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Abstract: In this paper we show the asymptotic stability of the solutions of some differential
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1 Introduction

The aim of the paper is to study the asymptotic stability of the mild solutions of the para-
metric differential equation

ou 0

E(t,x) = —b(t, z)u(t,z) + g (tvu(t’x)’/

—T

u(t + 0,3:)d0>, t € [to, +oo[, z €[0,1] (1)

under the action of instantaneous impulses Z at given times ¢, k € N, with {¢x }ren sequence
of nonnegative real numbers diverging to 4oo.

The interest to this problem arises from the population dynamics mathematical theory, where
the above equation drives a model for the time evolution of a population in a given environ-
ment normalized to the interval [0, 1]: u(¢, x) represents the density of the population at time
t and place x; —b(t, z) is the removal coefficient including the death rate and the displacement
of the population; the nonlinearity g is the population development law involving a feedback
term given by its integral argument. The feedback term fBT u(t + 0, x)df means that the
system has the memory of the whole population evolution for the fixed past time of given
amplitude 7 preceding the present instant t. On the other hand, the impulse functions are
the modeling of external forces acting on the population at prescribed moments, as happens
with the administration of antibiotics on a bacterial population or of pesticides on an insect
infestation, and in Biology are called regulation functions. Actually, impulse functions are
not only encountered in Biology, but appear in numerous models of real phenomena from
Physics, Economy, Chemistry, Engineering. For this reason, the problems involving these



functions have been studied in recent decades and are still of great interest today; we refer,
e.g., to [4, 7, 14].

To achieve our goal, we will read equation (1) as a particular case of the semilinear differential
equation with functional delay in a Banach spaces F

Yy (t) = Ab)y(t) + f & yt),m) , t € [to,+oo, (2)

subject to impulses I, defined in a functions’ space and taking values on E. Here {A(?)}o<:
is a family of linear operators, f is a nonlinear function, and y(0) = y(t +0), 6 € [—7,0], for
every t € [to, +00l.

During the last years this kind of equations have been the object of a wide study in several
setting, especially in the less general forms y/'(t) = Ay(t)+f (¢t,y(t)) or y'(t) = Ay(t)+f (t, yr)-
We refer e.g. to [10, 13, 19] for studies on asymptotic behavior of solutions. Nevertheless, as
far as we know, our theorem on the existence of impulsive mild solution on the half-line to
(2) is new. We needed this result to give consistency to the definitions of local and global
attractivity that we introduce in the Section 4 and to the proof of our main theorem. Given
the relevance that the existence result has in itself, we proved it in a very general setting and
we dedicated Section 3 to it.

The concept of attractivity we define herein is on the line of that described in [3] and then
adapted to classical Cauchy problems driven by the equation y/(t) = Ay(t)+ f (¢,y(t)) in [16].
We extend their definitions to Cauchy problems with functional initial datum and provide
for these problems the definition of (global) asymptotic stability.

Moreover, in order to show the asymptotic stability of our impulsive problem with functional
delay, we provide a suitable Gronwall-Bellmann-type delayed impulsive integral inequality.
Our Lemma 4.1 is - obviously and obligatorily - in the wake of that for impulsive differential
equations (see, e.g. [11, Theorem 1.5.1] or [17, Lemma 1, Section 1.2]). We here provide
an extension of the classical results to the delayed case. This topic arouses interest in the
literature, because of its applications to delayed impulsive differential problems. We refer for
example to the very recent paper [12], where the authors propose a Gronwall-Bellmann-type
inequality for functions with delay and subject to impulses. We point out that our result is
more general than theirs, since the class of functions involved in inequality is enlarged, as the
presence of delay is allowed to the impulsive functions too.

Our Gronwall-Bellmann-type lemma is contained in Section 4 immediately before the main
asymptotic stability theorem, namely Theorem 4.1.

We conclude the paper with the discussion of the population dynamics model governed by
equation (1) with impulsive effects. We first transform the model as an impulsive Cauchy
problem with delay in the space E = L?([0,1]) and then apply our abstract result.

2 Preliminaries and position of the problem

Let (E,||-||) be a real Banach space and L(E) the space of all bounded linear operators from
E to FE furnished with the strong operator topology. We recall that (see, e.g. [18]) a family
T ={T(t,s)}+>s>0 of bounded linear operators on E is a (strongly continuous, exponentially
bounded) evolution system on the half-line if

1) T(s,s) =1, T(t,r)T(r,s)=T(t,s) fort>s>0;



2) for every x € E, the map &, : (t,s) — T'(t,s)z is continuous;
3) there are constants D > 0,w € R such that

IT(t, )|l gy < De"™) for t > s > 0. (3)

The number
wy = inf{w € R: 3D > 0 such that | T'(t,s)| z(z) < Det=3) ¢ > 5> 0} (4)

is said to be the growth bound of T .
If w, < 0, the evolution system on the half-line is said to be exponentially stable (cf. [18,
Definition 2.1]).

