
Σ−1∕2

ui
ũ
�∗

i

)−1

 is a m × m diagonal matrix of weights for the area effect associ-
ated with area i and Σ̃seAiq denotes the value of ΣseAiq at the solution �∗ to (26).
Proof   Formula (22) takes into account expectation with respect to the linkage error model and 

the model that relates y to X and Z, and is a suitably modified version of a similar formula in 
Chambers et al. (2014).

We define an estimator V̂A,M|u(�̂
�∗

) of the variance-covariance matrix of the estimated variance com-
ponents in Section S.3 of the Supplementary Material, based on the approach taken by Sinha and Rao 
(2009). Let ĥ1i(�̂

�∗
) and ĥ2i(�̂

�∗
) denote the values of h1i(�̃

�∗
) and h2i(�̃

�∗
) respectively when all un-

known parameters are replaced by robust estimates, and put ĥ3i(�̂
�∗

) equal to h3i(�̂
�∗

) in which the esti-
mator V̂A,M|u(�̂

�∗
) is substituted. An estimator of the conditional MSE of the ∗REBLUP for area i is then: 

Note that if the random area effects are estimated using (30), then the components of the estimated MSE 
(38) can be derived in straightforwardly. Details for this case are not reported here for reasons of space, 
but they can be made available to the interested reader upon request.

5  |   M-QUANTILE MODELS FOR SMALL AREA 
ESTIMATION WITH LINKED DATA

M-quantile regression models were first suggested for small area estimation by Chambers and Tzavidis 
(2006). See Bianchi et al. (2018) for a recent review of further applications and theoretical extensions. 
Here, we briefly discuss basic ideas and develop appropriate notation.

Breckling and Chambers (1988) introduced M-quantile regression as a ‘quantile-like’ generalisation of 
regression based on a bounded influence function ψ (Huber, 1981), with associated loss function ρ such that 
ψ = dρ(u)/du. For a given τ  ∈  (0,1), the M-quantile of order τ of a random variable is defined as the value 
minimising the expectation of the tilted loss function 𝜌𝜏 = |𝜏 − I(u < 0)|𝜌(u), where ρ(u), u  ∈  ℜ, is con-
tinuously differentiable with ρ(0) = 0. M-quantiles aim at combining the robustness properties of quantiles 
(ρ(u) = |u|) with the efficiency properties of expectiles (�(u) = u2). By definition, any M-quantile depends 
on the specification of the influence function ψ, and so we will not explicitly refer to ψ in our notation below 
for quantities that depend on values of M-quantiles that are all defined using the same ψ.

In the linear case, M-quantile regression leads to a family of hyperplanes indexed by the order τ of 
the corresponding M-quantile, that is, 

For specified τ and influence function ψ (with �� = d��(u)∕du), an estimate ̂�� of the vector of regression 
parameters �� may be obtained as the solution to the normal equations, 

(38)M̂SEA,M|u(
̂
Y
�∗REBLUP

i
)= ĥ1i(�̂

�∗
)+ ĥ2i(�̂

�∗
)+ ĥ3i(�̂

�∗
)+ B̂

2

A,M|u(
̂
Y
�∗REBLUP

i
).

MQ�(yij|xij)=x�
ij
�� .

(39)
D�

i= 1

�
j∈si

��

⎧⎪⎨⎪⎩

yij−x�
ij
�̂�

��

⎫⎪⎬⎪⎭
xij =0,
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where �� is a scale parameter that characterises the spread of the distribution of the residuals yij − x�
ij
��.  

Following standard practice in robust M-regression, this scale parameter can be estimated by 
�̂� = median(|yij − x�

ij
�̂� |)∕0.6745. When ψ is a continuous function, Breckling and Chambers (1988) 

adapt the iteratively reweighted least squares (IRWLS) approach to M-regression and show that a linear 
regression M-quantile of specified order τ can be estimated by weighting positive residuals from the 
M-quantile line by τ and negative residuals by 1 − τ. Note that in what follows we will assume that ψ is 
the Huber influence function, with tuning constant c > 0, and so ψ is continuous.

