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Abstract

Handling uncertainty and reasoning under partial knowledge are challenging
tasks that require to deal with coherent assessments and their extensions.
Plausibility theory is shown to rest upon the principle of partially resolving
uncertainty due to Jaffray, together with a systematically optimistic behav-
ior. This means that we allow situations in which the agent may only acquire
the information that a non-impossible event occurs, without knowing which
is the true state of the world. This leads to assume that a target event
is plausibly true if it is compatible with the acquired piece of information.
The aim of the paper is to provide coherence conditions for a conditional
plausibility assessment (namely, Pl-coherence), by referring to a suitable ax-
iomatic definition based on the Dempster’s rule of conditioning. We provide
different equivalent notions of Pl-coherence in terms of consistency, betting
scheme, and penalization that, as a by-product, highlight different interpre-
tations. We then specialize the Pl-coherence conditions to the subclasses
of (finitely additive) conditional probabilities and (finitely maxitive) condi-
tional possibilities.

Keywords: Conditional plausibility, coherence, betting scheme,
penalization, conditional probability, conditional possibility

1. Introduction

Uncertainty is usually modelled through a probability measure, however,
applications in different fields (e.g., in decision theory, economics, and arti-
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ficial intelligence) demand for more flexible models, that are able to manage
partial information on arbitrary domains. Starting from de Finetti’s work
on coherent finitely additive probability assessments [20], several equivalent
notions have been introduced in the literature to rule incomplete probabilis-
tic evaluations. This topic is related to the longstanding debate concerning
normative theories of rational behavior, and the justification of Bayesianism
and finitely additive probabilities.

A first definition of probabilistic coherence, known as consistency, re-
quires the existence of a finitely additive probability measure on an algebra,
extending the given assessment. Two other well-known definitions of coher-
ence for probabilities are that based on the betting scheme and that based on
the penalty criterion. The betting scheme offers an interpretation based on
hypothetical bets: coherence guarantees to rule out the possibility of Dutch
books bringing to a loss whichever state of nature occurs. On the other hand,
the penalty criterion favors candor in providing probabilistic forecasts since
it requires the non-existence of a rival assessment resulting in a lower loss
in all the states of nature.

Though the three quoted notions of coherence are proved to be equiv-
alent, the last two have gathered particular attention since they offer a se-
mantics of probabilistic evaluations either as prices or as forecasts. Despite
that, the main criticism (see, e.g., [20, 41]) of the classical betting scheme
and penalty criteria relies on the underlying assumption of a linear utility
scale, which is reasonable only for small stakes [20, 51]. Indeed, the linear
utility assumption and the protocols for betting or forecasting do not allow
to incorporate any attitude of the agent towards risk. Furthermore, the
betting scheme criterion is exposed to strategic aspects due to the roles of
bettor and bank [20, 54], which are absent in the penalty criterion.

All the three notions of coherence have been extended to cope with
conditioning. Also in this case, three approaches to coherence have been
investigated: that in terms of consistency [6, 14, 15], that in terms of betting
scheme [65, 52, 37, 38, 62, 15] and that in terms of penalty criterion [32, 33].

A key feature of probabilistic coherence is the possibility of extending
a coherent assessment to a new set of events by preserving coherence. In
general, we have a class of coherent extensions, determining lower and upper
envelopes that can be taken as non-additive measures. Hence, the notion of
probabilistic coherence acts like a “bridge” between finitely additive proba-
bility theory and other uncertainty calculi. For instance, in some particular
cases, due to specific logical conditions, these envelopes can be belief and
plausibility functions [8, 16, 36] or even necessity and possibility measures
[9, 26].



The paradigm of coherence has been extended referring to a class of more
general uncertainty measures giving up on additivity (see, e.g., [63, 61, 62,
64, 65, 15, 18, 4, 29, 43]). Actually, de Finetti’s coherence gives a natural
criterion of rationality under uncertainty but its formulation is not immune
to descriptive violations [27, 42]: an example in insurance is presented in
[23]. In order to comply with these apparently paradoxical situations, in
[24, 61, 65, 64, 32, 13] it has been shown that coherence can be adapted
in order to justify non-additive probabilities, hedging, ambiguity aversion,
and pessimism and optimism of agents. Following this line, in this work we
focus on Dempster-Shafer theory [21, 56] which is known to possess many
important connections with finitely additive probability theory.