For 7 > 0, the symbol PC; denotes the space of piecewise continuous functions y : [-7,0] — E
with a finite number of jump discontinuity points, endowed with the norm

0
Ilec. == [ ly®)ds )

Let {t;}ren be a set of fixed real numbers with 0 < tp < t; < --- <ty < ... and t — +o0.
By PC([to, +o0[, E) we denote the seminormed space of functions

PC([to, +oo, E) :=

y:[to,+oo[—>E St te
y( Ij)_ hm y(ty +h) € E, for all k € N

] continuous, for all k € NT; }

with Hy”oom = SUP¢e[tg,to+n] Hy(t>H7 n e N*.
Moreover, we put

S([to — 7, +oo[, E) = {y : [to — 7, +oo[—= E : yt, € PCr and Y|4, 40| € PC([to, +00[, E).

For more details on this set, we refer to [9, Section 3.1], where the authors make some useful
comments on S([tg—T7, +0o0], F) and give some pictures illustrating the possible discontinuities
of its functions. For the sake of clarity, we have to say that their functions are defined on a
compact interval, but their comments can be still applied to functions defined on a half-line.

Remark 2.1 We wish to recall that the norm defined in (5) is weaker than the Chebyshev
sup-norm

[4lloc0 = _sup. Hy(9)||- (6)

—7<

In fact, for every y € PC, one trivially has

1 0
1Yllec, < T/ Sup ly(O) 11 0 = || ylloo_o; (7)

—7 —7<

but it is easy to see that it does not exist ¢ > 0 s.t. ||Y|loc.0 < c||yl|lec, for every y € PC.
Furthermore, we notice that for y € S([to — 7,40, E) the mapping t — y; is continuous if
in the space PC, we take the norm || - ||pc,, but not if the norm is || - ||oc_0-



For y € PC,, we consider the impulsive Cauchy problem with functional delay on a half-line
y'(t) = A@)y@) + f (t,y(t),y) , t € [to,+oo[, t #t, kEN,

Yto = Y,
(P)y
y(tg) = y(0) + Io(y),

y(ty) = y(te) + Ik(yy,) » k € NT;

where: {A(t)}+>0 is a family of linear operators; f : [tg, +00o[XE x PC, — E; I, : PC; — E,

k € N, are the impulse functions.

Suppose that the following property holds:

(A) {A(t) }+>0 is a family of linear operators, A(t) : D(A) C E — E, D(A) a dense subset of

the Banach space F not depending on ¢, generating an evolution system on the half-line
T ={T(t,5)}t=s>0-

This means that T satisfies the further property

oT(t,s) oT(t,s)

ot 0s

Therefore we can state the following definition.

4) = A(t)T(t,s) and =-—T(t,s)A(s), t >s>0.

Definition 2.1 A functiony : [to—T, +oo[— E is said to be a delayed impulsive mild solution
(shortly, mild solution) of (P)y if

(i) y(t) = T(t,to)[y(o) + IO(y)] + Z T(t7ti>Ii(yti) + l T(tv 3)f<37 y($)7 ys) ds ) t> tO;'
(ZZ) Yo = Y5
(iii) y(tg) = y(0) + lo(y);
(iv) y(tf) = y(tx) + Iu(ys,) . k € NT,
with the agreement that ., ,  T(t,tx)Ik(yy,) =0 if t € [to, t] .

Notice that if y is a mild solution of (P), , then y € S([to — 7, +o0[, E).

3 Existence of solutions on a half-line

Let us fix a function ¢ in the space PC; and consider the corresponding problem

y'(t) = A)y(t) + f (t,y(t),ye) 5 t € [to,+oo[, t #tx, kEN,
Yto = ¥,

y(tg) = ¢(0) + Io(),

y(t5) = y(te) + Ix(ye, ), k € NT.
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On the nonlinearity f : [tg, +o0] x E x PC; — E we assume the following hypotheses:

(h1) f(t,-,-) is continuous, for every t > ty, and f ('7y(‘)7y(.)) is measurable, for every

Yy e S([to -7, +OO[7 E)a

(h2) there exists a locally integrable function « : [tg, +oo[— RT such that

1£y )l < a@) (1 + Iyl + Igllac,) . for ac. t > to and all y € B,y € C; ;

h3) there exists a locally integrable function h : [tg, +0o[— RT such that
( y integ

X(f(t,21,Q2)) < h(t) | x(21) + sup x(Q2(0))| , for a.e. t >t

—7<60<0

for every bounded sets €y C E, Qo C PCr, where y is the Hausdorff measure of

noncompactness in F.