Following Chambers and Tzavidis (2006), we characterise conditional variability given xij across the 
population of interest by the M-quantile coefficients of the population units. For unit j in area i this co-
efficient is the value � ij such that MQ� ij

(yij|xij) = yij. If a hierarchical structure does explain part of the 
variability in the population data, units within areas defined by this hierarchy are expected to have similar 
M-quantile coefficients. When the conditional M-quantiles are assumed to follow a linear model, with �� 
a sufficiently smooth function of τ, Chambers and Tzavidis (2006) suggest a predictor of Yi of the form 

where ̂� i = n−1
i

∑
j∈si

�̂ ij is an estimate of the average value of the M-quantile coefficients � ij for population 
units in area i, and �̂ ij is defined by the estimating equation yij = x�

ij
�̂ �̂ ij

.
Naive use of M-quantile regression modelling when data contain linkage errors leads to biased 

estimates of the true M-quantile fits. This is intuitively clear from the fact that the combined impact of 
natural variability as well as linkage error variability leads to conditional distributions at the different 
xij that are not those of interest. This is also clear from a cursory inspection of (11) and (12). Following 
the approach of Chambers (2009), we therefore modify the M-quantile normal Equations (39) to take 
account of the linkage error structure, using the notation introduced in Section 2. This leads to the 
modified M-quantile normal equations, 

where Υsiq� = diag
[
�∗2
�

+ (1 − �iq)
{
�iq(fiqj� − fsiq�)2 + f

(2)

siq�
− f

2

siq�

}]
, fsiq� = {fiqj�} = x�

iqj
�∗
�
, and 

fsiq�, f
2

siq�
 denote the block q averages of the components of fsiq� and their squares respectively. Note that 

�∗
�
 here is the scale coefficient associated with the skewed residuals from the M-quantile regression line of 

order τ. Given Υsiq�, the solution to (41) can be obtained via IRWLS and is of the form 

where W∗
siq�

 is a diagonal matrix of weights defined by component-wise division of the vector 
��

{
Υ

−1∕2

siq�
(y∗

siq
−X∗

siq
�̃
∗

�
)
}

 by the vector Υ−1∕2

siq�
(y∗

siq
−X∗

siq
�̃
∗

�
). Similarly, given �∗

�
 and Υsiq�, a robust esti-

mator of �∗2
�

 is 

(40)̂
Y

MQ

i
=N−1

i

{
niysi+ (Ni−ni)x

�

ri
�̂ �̂ i

}
,

(41)
D∑

i= 1

∑
q∈i

X∗�
siq
Υ

−1∕2

siq�
��

{
Υ

−1∕2

siq�
(y∗

siq
−X∗�

siq
�∗
�
)
}
=0,

(42)�̃
∗

�
=

(
D∑

i= 1

∑
q∈i

X∗�
siq
Υ

−1∕2

siq�
W∗

siq�
Υ

−1∕2

siq�
X∗

siq

)−1 ( D∑
i= 1

∑
q∈i

X∗�
siq
Υ

−1∕2

siq�
W∗

siq�
Υ

−1∕2

siq�
y∗

siq

)
,

(43)�̃∗2
�
=

{
D∑

i= 1

∑
q∈i

tr(W∗
siq�

)

}−1 D∑
i= 1

∑
q∈i

{
(y∗

siq
−x∗�

iqj
�̃
∗

�
)�W∗

siq�
(y∗

siq
−x∗�

iqj
�̃
∗

�
)
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.
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The ‘empirical’ versions of �̃∗

�
 and �̃∗2

�
, which we denote by �̂

∗

�
 and �̂∗2

�
 respectively, are then defined by 

iterating between (42) and (43).
In order to use the M-quantile approach for small area estimation, it is first necessary to estimate 

the M-quantile coefficients defined by the correctly linked sample values ysiq, that is, the values �̂ iqj 
such that yiqj = x�

iqj
�̂ �̂ iqj

 for j ∈ siq. Unfortunately, replacing yiqj by its linked value y∗
iqj

 leads to biased 
estimates of these coefficients. We therefore propose to use an approximation to �̂ iqj based on linked 
data that are corrected for linkage error induced bias. Let �̂∗∗

iqj
 satisfy y∗

iqj
= x�

iqj
�̂ �̂

∗∗

iqj
. We then define our 

linked data-based estimate of the M-quantile coefficient for j ∈ siq as ̂�∗
iqj

= (�iq − � iq)�̂
∗∗

iqj
+ � iqNiq�̂

∗∗

iq
 

where �̂
∗∗

iq
= n−1

iq

∑
k∈,siq

�̂
∗∗

iqk
. If the values �̂∗∗

iqk
 vary widely over (0, 1), a more stable approximation 

to the M-quantile coefficient for unit j ∈ siq is �̂∗
iqj

≈ (�iq − � iq)�̂
∗∗

iqj
+ (� iqNiq)∕2. In any case, the 

estimated area-specific M-quantile coefficient is then computed as �̂∗
i
= n−1

i

∑
q∈i

∑
j∈siq

�̂
∗

iqj
, and the 

M-quantile predictor of Yi using linked data (the ∗M-quantile predictor) becomes 

An estimator of the MSE for ̂Y
∗MQ

i
 based on the linearisation approach of Chambers et al. (2014) can be 

written as 

Here, V̂A,M(
̂
Y
∗MQ

i
) is an estimator of the prediction variance of Equation (44), B̂

2

A,M
(
̂
Y
∗MQ

i
) is an estima-

tor of its area-specific bias, and the last term is an approximation to the contribution to the MSE due to 
estimation of the area M-quantile coefficient �∗