As is well-known, the issue of conditioning in Dempster-Shafer theory is
still an open problem and the most popular conditioning rules are the Demp-
ster’s rule [21], the product (or geometric) rule [57, 59], and the Bayesian
rule [40, 61] (see also [8, 63]). In the particular case of possibility theory,
many other conditioning rules have been proposed, and their connection to
Walley’s theory of imprecise probabilities has been investigated in [64, 61].

Here, we refer to the axiomatic definition of conditional plausibility func-
tion introduced in [18] and studied in [3, 13], that extends the Dempster’s
rule of conditioning. This definition turns out to have as particular cases
conditional probability [25, 15] and Tp-conditional possibility [2, 28, 19, 7],
where Tp is the algebraic product triangular norm (simply called conditional
possibility, in the sequel).

We provide five notions of coherence for a conditional plausibility assess-
ment (namely, Pl-coherence) defined on an arbitrary (possibly infinite) set of
conditional events: a global consistency notion, a local consistency notion,
a betting scheme notion, a geometric notion, and a penalty criterion notion.
All such notions are proved to be equivalent, moreover, the Pl-coherence
of an assessment is shown to be a necessary and sufficient condition for its
Pl-coherent extendibility to any larger set of conditional events.

As is well-known, in the literature, betting scheme notions of coher-
ence have been introduced by Williams [65] and Walley [61, 62] to rule
lower /upper conditional prevision (or probability) assessments. Our betting
scheme notion of Pl-coherence does not coincide with those of Williams and
Walley due to the conditioning rule adopted in this paper. This means that
a Pl-coherent conditional assessment is generally not coherent in the sense of
Williams and Walley, i.e., it is not the upper envelope of a class of coherent
conditional probabilities defined on the same events (see, e.g., [8, 60, 61]).
In turn, this is due to the fact that a conditional plausibility according to
our definition is not necessarily the upper envelope of a class of conditional



probabilities [25]. Nevertheless, in the unconditional case, our notion of P1-
coherence guarantees that the assessment is a coherent upper probability in
the sense of Williams and Walley [65, 61, 62]. Furthermore, Pl-coherence as-
sures extendibility as a plausibility function, i.e., as a completely alternating
upper probability.

Both notions of Pl-coherence in terms of betting scheme and penalty
criteria assume a linear utility scale: this means that agent’s desire for
money does not vary with changes in his/her fortune. Nevertheless, the
bets and forecasts are carried out with different protocols that allow us to
incorporate a systematic attitude of the agent towards uncertainty. It turns
out that the coherent conditional plausibility theory we develop rests upon
the principle of partially resolving uncertainty due to Jaffray [39] and the
assumption that the agent is systematically optimistic.

In detail, by partially resolving uncertainty we mean that, the agent,
at the moment uncertainty is resolved, may only acquire the information
that an event B # () occurs, without knowing which is the true state of the
world w € B. Further, by systematically optimistic behavior, due to the
lack of information, we mean that a target event A is taken as plausibly
true if it is compatible with the acquired piece of information B # () and
false otherwise. In economic terms, assuming a linear utility scale, the agent
is optimistic since betting on A he/she thinks to receive 1 monetary unit
whenever, knowing that B # () occurs, BNA # () and 0 only when BNA = ().
Notice that, if the agent considers as target events A and A€, and he/she
acquires the information that B # () occurs with AN B # () # A°N B,
then the lack of knowledge of the true state of the world does not allow
him/her to completely resolve uncertainty on A and A°. In this case, the
truth of both A and A€ is plausible, therefore agent’s optimism is expressed
in assuming that he/she will receive 1 monetary unit from both bets. This
optimistic approach is dual to the pessimistic approach adopted in [39] to
justify belief functions. The protocols for betting and making forecasts are
changed by considering a total gain or a total loss, respectively, defined
on non-impossible events, rather than on states of the world, like in the
probabilistic case.

Then, we specialize the introduced notions of coherence and the ensuing
results on equivalence and extendibility, to the sub-frameworks of condi-
tional probability and conditional possibility. We show that, coherent con-
ditional probability theory is based on the principle of completely resolving
uncertainty according to which the agent will always acquire, at the moment
uncertainty is resolved, the information that an element of the finest par-
tition of the sure event spanned by the given events occurs. On the other



hand, coherent conditional possibility theory is based on the principle of
partially resolving uncertainty, the assumption that the agent is systemati-
cally optimistic, and the assumption of consonance [56]. The latter means
that the agent will always acquire, at the moment uncertainty is resolved,
the information that an element of a chain of events spanned by the given
events occurs.