We are now going to establish the existence result on the existence of mild solutions of

problem (P), on the half-line.

Theorem 3.1 Let E be a real Banach space and ¢ € PCr, {ti}reny with 0 <ty <ty < -+ <
ty < ... = 400, Iy : PC; — E, k € N, be given. Assume that the family {A(t)}i>0 and the

function f : [to, +o0] x E x PC; — E respectively satisfy (A) and (h1)-(h3).

Then problem (P), has at least one mild solution.

Proof. We proceed by iteration.

Consider the functional Cauchy problem
yl(t) = A<t)y(t) + f(t7y(t)7yt) ) le [t()vtl]:
(P1) § Yto = s
y(ty) = ¢(0) + Io(p).
Then, define the map y° : [to — 7,t0] — E as
yO(t) = p(t —to), to— 7 <t <ty

and, for any y € C([to, t1], E), put

(1) = {M’ el

yO(t), t€ [to—T,to]

9)

By (3) it follows that there exists Dy > 0 such that ||T(¢,s)|/zg) < D for every tg < s <
t < t1. Moreover, the functions o and h of assumptions (h2) and (h3) obviously belong to
L ([to, t1]) when restricted to [to,1]. Hence we can use the same arguments of the proof of
the Theorem 2.1 in [6], which acts on a compact interval [0, 7], and claim that the integral

operator I'1 : C([to, t1], E) — C([to, 1], E) given by

F1<y)(t) - T(tvt()) [(P(O> + IO(SO)} + /t T(t, S)f(37y(8)7y[y0]s) ds , te [thtl] (10)

to
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has a fixed point, say y* € C([to, t1], E).
We show that the function y'[y°] : [to — 7, 1] — E is a mild solution of (P;).
First, by (9) and (10), for ¢ €]tg, t1] one has

y' y°1(8) = ' (1) = T(t,t0) [»(0) + Lo(y)] +/t T(t,5)f(s,y" (), y' [y°]s) ds;

since functions y' and y'[y°] on the set [to,t;] are the same except in s = tg, we get

t

t
/ T(t, 5)f (5,4 (5), " [1)s) ds = / T(t, 5)f (s, 5" ") (5), ' [)s) ds,

to to
y'y°)(t) = Tt to) [90(0)+Io(90)]+/t T(t5)f (s, [y")(). y'[y°]s) ds. (11)

Further, by (9) and (8), for 6 € [=7,0] it is y'[y");,(0) = y'[y°)(0 + to) = y°(8 + to) = »(0),
that is

Clearly, by means of (11) it also true that

y [WO)(tS) = (0) + Io(¢).

Now we can iterate the process.
First of all notice that, by (8), the map ¢ can be read as

00 = =yp;
further we can define
o' =y,
that, of course, belongs to PC,.
So, at the k-step (k > 2) one gets:
o the map ¢*~ ! in PC, defined by
ol = ykil[...[yo]...]tk_l (12)

where y*~1[...[s°]...] : [to — 7,tx_1] — E is the prolonging function built by means of
the concatenation of the fixed points of the integral operators at the preceding steps;
ie. fori=1,...,k —1itis defined I'; : C([tifl,ti],E) — C([tifl,ti},E)

Li(y)(t) = T(tti1) [ 1(0) + Lisa (¢ )]

" / T(t, 5)f (5 9(s), yly [ [s")..]]o) ds

ti—1



having a fixed point y* € C([ti—1,t;], E) (by (3) there exists D; > 0s. t. ||T(t,s) z(p) <
D; for every t;_1 < s <t < t;; then also in this case the proof of the existence of the
fixed point retraces the one of [6, Theorem 2.1]), leading to the desired map

y"l(t),  t E]tp_a, ty_1]

R )
Yy Ly () = yl(t),  t €]ty ty]

yOt),  teto— T, tol;
e the functional Cauchy problem
y'(t) = A)y() + f(ty(t),ye) » T E [te—1, Tl
(Pe) § Yty =@
y(ti_1) = " 10) + Tma (" 1);

e the integral operator I'y, : C([tx—1,tx], E) = C([tk—1,tx], E)