i
. The derivation and the details on the components of this 

MSE estimator are provided in Section S.4 of the Supplementary Material.

6  |   SIMULATION STUDIES

Design-based simulations allow us to evaluate the performance of SAE methods in the context of a 
real population and realistic sampling methods where we do not know the precise source of outlier 
contamination. From a finite population perspective, we believe that this type of simulation consti-
tutes a more practical and appropriate representation of SAE performance.

The synthetic population underpinning the design-based simulation is based on the simulation 
experiment reported in Briscolini et al. (2018); it comes from the European Statistical System Data 
Integration project (ESSnet, McLeod et al., 2011) and from the Survey on Household Income and 
Wealth, Bank of Italy (SHIW), whose data are freely available in anonymous form. Specifically, the 
synthetic ESSnet population contains information on over 26,000 individuals including name, sur-
name, gender and date of birth. Two new variables have been added to the original dataset: the annual 
income and the domain indicator. The latter comprises 18 areas resulting from aggregation of Italian 
administrative regions. The area population sizes range from 102 to 3262 with an average of 1407.

Following Briscolini et  al. (2018), we carry out a realistic record linkage and SAE simulation 
experiment by perturbing the ESSnet dataset via the introduction of missing values and typos in 
some potential linking variables (name, surname, gender and date of birth). Moreover, for the pur-
poses of the simulation study, annual income has been removed from the perturbed dataset and the 

(44)̂
Y
∗MQ

i
=N−1

i

{
niy

∗

si
+ (Ni−ni)x

∗�

ri
�̂
∗

�̂
∗

i

}
.

(45)M̂SEA,M(
̂
Y
∗MQ

i
)= V̂A,M(

̂
Y
∗MQ

i
)+ B̂

2

A,M
(
̂
Y
∗MQ

i
)+ V̂A,M(�̂

∗

i
).
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corresponding value of annual consumption obtained from the SHIW survey has been added. As far 
as record linkage is concerned we consider two scenarios. Scenario (i) is in agreement with the theo-
retical assumptions of Section 2, with linking variables available at both register level. Note that this 
is the level of information available for the application described in Section 7. In Scenario (ii), linking 
variables for register  are available only for sampled units.

In both scenarios, the classical version of the probabilistic record linkage procedure described 
in Fellegi and Sunter (1969) and Jaro (1989) has been implemented, using the function compare.
linkage of the package RecordLinkage in R (Sariyar & Borg, 2020) to link the perturbed data-
set with the original register population using surname as key-variable and age, grouped in four cate-
gories, and domain as blocking variables. The domain indicator has been used as block in the linkage 
process to guarantee the assumption that both registers include an area identifier measured without 
error (see Section 2). Empirical estimates of �iq are then calculated following this linkage process. 
Finally, in order to guarantee stable probabilities of correct linkage we used the average of these �iq 
estimates from all areas represented in the same block as our value of �q.

Note that in Scenario (i), after the sample is drawn from register , the linkage process is carried 
out by matching information at the entire  and  registers level. This linking is complete, one to one 
and independent of the sample outcome. The proportion of correct links for the four categories of age 
are �q = (0.86, 0.93, 0.88, 0.91). In Scenario (ii), again after the sample is drawn, the linkage process 
only uses matching information for the sampled part of register  (so the linking process is restricted 
to the sample values of the matching variables). Linking remains one to one, but it is clearly not com-
plete. This corresponds to a violation of the first assumption of Section 2, so that linkage and sampling 
cannot be exchanged, and is used to assess the robustness of the properties of the proposed small area 
predictors. Since the linkage in this second scenario depends on the realised sample, the proportion of 
correct links for the four categories of age varies from sample to sample.