The paper is structured as follows. Section 2 introduces the axiomatic
definition of conditional plausibility we refer to, showing its properties and
its specialization to conditional probability and conditional possibility. In
Section 3 we present the different notions of coherence for a conditional
plausibility assessment and prove their equivalence. Then, in Section 4 we
specialize the coherence notions and results of Section 3 to work inside the
subclasses of conditional probabilities and conditional possibilities. Finally,
Section 5 collects conclusions.

2. Axiomatically defined conditional plausibility

Let €2 be an arbitrary non-empty set of states of the world and A C P(Q2)
an algebra of its subsets representing events, where P(Q2) stands for the
power set of 2. Further, let A° = A\ {0}.

Every event A € P(Q2) is associated to the indicator 14 : Q@ — {0,1},
where 14(w) = 1 if w € A and 0 otherwise. Moreover, denoting U = A°, the
corresponding upper generalized indicator is the function llAj U — {0,1}
defined, for every B € U, as

1 if BNA#0Q,
1‘[4](B) - glgé{ Law) = { 0 otherwise. (1)
In a finite setting, the notion of upper generalized indicator, though not
explicitly introduced, can be traced back to [58]. Notice that, for B € U,
the set function vg : A — {0,1} defined as vp(A) = 15(B), for every
A € A, is the dual of a unanimity game on B (see [30, 31]), that can be also
regarded as a vacuous plausibility function on B (see [60]).

In case of a finite algebra A, let atoms(A) = {C1,...,C),} be the set
of its atoms, that is the finest partition of €} contained in A. Further, if
& CP(Q) is an arbitrary non-empty collection, then algebra(&£) denotes the
minimal algebra of subsets of 2 containing £ and additive(£) the minimal
class of subsets of € closed under finite unions containing &£.

A plausibility function is a mapping Pl : A — [0, 1] satisfying:

(i) Pl(0) =0 and PI(Q) = 1;



(ii) for every k > 2 and for every Ay,..., Ay € A,

Pl (QAi>§ > (=)itpr (UAi>.

0AIC{1,....k} iel

Condition (i) above is usually termed complete alternance, moreover, to-
gether with condition (%) it implies monotonicity with respect to set inclu-
sion, that is, PI(A) < PI(B) whenever A C B, for A,B € A. In short, in
this paper for plausibility function we mean a normalized completely alter-
nating capacity [5]. Every plausibility function Pl is associated to a dual
mapping Bel : A — [0, 1], said belief function, and defined, for every A € A,
as Bel(A) =1 — PI(A°).

In case of a finite algebra A, Pl is completely characterized by the Mdbius
inverse of its dual belief function Bel, i.e., by the function m : A — [0, 1]
defined, for every A € A, as

m(A) _ Z (_1)|Cr€atoms(.A):CTQA\B|B€Z(B). (2)
BCA
BeA

Indeed, given m, for every A € A, we have that

Bel(A)= Y m(B) and PI(A)= )  m(B). (3)
BCA BNA#D
BeA BeA
In general, the Mobius inverse of a belief function on a finite A turns
out to satisfy the following properties

m(@) =0 and > m(4) =1 (4)

Hence, if we disregard m(0)) = 0, the Mobius inverse m can be considered as
a probability distribution over U = A°, giving rise to a probability measure
over P(U). In particular, the elements of U where m is strictly positive are
called focal elements.

As is well-known (see, e.g., [35, 56]), finitely additive probability mea-
sures turn out to be particular plausibility functions, where condition (%) is
replaced by finite additivity

(11*) PI(AU B) = PI(A) + PI(B), for every A,B € A with AN B = {).



In this case, the common custom is to use the symbol P in place of Pl. More-
over, in case of a finite algebra A, probability measures are characterized by
the fact that focal elements can be only in atoms(.A) (see [35, 56]).

Analogously, finitely mazxitive possibility measures turn out to be particu-
lar plausibility functions (see again [35, 56]), where condition (ii) is replaced
by finite mazitivity

(ii**) PlI(AU B) = max{PI(A), PI(B)}, for every A, B € A.

In this case, the common custom is to use the symbol II in place of Pl. The
dual of a finitely maxitive possibility measure is denoted by N and is said
finitely minitive necessity measure. Moreover, in case of a finite algebra A,
possibility measures are characterized by the fact that focal elements are
nested (see [35, 56]).

We consider the following axiomatic definition of conditional plausibility
function introduced in [18] and studied in [3, 13].