Ce(p)(t) = T(tten) [¢"710) + L (6571 (13)
n / T(t, 5)f (5, y(s), yly [ [o0).-])s) ds:

e the fixed point y* € C([ty_1,t], E) of T'y;
e the function y*[...[y°]...] : [to — 7, tx] = E,

vk (t), t €)tk_1,t1
Y0, t € [t — T te—1],

L) = {

mild solution of (Py), i.e.
Y L[y0) 1) = T(t ti-1) [¢5710) + Teoa (0"71)]
LT ) (5, L [0 (), 9 [0 Do) ds, ¢ €t bl

...[yo]...]tki1 = kL

) 1) = @FH0) + L ().

Tl
y

Let us define now the function y* : [ty — 7, +00[— E by

o JUE(), tElte 1 ti], ke NT
’ (t) a {yo(t)v te [to - T,to].

We are going to show that y> is a mild solution of (P),.
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Fix ¢t > to; then the exists k € N such that ¢ €]ty_1,tx]. So, (14), (13), (12) yield
g2 = () = T(t ) [¢°71(0) + Lo (657

[T D W ) s

tk—1

= Tt to)[p(0) + Io(@)] + > T(t,t) ()

to<t; <t

" / T(t, 5) (5.5 (5), v [0 (o). ]]e) ds

to

= T(t,to)[e(0) + To(p)| + > T(tt:)L(y>,) (15)

to<t;<t

" / T(t, 5) (5,57 (s), 4™) ds.

to

So (i) of Definition 2.1 holds.
Then, property (1) is satisfied since (14) and (8) allow to

yoot() = yoto = .

Further, by (15), (14), the fact that y! is a fixed point of (10), and (12), we have

ety = T(tbto)[@(())+Io(80)]+T(t1,t1)11(901)+/t1T(tl,S)f(&yl(S)ayl[yO]s)dS
= y'(t1) + L") = ' (0) + L (),

so (iii) is satisfied.
Finally, by iteratively repeating calculations analogous to the previous ones, it can be proved
that (iv) holds too, concluding the proof. O

4 Asymptotic stability
Let us suppose that the family {A(¢)}+>0 satisfies property
(A) {A(t)}i>0 is a family of linear operators, A(t) : D(A) C E — E, D(A) a dense subset
of the Banach space E not depending on t, generating an exponentially stable evolution
system on the half-line 7 = {T'(¢, s) }+>s>0-
and the function f : [tg, +00[xE x PC, — E satisfies conditions
(h4) f (-, y,y) is measurable, for every y € E/ and y € PC;

(h5) there exist ¢1,co > 0 such that

1£(t.2.2) — F(t.y. )] < exllz =yl + ezl 2= Ylloe, . for all t > to, 2,y € E, 2,y € PC-.



Remark 4.1 If the Banach space E is separable, then properties (h4) and (h5) imply property
(h1). In fact, we first note that the norm || - ||pc, in PCr is trivially equivalent to the usual
L'-norm. So we can see PC, as a subset of the space L'([—T,0],E), which is separable
being E separable and metric being normed. Therefore, PC, is separable in the L'-norm and
(PC~, || lec,) is separable as well. Moreover, for everyy € S([to—T, 400, E) the map t — y;
is continuous when it takes values in (PCr, || - ||pc.) (see Remark 2.1). Hence, we can apply

[8, Corollary 2.5.24] which leads (h1) to be true.
Further, if (h5) is assumed, then properties (h2) immediately follows.
Let us show that (h5) implies (h3) as well. Indeed, for any y € PC; one has (see (7) and
(6))
[yllec, < sup OHy(9)H~ (16)

—7<6<

Hence for allt > to, z,y € E, z,y € PC, we get

1f(tz,2) = f(ty )l < allz =yl + eall 2 = yllae,

IN

clllz—yl+ sup |2(6) - yO)]

—7<6<0

where ¢ = max{ci, c2}. Let us define a metric in the space Ex®PC- by putting d ((z, 2), (v, y)) =
|z = yl| +sup_,<p<o |12(8) — y(0)||; we can therefore apply the comparison between Lipschitz
conditions and measures of noncompactness as exposed in [1, Section 2] and obtain property
(h3) to be true with h(t) = c/2 for a.e. t > tg.

On the impulse functions I : PC, — E, k € N we suppose that

(h6) for every k € N, there exists a; > 0 such that

1k(2) = In(y)|| < akllz = yllec,, for all z,y € PC~ (17)

and -
Z aj converges. (18)

k=0

In the wake of the definitions described in [2, Section 1.8] and in [16, Section 4], we introduce
some concepts of attractivity of mild solutions.