The aim of the design-based simulation is to compare the performance of different estimators, and 
their MSE estimators, for mean consumption in each domain under repeated sampling from a fixed 
population using income as the auxiliary variable. A total of 1,000 independent random samples of 
size n = 268 are taken from the synthetic fixed population described above, by randomly selecting 
units in the 18 domains, with domain sample sizes set proportional to domain population sizes unless 
the resulting sample size is less than 5, in which case the domain sample size is set to 5.

Six different estimators are used for this purpose: the standard EBLUP, ̂Y
EBLUP

i
 (Rao & Molina, 

2015), which serves as a reference, its corrected version in case of linkage error ̂Y
∗EBLUP

i
, the REBLUP 

estimator of Sinha and Rao (2009), ̂Y
REBLUP

i
, equation (25), and its corrected version ̂Y

∗REBLUP

i
, expres-

sion (29), the estimator based on M-quantile regression model ̂Y
MQ

i
 (40) and its corrected version with 

linked data ̂Y
∗MQ

i
 (44). In all cases, the influence function ψ is a Huber-type function with tuning con-

stant c = 1.345. For ̂Y
∗EBLUP

i
 we consider two different methods for estimating the area-specific random 

effects: prediction of the random effects as in expression (17) and prediction of the random effects 
neglecting the second addend on the right hand side of Equation (18). We denote this alternative es-
timator by ̂Y

∗∗EBLUP

i
. Also for ̂Y

∗REBLUP

i
 we assess the beahviour of two different methods for estimating 

the area-specific random effect: prediction of the random effects as in expression (27) and prediction 
of the random effects as in expression (30). The estimator that uses the second approach will be de-
noted by ̂Y

∗∗REBLUP

i
. For each estimator and for each small area, we computed the Monte Carlo estimate 

of the percentage of relative bias in absolute value (ARB) and the percentage of Relative Root MSE 
(RRMSE) and the corresponding efficiency. The relative bias in absolute value of an estimator ̂Yi

 of 
the actual mean Yi is the absolute value of the average across simulations of the errors ̂Yi − Yi

 divided 
by the corresponding value of Yi, its RRMSE is the square root of the average across simulations of 
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the squares of these errors, again divided by the value of Yi, and its efficiency (EFF) is the value of the 
ratio of the actual MSE of the predictor to the actual MSE of the corresponding EBLUP.

Table 1 shows the key percentiles of the across areas distribution of the percentage ARB, the 
percentage RRMSE and the efficiency, while Table 2 reports the key percentiles of the across areas 
distribution of the percentage ARB and the percentage RRMSE of the corresponding estimator of the 
MSE for these estimators. In Scenario (i) we see that estimators that allow for linkage error work well 
in terms of both bias and RRMSE compared with the unmodified EBLUP, REBLUP and M-quantile-
based predictors that ignore linkage error. The ̂Y

∗EBLUP

i
, ̂Y

∗∗EBLUP

i
, ̂Y

∗REBLUP

i
 and ̂Y

∗∗REBLUP

i
 estimators perform 

best in terms of bias, whereas ̂Y
∗REBLUP

i
 and ̂Y

∗∗REBLUP

i
 are best in terms of RRMSE. From these results we 

conclude that estimators that correct for linkage error seem to offer the most balanced performance in 
terms of both bias and MSE for this population.

With reference to MSE estimation, Table 2 shows that the MSE estimator for ̂Y
∗EBLUP

i
 and ̂Y

∗∗EBLUP

i
 

performs better than the MSE estimators of ̂Y
∗REBLUP

i
, ̂Y

∗∗REBLUP

i
 and ̂Y

∗MQ

i
 that are based on the linearisation 

method. Furthermore, the MSE estimator for ̂Y
∗∗REBLUP

i
 improves on the MSE estimator for ̂Y

∗MQ

i
 in terms 

of efficiency. The results from Scenario (ii) are in line with those in Scenario (i). The only relevant 
difference is that the levels of ARB and RRMSE increase by around 5–10%. This is due to the use of 
sample, rather than register, information in the linking process. To complete the analysis in Table 2, 
the relationship between the ‘true’ (empirical) RMSE of each estimator and its estimator for each area 
is shown in Figures S.1 and S.2 in the Supplementary Material, where boxplots are used to illustrate 
the variability in the RMSE ratio, defined as the ratio of the average estimated RMSE for each area to 
the true RMSE. We can see that the MSE estimators proposed for linkage error corrected estimators 
perform better than MSE estimators for the EBLUP, REBLUP and M-quantile-based predictors, and 
especially so in Scenario (i).