Definition 1. Let H C A° be an additive class, i.e., a non-empty family
closed with respect to finite unions. A conditional plausibility function
is a mapping Pl : A x H — [0, 1] satisfying the following conditions:

(i) P(E|H)=PI(ENH|H), for every E € A and H € H;
(ii) Pl(-|H) is a plausibility function on A, for every H € H;

(iii) PUENF|H) = PIE|H)-PI(F|ENH), for every HLENH € H and
E . FeA.

Further we say that a conditional plausibility function is full on A if
H = A" ie., if it is defined on the entire A x A°.

Condition (7) of Definition 1 requires that, for every H € H, PI(-|H) is
a normalized completely alternating capacity on A.

Remark 1. In the above definition, a conditional event is simply regarded
as a pair (E,H) of subsets of Q, where H # (), that we denote as E|H.
As is well-known, the set A x H can be endowed with the relation Con due
to Goodman and Nguyen [34] (see also [46]) that induces the equivalence
relation =gn. It is easily shown (see, e.g., [15, 48]) that a conditional
plausibility Pl according to Definition 1 is monotonic with respect to Can .
In turn, since E|H =gy E N H|H, defining Pl on the quotient of A x H
with respect to =g makes axziom (i) superfluous. This last identification is
i line with the interpretation of a conditional event as a three-valued logical
entity [20, 15].



The axiomatic definition of conditional plausibility function given above
generalizes Dempster’s rule of conditioning [21]. In particular, every condi-
tional plausibility function PI(-|-), agreeing with Definition 1, has an asso-
ciated dual mapping Bel : A x H — [0, 1] defined, for every E|H € A x H,
as Bel(F|H) =1 — PI(E°|H). The function Bel(-|-) is such that Bel(-|H)
is a belief function on A, for every H € H, thus is referred to as conditional
belief function.

Remark 2. This notion of conditional plausibility leads to conditional mea-
sures that are not necessarily coherent in the sense of Williams and Walley
[65, 62]: this is due to the adopted notion of conditioning that generalizes
Dempster’s rule. Dempster’s rule (and its generalization) has been justified
in the literature [18, 21, 56] and a comparison with the Bayesian rule is
carried out, e.g., in [8]. Notice that, a conditional plausibility according to
Definition 1 is such that, locally on every H € H, PI(-|H) is a coherent
unconditional upper probability on A in the sense of Williams and Walley.

The notion of conditional plausibility function given in Definition 1 has
(finitely additive) conditional probability in the sense of Dubins [25] (see also
[15]) as particular case, when condition (%) in Definition 1 is replaced by

(11*) PI(-|H) is a finitely additive probability on A, for every H € H.

Analogously to the unconditional case, in this case, the common custom is
to use the symbol P(-|-) in place of PI(-|-). Condition (%i*) above requires
that, for every H € H, PI(-|H) is a normalized finitely additive capacity on
A.

It turns out that Definition 1 embraces also the notion of (finitely maxi-
tive) Tp-conditional possibility introduced in [2] and systematically studied
in [28, 19, 7], where Tp is the algebraic product triangular norm. Here, we
simply use the name conditional possibility. For that we have to substitute
condition (%) in Definition 1 with the condition

(i**) Pl(-|H) is a finitely maxitive possibility on A, for every H € H.

Analogously to the unconditional case, in this case, the common custom is
to use the symbol II(:|-) in place of PI(-]-). Condition (ii**) above requires
that, for every H € H, PI(-|H) is a normalized finitely maxitive capacity on
A.

2.1. Layered representation for finite algebras

If A is a finite algebra, every conditional plausibility function PI(-|-) on
A x H gives rise to a linearly ordered class {Pl, ..., Pl;} of plausibility



functions on A said H-minimal agreeing class (see [3]), associated to a class
{HY, ..., HE} of elements of H decreasingly ordered by set inclusion (this is
a special case of results in [48]).

Definition 2. Let A be a finite algebra and H C A° an additive class. A
linearly ordered class of (unconditional) plausibility functions { Ply, ..., Pl;}
on A is said a H-minimal agreeing class on A if there exists a decreasing
chain H8 DD H(]f of elements of H, whose enumeration agrees with the
indices of plausibility functions, such that:

(i) HY = U{H € H : Plg(H) = 0,6 =0,...,aa =1} fora =1,...,k
where H§+1 = (;
(iii) Pla((Hg)) = 0.