Definition 4.1 We say that a mild solution y of (P)y, y € PC-, is locally attractive if there

exists v > 0 such that for every z mild solution of (P), with z € Bpc_(y,r) we have that
Jim[=(6) — (1) = 0. (19)

Definition 4.2 We say that a mild solution y of (P)y, y € PC, is uniformly locally attrac-

tive if there exists r > 0 such that the limit (19) is uniform with respect to the ball Bpc (Y, 7);
i.e.

there ezists v > 0 such that for every e > 0 there exists T'(¢) > 0 such that for everyt > T'(¢)
then ||z(t) — y(t)|| < e, for every z mild solution of (P), with z € Bpc_(y,r).



Analogously, we give the next definitions of global type.

Definition 4.3 We say that a mild solution y of (P)y, y € PC,, is globally attractive if for
every z mild solution of (P), with z € PC-, we have that (19) holds.

Definition 4.4 We say that a mild solution y of (P)y, y € PC,, is uniformly globally
attractive if the limit (19) is uniform overall the space PC; i.e.

for every € > 0 there exists T'(e) > 0 such that for every t > T'(e) then ||2(t) — y(t)|| < e,
for every z mild solution of (P), with z € PC.

Remark 4.2 We first wish to note that the above definitions are well-posed, since from
Remark 4.1 and Theorem 3.1 we can deduce that for every y € PC; the corresponding problem
(P)y has at least one mild solution in the sense of Definition 2.1.

Moreover, from Definition 4.2 we can say that the mild solutions of the differential equation
(2) subject to the impulses Iy, at times ty, k € N, (briefly, impulsive mild solutions of (2))
are uniformly locally attractive if

there exists v > 0 such that for every ¢ > 0 there exists T(e) > 0 such that for every
t > T(e) then ||2(t) — y(t)|| < e, for every z solution of (P)z and y solution of (P),
with ||z — yllec, <7;

in this case the mild solutions are said to be asymptotically stable.

Analogously, from Definition 4.4 we can say that the impulsive mild solutions of (2) are
uniformly globally attractive if

for every € > 0 there exists T'(e) > 0 such that for every t > T'(e) it is ||z(t) —y(t)|| < e, for
every z solution of (P)z and y solution of (P), with z,y € PCy;

in this case the mild solutions are said to be globally asymptotically stable.

Finally, the above definitions are then linked together according to the following scheme

uniform global attractivity = global attractivity
<= global asymptotic stability

{ {

uniform local attractivity = local attractivity
<= asymptotic stability

To achieve our main result, we need the following Lemma on a Gronwall-Bellman-type im-
pulsive inequality with delay.

Let PC([to — 7,to],R) be the space of the piecewise continuous functions from [ty — 7,0
to R with finite points of discontinuity where functions are left continuous and have the
right limits, endowed with the sup-norm ||m||oc t, = SUPsct,—r.1,) [m(5)]. Observe that, since
SUDgefto—r.to] IM(8)] = suPge[—r0) M (to + 0)| = [[m(to + -)[lcc0, then the to-left-translation of
PC([to — 7,to],R) is a subset of (PCr, | - |loc0)-
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Lemma 4.1 Let {t;}ren be a sequence with 0 < to < t; < -+ < t, < ... = 400 and
m : [to — 7, +00[— R be a nonnegative piecewise continuous function with left-continuous
Jump-discontinuities at ty and at a finite number of points s; € [to — T, to].

Suppose that there exist constants ¢ > 0, B > 0, k € N*, and two continuous function
P, q: [to, +oo[— RT such that

m(t) < em(to)+ Z Bi sup m(t;+6)+ / ()m(s)ds+/ q(s) sup m(s+68)ds, t > to.

toshict  —T<H<0 to to —7<6<0
(20)
Then
m(t) < Ellmllocsy, [] (14 B) a0 >, (21)
to<t; <t
where ¢ = max{l, c}.
Proof. Let us define the function M : [ty — 7, +00[— E as
M(t)= sup m(s), t >ty—T. (22)
sE[to—T,t]
By the assumptions it is easy to see that M is well-posed.
First of all, note that by (26) and (20) for every ¢ > ¢ it is
M(t) < max sup m(s), sup m(s)} (23)

s€to—T,to] s€[to,t]