The performances of the various linked data-based small area predictors that we have described 
in this paper, as well as those of their corresponding MSE estimators, has also been assessed via a 
series of model-based simulations. In particular, these simulations are based on data linkage scenarios 
in accord with the assumptions of Section 2 considering both linkage errors and actual population 
outliers. The simulation results show higher efficiency and lower bias for the linkage error corrected 
predictors compared with traditional small area estimators. Moreover, we note that the superior outlier 
robustness of REBLUP and M-quantile-based estimators with respect to the EBLUP still holds true 
when there are only artificial outliers due to linkage errors and when both artificial and real outliers 
are present. The proposed MSE estimators work very well under linkage errors with artificial outliers 
only. When both artificial outliers and real outliers are present, the MSE estimators are moderately 
biased. These additional results are not presented here for the sake of brevity, but they are available in 
Section S.5 of the Supplementary Material.

7  |   ESTIMATING AVERAGE EQUIVALISED INCOME FOR 
LABOUR MARKET AREAS IN CENTRAL ITALY

The Italian component of the European Survey on Income and Living Conditions (EU-SILC) is con-
ducted by ISTAT, the National Statistical Office, with the aim of producing estimates for indicators of 
poverty and social exclusion and, more generally, of the living conditions of the population at national 
and regional (NUTS-2) levels. Estimates for smaller areas are not released as the sample size of such 
areas are often too small to allow for direct estimates of adequate precision. In this paper, we focus 
on using 2016 EU-SILC data to produce estimates of the average equivalised net income for Labour 
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Market Areas (LMAs) in central Italy. Equivalised net income is the income measure used by Eurostat 
in its suite of poverty indicators. LMAs are unplanned domains obtained as clusters of municipalities 
and defined after the 2011 Census on the basis of daily working commuting flows. Central Italy is 
made of four (NUTS-2) regions and 113 LMAs; data from the 2016 EU-SILC cover only 71 LMAs 
so that for 42 LMAs it is not possible to compute a direct estimate. For in-sample LMAs, sample 
sizes range from 22 to a maximum of 2351 for Rome, with a mean of 166.3 and a median of 103. The 
overall sample size is 11,808 individuals making up 5,126 households.

In order to produce unit level-based small area estimates, EU-SILC data have been linked by 
ISTAT to data from the Italian integrated archive of economic and demographic micro data (Garofalo, 
2014). Specifically, the linking procedure can be summarised as follows: (i) the sample is drawn from 
the EU-SILC frame, which is made of municipality-based population registers (which we label as ); 
(ii) information obtained from the survey is then appended to the sampled units on ; (iii) the identi-
fier variables from  (known before sampling for all units in this register) are used to link the sample 
records in  to records in the Italian integrated archive of economic and demographic micro data 
(register ); (iv) the sampled records from  are then released, with each sample record containing 
EU-SILC data as well as linked data from , together with an estimate of the probability of correct 
linkage.

The integrated archive (register ) itself is defined by the integration of data from the 2011 Census 
with administrative sources such as the municipal population registers, the tax returns register, the 
central register of pensioners, social security and fiscal sources for workers, and the social security 
benefit register. Among the variables available from the integrated archive, we select the following 
as having good predictive power for equivalised net income: a proxy for equivalised income; dummy 
for nationality (Italian citizen); dummy for income earner; work intensity, measured as the number of 
months for which there is an indication of employment (in at least one of the registers making up the 
archive) divided by twelve; indicator variables for gender by five age classes, 0–14, 15–29, 30–49, 
50–64, 65 or more. Our data then consist of the population means of these variables for the 113 small 
areas, as well as individual values linked to the EU-SILC sample data. An overall probability of cor-
rect linkage is available, and is specified as 0.97. As a consequence, we have only one block, since 
there is no information provided regarding different values of the probability of correct linkage for the 
blocking variables used.