< max{”m”oofto,cm(to)—l— sup [ Z Bi sup m(t; +0)
s€fto,t] " yocr<s —TSO<0

+ / p(€)ml€)de + / a(€) swp mie +0)de] )

to to —7<60<0

IN

¢llmllooty + sup [ Z Bi sup m(t; +6)
s€ltot] “yo<ti<s TSSO

4 / p(&)m(E)de + / “g(6) sup mie +0)de].

to to —7<60<0 ]

Now, observe that

sup m(t; +0) = sup  m(w) < M(t;);
—7<60<0 t;—T<w<t;
m() < sup  m(w) = M(E);
to—T<w<E
sup m(£+6) = sup  m(w) < M(&);
—r<h<0 ¢-r<wse

hence (23) yields

MO < Ellmlsy+ s [ 3 gne) + [ peM©as+ [ atomeds

s€fto,t] "o <ti<s to

¢llmflooto + Z /BiM(ti)+/ [p(s) + q(s)]M(s)ds.

to<t;<t to

IN

11



We can now apply [3, Lemma 1] and get

M(t) < Ellmlloosy [[ 1+ 85 ko

s)+q(s)]ds

to<t; <t

So, taking into account that m(t) < M(t), we achieve the inequality (21).

The main result of the paper is contained in the following theorem.

Theorem 4.1 Let E be a separable real Banach space and {ty}reny with 0 < tog <ty < ---
— 400 be given. Assume on the family{ A(t)}+>0, the function f :
PC, — E, and the impulse functions Iy, : PC; — E, k € N, the hypotheses (A), (h4), (h5),

ty < ...

(h6) and

(h7) c1 + coe™*7 < |wi|/D.

Then, the mild solutions of (2) are globally asymptotically stable.

Proof. Let z,y € PC; be fixed. We consider mild solutions z and y to problems (P), and

(P)y respectively, whose existence is ensured by Remark 4.1 and Theorem 3.1.

Let us fix any ¢ > to. By using (i) of Definition 2.1, (A)’ (recalling (3) and (4)), (h5), and

(h6) we get the following estimate:

12(t) =y <

IN

IN

| 7(t, t0)[2(0) — y(0) + Io(2) — To(y)]|
+ Z 1T, ta)[Li(2e,) — Li(ye,)]l|
) IT(t, 5)[f (5, 2(5), 25) = f(s,9(s), ys)]l| ds
D) | 3(0) - y< )+ Io(@) ~ Io(y)|
+ Z D) |1 i(z,) = Ti(y,) |
t
D | [f (s, 2(5), 25) = f(5,9(s), ys)]l| ds

to

De+ 1) || 2(0) — y(0) + To(2) — To(y)||
+ Z De ) g ||z, — Yl o,
to<t;<t
t
De* =) [eq]|2(s) — y(s)| + c2ll2s — yslloc, ] ds
to
e { Dem 0 | 2(0) = y(0) + Io(2) — Io(y))|

+ Z De i, ||z,

to<t; <t
t

+ [ Dem [eallz(s) = y() + eallzs — pillec, ] ds},
to

— Yty HEPCT
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from which we have

e Hz(t) =y < Dem " {[2(0) — y(0) + Io(2) — Io(y)|| (24)
+ Z De™*Ya; || 2t; = yu, |l g,
to<t;<t

t

+ [ D fer]lz(s) — y(s)l + eallz — slloe, ] ds.
to

Being w* < 0 (cf. (A) and (4)), for any 6 € [—7,0] we get e**? < e7“*7; hence, for every
€ € [to, t] it holds that

e sup [2(E+0)—y(E+0)| = sup e (6 +0) —yE+0) (25)
—7<60<0 —7<60<0
= sup e 0|+ 0) —y(e+0)|
—7<60<0
< sup e e (e 4+ 0) —y( +0)|
—7<60<0
= 7 sup e EFD|(e 4+ 0) —y(E+0)||
—7<60<0

Therefore, by (24), (16), and (25) we obtain

e z(t) —y(®)| < Dem*|2(0) — y(0) + Io(2) — Io(y)||
+ ) aDe i sup |z(t +0) — y(ti + 0)]|
to<t;<t —7<60<0

t
T / c1De*||(s) — y(s) | ds

to

t
+/ coDe ™% sup ||z(s+60) —y(s+0)|/ds
to —7<6<0

< De " |2(0) — y(0) + Io(2) — Io(y)||
i Z a;De™“"T sup e_w*(ti+9) Hz(tl + 9) — y(ti + H)H
to<ti<t <0
t
+/ c1De™*%||z(s) — y(s)||ds
to

t
—|—/ coDe™ " sup e_w*(5+9)\|z(s +0) —y(s+0)|ds.
to —7<6<0

Now, we consider the function m : [tg — 7, +00[— R™ defined by

e z(t) — y(B)ll, t > to
m(t) = q e[| 2(0) — y(0) + Io(2) — Do(y)||, t="to (26)
e~ z(t —to) — y(t — to)|), to — 7 <t < to.

13



Hence the above inequality reads as

m(t) < Dmflty) + Z a;De”“*T sup m(t; + 0)
to<t;<t —7<6<0

t t
+/ chm(s)ds—i—/ coDe™ T sup m(s+ 0)ds.

to to —7<60<0

So we can apply Lemma 4.1 and obtain

m(t) < D HmHOO,tQ H (1 + aiDe_”*T) eD(Cl*FCQe*w*‘r)(tfto)’ (27)
to<t; <t

where D = max{1, D}.
By (26) and recalling that 6 < 0, we have

Dlmlloscse = D sup e “*|lz(s —to) — y(s — to)|
to—1<s<tg
= D sup e 0t z(0) — y(0)]
—7<6<0
< Dem ™ sup ||z(0) — y(0)];
—7<6<0
hence, put
Clz,y) = De ™ sup |[lz(6) - y()|,
—7<6<0

by (27) and (26), for every t > to the following estimate holds

)~y < Clay) J] (LtaDerem)Platea=m)in,

to<t;<t
Then, we get
o) —yB] < Cla g)eteSros (10D ) Dlertese)1—10)
< (e, y)e[”*+D(Cl+02€7w*T)](t*to)eZ‘0<ti<ilog(HaiDe_w*T), for every t > t.

Notice that for fixed t > #o the term », _, _;log (1 +a;De™**7) is a finite sum leading to
the series Y 2 log (1 + apDe “*7). This series has the same behavior of > 77, aj, which
converges by (18) of hypothesis (h6).

Further, by (h4) and (h7) we have that

ws + D (Cl + Czefw*‘r) < 0.
Therefore, we deduce that
12(t) — y(@)|| < C(Z’y)e[w*+D(cl+C2e—w*7)](t—to)ezto<ti<tlog(l-i-aiDe*w*-r) i .

Note that this limit is uniform with respect to z,y € PC-, concluding the proof. a

14



5 Application to the population dynamics model

Let us consider the population dynamics model driven by the parametric differential equation

ou 0

5 (@) = =b(t,2)u(t,x) + g <tw(t,w>> /

—T

u(t—}—@,x)d@) , t € [to, +oo[, z € [0,1]

with given initial functional datum given by a function %, i.e.
u(to +0,z) = (0, x), for every (6,z) € [—7,0] x [0,1].

The map (-, x) is piecewise continuous on [—7,0] in a finite number of discontinuity points
not depending on z € [0, 1].

The function u represents the density of a population in an environment normalized to the
interval [0, 1] with death rate and displacement given by the removal coefficient —b(¢, ). The
nonlinearity g represents the population development law; the dependence from the past state
of the system is contained in this term by means of the integral fET u(t + 6, z)df, generating
a feedback control on the evolution of the population. Further, the external action on the
system of instantaneous forces is provided by given functions Zx, & € N. In the study of
a pest, these functions represent the action of the pesticide used to regulate the ecosystem
forcing the population to remain under some prescribed thresholds at fixed times.

The asymptotic stability of the model can be studied as an application of Theorem 4.1, as
we show in what follows.

First of all, consider the family of linear functions A(t) : L?([0,1]) — L2([0,1]), t > 0, defined
by
A(t)y(x) = =b(t, x)y(x), = € [0,1]. (28)

Suppose on the function b : [tg, +00[x[0,1] — R the assumptions

(b.1) b is measurable;

(b.2) there exist 3 > 0 and s € L} ([to, +00]) such that

loc

B < b(t,z) < s(t), for every t > tg, a.e. x € [0, 1];

(b.3) for every = € [0,1], the function b(-, ) : [tg, +oo[— RT is continuous.
We have the following result.

Proposition 5.1 Under assumptions (b.1)-(b.3) the family {A(t)}+>0 defined by (28) gen-
erates the noncompact evolution system

(Tt 5)y) () = s 2oy (2), y e L2(0,1)), x € [0,1), £ > 5 > 0.
Further, the evolution system is exponentially stable.