The assumptions detailed at the beginning of Section 2 seem reasonable for this application. In 
particular, the linkage process can be considered to be non-informative—assumption i. –, as it is based 
on individual identifiers which we can assume to be independent of the target variable given the model 
covariates. In addition, the linkage is conducted within municipalities, so there is perfect identification 
of each small area in the linked data. The sampling design is non-informative—assumption ii. –, as 
EU-SILC is based on a classical two-stage clustered design, where municipalities are PSUs selected 
with probability proportional to size, and households are SSUs selected by simple random sampling 
within PSUs. As for assumption iii., the reference population of EU-SILC is all private households 
and their current members residing in the area at the time of data collection. Persons living in col-
lective households and in institutions are excluded from the target population. The Italian integrated 
archive of economic and demographic micro data is also based on households; in addition, for this 
application, we have used the 2015 edition of the archive, so that all our analysis variables refer to the 
same time interval. We note in passing that the archive does have a small undercoverage, since it can 
only include individuals who appear in at least one of its constituent registers; such undercoverage is 
estimated to be approximately 0.13% and it is likely to affect the EU-SILC survey frame (municipality 
registers) in the same way.
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We start by fitting a linear mixed model with normally distributed random effects to the EU-SILC 
linked data. In particular, we use a two-level random-intercepts model with random effects specified at 
the level of the LMAs. Figure S.3 in the Supplementary Material shows the normal probability plot of 
individual residuals (Battese et al., 1988) and estimated LMA random effects (Lange & Ryan, 1989) 
obtained from fitting this model. These plots indicate some departures from normality particularly in 
the tails of the distribution. This is confirmed by a Shapiro-Wilk normality test, which rejects the null 
hypothesis that the random effects follow a normal distribution (p = 0.0003) and by the Kolmogorov-
Smirnov test, which rejects the null hypothesis that the individual residuals follow a normal distribu-
tion (p-value < 0.00001).

The distribution of the standardised residuals indicates the presence of potentially influential ob-
servations defined by large individual residuals (|r| > 2). These can be due to the presence of real 
outliers and/or of artificial outliers generated by linkage errors. As discussed in previous sections, the 
two types of outliers are difficult to distinguish. In this dataset, in view of the relatively large value of 
λ and the marked deviations from normality shown in Figure S.3, it is likely that the observed outliers 
are a mixture of both representative and artificial outliers. Therefore, adopting a prediction approach 
that takes into account linkage errors and bounds the influence of outlying observations seems worthy 
of investigation for the EU-SILC linked data.

Motivated by this preliminary analysis, we now use the ∗EBLUP, ∗∗EBLUP, ∗REBLUP, ∗∗REBLUP,  
∗MQ-based predictors to estimate the average equivalised net income for LMAs in central Italy. In 
order to provide some context for these estimates, we also implement the classical EBLUP, REBLUP 
and MQ estimation approaches and use a set of diagnostics based on the requirement that model-based 
small area estimates should be both consistent with corresponding unbiased direct estimates, as well 
as more precise.

We assess whether the model-based estimates are ‘close’ to the direct estimates by computing the 
correlations between the direct estimates and the model-based estimates. We note that the estimates 
obtained by the different approaches appear to be generally consistent with the direct estimates, with 
correlations varying between 0.75 and 0.80. The corresponding correlations between the traditional 
predictors (EBLUP, REBLUP and MQ) and those proposed in the paper which take into account the 
linkage error (∗EBLUP, ∗∗EBLUP, ∗REBLUP, ∗∗REBLUP and ∗MQ) are very high (around 0.99). 
This implies, as expected, that given the high probability of correct linkage—0.97—there are only 
small differences between the estimates obtained using traditional predictors and the new predictors. 

F I G U R E  2   Empirical cumulative density functions for the estimated coefficient of variations of the small area 
estimators
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However, the ∗EBLUP, **EBLUP, *REBLUP, **REBLUP and *MQ-based estimators all show poten-
tial gains in precision with respect to the EBLUP, REBLUP, MQ-based and the direct estimators.

In Figure 2 we compare the empirical cumulative density functions (ECDFs) of the coefficient of 
variation (CV) of all estimators. The first panel compares ECDFs of the estimated CVs for EBLUP, 
∗EBLUP, **EBLUP with the ECDF of the CV of the direct estimator; the second and the third panels 
then focus on the CVs of the REBLUP and the MQ approaches. The CV of the direct estimator is com-
puted accounting for the complex two-stage clustered sampling design employed for EU-SILC and using 
the ReGenesees R library described in Zardetto (2015). In the first panel, the ECDFs corresponding 
to ∗EBLUP and ∗∗EBLUP almost always dominate those for EBLUP and direct estimates, highlighting 
that CV values for the former approaches are lower than those estimated for the latter. It is only when the 
area sample size is large that this relation is inverted: CVs for the direct estimates are smaller than those 
for ∗EBLUP, ∗∗EBLUP, and EBLUP. This behaviour holds also in the second panel for the REBLUP-
based estimates, while in the third panel, the MQ and ∗MQ-based predictors show an inverse behaviour 
in terms of ECDFs of CV values: in particular, MQ seems to be more precise than ∗MQ. This behaviour 
can be explained by the fact that the MSE estimator of the MQ-based predictor underestimates the real 
MSE in case of linkage error as shown by our model-based and the design-based simulations results.