Proof. The first part of the thesis is a consequence of [15, Section 3.1] and [5, Proposition
3.2 and Remark 3.1].
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Let us show the last part. By (b.2), for every ¢ > s > 0 we have

1T eaagony = sup ||k ey )
||y||L2([071]):1

1
< sup \// [e—ﬁ(t—S)y(m)]2 dz = e 80=5),
||y||L2([0,1]):1 0

Therefore, recalling the definition of w* (see (4)) we obtain

L2([0,1])

A

-8 <0.

As an immediate consequence of the previous proposition we have the following

Corollary 5.1 Under assumptions (b.1)-(b.3), the family {A(t) }+>0 defined by (28) satisfies
property (A).

Now, let us take functions u : [tg — 7, +00[x[0,1] — R with u(t,-) € L?([0,1]) for every
t > to — 7. In this way, the maps y : [to — 7, +00[— L?([0,1]) defined by

y(t)(x) = u(t, x), z € 0,1,

are well posed. In the same way, the map ¢ : [-7,0] x [0,1] — R is such that (0,-) €
L3([0,1]) for every § € [—7,0]. Further, the function g : [tg, +0o[xR x R — R is such that
g (t,y(.),fET y(9)(-)d9) e L2([0,1]), for every ! > to, y € L2([0,1]), y € PC,2 O hence
the mapping f : [to, +00[x L?([0,1]) x PC,* o, L*(]0,1]) defined by

0

)@ =g (tote) [ yO)@as) o € 0.1, (29

L2([0,1]

is well posed. Here the symbol PC, ) denotes the space PC, of functions taking values

in the particular E = L*([0,1]).
Assume that g : [tg, +00[xR x R — R satisfies the following properties.

(g.1) for every y € L2([0,1]), y € PC.* (01 the map ¢ g(t y(- f y(0 )
measurable;

(g.2) there exists ¢, co > 0 such that

0 0
o (1o [ 9@Ca8) g (10, [ =(0)100) | < clo = + cally = 2l o

—T
for a.e. t >ty and every p,q € R, y,zefPC *(o.an),

The following statement holds.
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Proposition 5.2 Under assumptions (g.1) and (g.2), the function f defined by (29) satisfies
properties (h4) and (h5).

Proof. By (g.1) and (29) we directly have the function f satisfies (h4).

Let us fix t > to, y,z € L*([0,1]), y,2 € pc, 01 By (29) and (g.2) we have that there
exist c1,co > 0 such that

1 0
IF09) = F2 sy = [ o (b0t [ so)aran)

—g (t, (z), / 0 z(ﬁ)(x)dé?)] " do

1 2
< [ [ = =@l + ally = 2l ] do

2
[ClHy — 2l r2qo,1)) + c2lly — ZHTCTLQ([OJ])]
so (hb) is satisfied. O
Finally, by the impulse maps acting on the system Z; : R — R, for every k € N we define
2
I - PC, 2O 5 12(]0, 1) as

0
L)@ =7 ([ g0 @) 2.1 (30)

On the maps 7 we assume the property
(L.1) for every k € N there exists aj > 0 such that for every y, z € fPCTLQ([O’lD

7 ([ y@0a0) =2 ([ 20)0108)| <l 3l 2000,

-7

“+o0o
with Z a < 4o00.
k=0

Proposition 5.3 Under assumption (I.1), the functions Iy, k € N, defined by (30) satisfy
property (h6).

Proof. Let us fix y, z € 2C, P01 and k € N, By (30) and (I.1) we have that there exists
ag > 0 such that

11k(y) — 1e(2) || 20,1y = \//01 [Ik< _OT y(9)(:c)d9> ~ I (/_O z(9)(:n)d0>]2dx

1 2
S \//U |:akHy - ZH?CTLQ([O,l]):| dr = ak”y — szPCTLQ([O’l])‘

Property (18) holds by assumption. O

From all the above propositions it is therefore evident that we can apply Theorem 4.1 so that
the following theorem holds.
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Theorem 5.1 Under assumptions (b.1)-(b.3), (¢9.1), (9.2), (I.1) and
(h7) ¢1 4 coe™*7 < |wy]

the mild solutions of the system

(8’11, 0

S ) = —blt.ayult. )+ g (1uteso). [

-7

u(t+9,x)d0), t>to, t #ty, ke N, z€l0,1],
u(to +0,2) = (0, z), (0,z) € [-7,0] x [0,1],

u(tt @) = (0, 2) + Lo (ff’T b (8, :c)d@) Lz elo,1],

u(ty, z) = u(ty, =) + I (f_“T u(t + 9,3:)(19) ,x€0,1] , ke Nt

are globally asymptotically stable.
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