Estimating the average equivalised net income at the LMA level enables us to investigate the gap in 
living conditions in the region of interest. Maps showing the estimates for the 113 LMAs are not dis-
played for reasons of space, but are available from the authors upon request. These show that income 
level varies considerably across the LMAs. There is also a clear North-South gradient: the LMAs in 
the southern part of the region are characterised by the lowest estimates of average equivalised income 
(between 10,000 and 15,000 Euros) and can be considered the most critical. Besides this North-South 
pattern, we also observe average equivalised net income values for larger cities and metropolitan areas 
(approx 20,000 Euros for Rome and 22,000 Euros for Florence) that are larger than those for neigh-
boring LMAs.

8  |   FINAL REMARKS

In this paper, we propose a number of small area estimation methods that allow for linkage error in 
the data. These proposed ∗EBLUP, **EBLUP, *REBLUP, **REBLUP and *MQ-based estimators have 
the potential to lead to significantly better small area estimates in important applications where linked 
data are available, such as in financial, economic, environmental and public health applications, and 
where outliers may also be present.

The properties of the proposed estimators have been studied through model-based and design-based 
simulation studies. The results from these studies suggest that these estimators represent a set of useful 
tools to allow for linkage error in SAE. In particular, the empirical results reported in Sections S.5 and 
6 show that the proposed small area estimators are less biased and more efficient than the traditional 
predictors in the presence of artificial (i.e. linkage error-induced) and real outliers. In addition, the 
application reported in Section 7 provides evidence that the proposed approaches are viable options to 
deal with linkage error when small area estimation is conducted using survey data imprecisely matched 
with administrative data that provide useful auxiliary and, more importantly, proxy information. In ad-
dition, the performance of the proposed MSE estimators for these small area estimators seems promis-
ing, but we are aware that further research in this area is necessary. R code for calculating the ∗EBLUP,  
∗∗EBLUP, ∗REBLUP, ∗∗REBLUP and ∗MQ-based estimators proposed in this paper and their cor-
responding MSE estimators can be obtained from: http://wiley​onlin​elibr​ary.com/journ​al/rss-datasets.
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The approach to small area estimation using probability-linked data described in this paper is in 
the spirit of Scheuren and Winkler (1993), where it is suggested that one corrects the naive estimator 
using an estimate of its bias under an appropriate model for the linkage error process. In this paper, 
the adjustment we use for this purpose depends on assuming that linkage errors are generated via an 
ELE process and knowing the parameters (i.e. the �iq) that characterise this process. This is highly 
unlikely to be the case, and the probabilities �iq will usually be estimated. One way to estimate these 
parameters, suggested in Chambers (2009), is via access to a random ‘audit’ sample of the linked re-
cords in each block, where the only information required is whether a sampled link is correct or not. 
This could also be accomplished by calculating the achieved linkage error rate in a training set of ‘gold 
standard’ links, as would be possible if a classification-based approach to linkage is used (Chambers 
& Diniz da Silva, 2020).

Lahiri and Larsen (2005) consider the probabilities of correct linkage as parameters of a mixture 
model and estimate them using the expectation maximisation (EM) algorithm. In general, we can 
think of these estimated probabilities as part of the paradata for the linkage process, which should be 
made available to secondary users of the linked data (Gilbert et al., 2018). However, as discussed in 
Section 2, it is unrealistic to expect reliable estimates of �iq in the context of SAE where the sample 
size in area i and block q can be very small, or even 0. For this reason, we have assumed that accurate 
estimates of the probabilities of correct linkage are available at block level, perhaps by averaging over 
areas (�̂q = n−1

q

∑D

i=1
�̂iqniq), or even as a single (overall average) �̂, as in the application presented in 

Section 7. Such estimates can be substituted into the expression for the proposed small area estimators 
in Sections 3, 4 and 5. In order to assess the performance of the proposed small area estimators in this 
case (i.e. when linkage error rates are estimated), we have replicated the model-based simulations of 
Section S.5 with �q estimated by independently selecting a random ‘audit’ sample of linked records of 
25 units in each block. The results in this case show a very small increase in the empirical variability 
of the proposed ∗EBLUP, **EBLUP, *REBLUP, **REBLUP and *MQ-based estimators. Interested 
readers can contact the authors to access these more detailed results.

The extra uncertainty arising from the estimation of the probabilities �iq needs to be accounted for 
when carrying out MSE estimation for the small area estimators that use Aiq to correct for bias induced 
by linkage errors. This extra uncertainty can be taken into account in the estimated MSE of ̂Y

∗EBLUP

i
 by 

adding a term g4i(�̂
∗
, �̂iq) to expression (24): 

where V̂(�̂iq) is an estimator of the variance of the estimators of the probabilities of correct linkage. If the 
estimates of the linkage probabilities are obtained via an ‘audit’ sample, V̂(�̂iq) = n−1

iq
�̂iq(1 − �̂iq). In this 

case, the estimator of the MSE of ̂Y
∗EBLUP

i
 becomes 

As far as estimation of the MSE of ̂Y
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i
 defined by (29) is concerned, we note that the component 
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where Λ̂i denotes the vector defined by the area-block-specific values of �iq and V̂A, M|u(�̂, Λ̂i) is the 
estimated joint variance of �̂ and Λ̂i obtained by computing the asymptotic variance of solutions to the 
estimating equations. Using the same approach, we note that the first component of the MSE estimator 
(S.5) of the M-quantile-based estimator (44) also depends on the extra uncertainty arising from estimation 
of the probabilities of correct linkage and so needs to be written as 

The development of corresponding MSE estimators for ∗∗EBLUP, ∗∗REBLUP is straightforward. The 
performance of the MSE estimators for ∗EBLUP, ∗∗EBLUP, ∗REBLUP, ∗∗REBLUP and the ∗MQ-based 
estimator when there is extra uncertainty arising from the estimation of probabilities of correct linkage is 
an area of current research.

Despite the fact that the linkage error corrected SAE estimation methods proposed in this paper 
provide encouraging results, further research remains to be done. In particular, we have assumed 
that both registers include an area identifier measured without error that is used in the linkage pro-
cess. Consequently, we do not allow units from different areas to be erroneously linked. When this 
assumption is relaxed (i.e. linkage errors across areas are allowed), then within area heterogeneity is 
increased, with between area heterogeneity consequently decreased, leading to biases in estimation of 
model variance components and correlations between different units in different areas. This correla-
tion needs to be taken into account when calculating ∗EBLUP, ∗REBLUP and ∗MQ. We are currently 
working on this scenario, with preliminary results showing that ∗MQ performs better than ∗EBLUP 
and ∗REBLUP. A possible explanation is that the estimation of model parameters in the M-quantile 
approach is independent of the area indicator, which only becomes relevant when computing area-spe-
cific M-quantiles coefficients.

Related to the previous topic, note that if a random slopes specification is of interest, so that values 
in Z vary within areas, then we need to replace Zsiq in Equation (12), and in all subsequent expressions 
based on this identity, by Z∗

siq
= EA(AsiqZiq) = TsiqZiq = {(�iq − � iq)Zsiq + � iqNiq1niq

z
�

iq
} where ziq 

is the vector of column means of Ziq. In this case also VA,M(y∗
siq

) requires modifications that will be 
discussed in future research.

A key assumption of the paper is that linking variables are available at registers (, ) level, as it 
is the case for the ISTAT linking procedure underpinning the application in Section 7. This may not 
be always the case, and it may be possible that linking variables from register  are available only 
for sampled units. This violates our key assumption that sampling and linkage are independent, and 
the theory outlined in this paper then requires modification to allow for such an informative linkage 
situation. Though interesting, we believe that this case is not in line with our secondary user perspec-
tive since it implicitly assumes that the analyst and the linker are the same. However, it could be an 
interesting direction for future research.

Further research is also needed to investigate the performance of the proposed robust predictors 
when the errors due to representative outlying values are highly skewed (i.e. due to mean-shifted rep-
resentative outliers). In this case, the robust-projective estimators described in this paper will typically 
have a low prediction variance, but may exhibit a large prediction bias. The behaviour of robust-projec-
tive estimators under skewed error distributions with outliers has been investigated by Chambers et al. 
(2014) in simulation scenarios without linkage errors. To reduce the bias impact when there are mean 
shift representative outliers, these authors propose a robust-predictive approach to SAE that attempts to 
partially adjust for the contribution of the population outliers to the population quantity of interest. A 
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full exploration of the behaviour of SAE estimators when there are mean-shifted representative outliers, 
as well as linkage errors, is beyond the scope of this paper, but is another interesting direction for future 
research.

Finally, we note once more that we have assumed a simple exchangeable linkage error model 
because we focus on SAE carried out by a secondary data analyst. It would be interesting to extend 
our estimators to situations where the information about the linkage process is richer and a different 
viewpoint can be adopted, as in Briscolini et al. (2018) and Han and Lahiri (2018).
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