Notice that for fixed A and H, with # C A%, the chain H) > -+ D
H(’f related to a H-minimal agreeing class {Ply, ..., Ply} on A is unique.
Moreover, the plausibility functions in a H-minimal agreeing class are such
that, for « = 0,...,k, we have

Plo(HS) =1 and Pl,((HS)) = 0. (5)

Theorem 1. Let A be a finite algebra and H C A° an additive class. Con-
ditional plausibility functions on A x H are in one-to-one correspondence
with H-minimal agreeing classes on A.

Proof. The proof is a straightforward adaptation of the proof of Theorem 1
in [48]. Given a conditional plausibility function PI(-|-) set:

o Ply(-) = PI(-|HY) with HY = Uy, H;

o for a >0, let HY = J{H € H : Plg(H) =0,8=0,...,a — 1}, if
H§ # 0, then Pl,(-) = PI(-|H§), and the construction stops at index
k such that Hy ™ = 0.

Vice versa, given a H-minimal agreeing class {Ply, ..., Pl;} of plausibility
functions on A, for every E|H € A X H, denoting by ayy the minimum index
in {0,...,k} such that Pl,, (H) > 0, it holds that the function defined as

Pl (ENH)

PI(E|H) = Pl (H) (6)

is a conditional plausibility function on A x H. O



As shown in [48], given two distinct additive classes H,H' C A°, the
same linearly ordered class {Ply, ..., Pl;} of plausibility functions on A can
be both a H-minimal agreeing class and a H'-minimal agreeing class on
A. This means that {Plo,..., Ply} represents through (6) a plausibility
function on A x H, when seen as a H-minimal agreeing class on 4, and a
plausibility function on A x H’, when seen as a H'-minimal agreeing class
on A.

Every H-minimal agreeing class of plausibility functions {Ply, ..., Pl;}
on A gives rise to a linearly ordered class {my, ..., m} of Mdbius inverses
of the dual belief functions. In particular, since every Pl satisfies (5), every
Pl, has focal elements in the set U = {B € U : B C Hy'}. Thus, for every
A € A, it holds that

Plo(A) = Y 15(B)-ma(B) = ) 15(B)-ma(B), (7)

Beu BeUg

where the first equality above has been established in [58] (see also [30]).

The following theorem states that, in case of a finite algebra A, every
conditional plausibility function can be extended to a full conditional plau-
sibility function on a finite super-algebra B.

Theorem 2 (Theorem 2.4 in [3]). Let A, B be finite algebras with A C B
and H C A° an additive class. If Pl : A x H — [0,1] is a conditional
plausibility function, then there exists a full conditional plausibility function
Pl on B such that Pl|’AX% = PI.

By virtue of Theorem 1, full conditional plausibility functions on A are
in one-to-one correspondence with A°-minimal agreeing classes of plausibil-
ity functions on A. Moreover, Theorem 2 implies that every conditional
plausibility function on A x H can be extended, generally not in a unique
way, to a full conditional plausibility on 4 which, in turn, corresponds to a
unique A"-minimal agreeing class on A. Every conditional plausibility func-
tion PI(-|-) on A x H corresponds to possibly many A%minimal agreeing
classes, each representing an extension to A x A%: plainly, we have a unique
A%-minimal agreeing class if PI(-|-) is full on A (see [3]).

In the particular case of a conditional probability P(:|-) on A x H, the
notion of H-minimal agreeing class reduces to that of agreeing class of prob-
abilities { Py, ..., Py} on A (and the ensuing notion of zero-layers) [15, 44].
In this case, since every P, satisfies (5), every P, has focal elements in the
set C§ = {C € atoms(A) : C C H{}. Thus, for every A € A, it holds that

Pa(A) =Y 14(B)-ma(B) = Y 1(C)-ma(C). (8)

Beu cecg
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Analogously, in the particular case of a conditional possibility II(-|-) on
AXH, we get a H-minimal agreeing class of possibility measures {Ilg, ..., II;}
on A (see [28]).

Consider H € U = A° and let atoms(A) = {C1,...,C}. If H =
Ci, U---UC;,, denote by chains(U, H) the collection of subfamilies of U
such that D = {Dy,..., Dy} € chains(U, H) if and only if D; = Cia(l), Dy =
Ciq(l) U Cz‘(,(g), oDy = Cia-(l u---u Cin(h) = H, where o is a permutation
of {1,...,h}. Notice that the elements of chains(U/, H) are in one-to-one
correspondence with permutations of atoms contained in H. In this case,
since every II, satisfies (5), every II, has all focal elements in a set Df €
chains(U, H§'). Thus, for every A € A, it holds that

M,(4) = Y 19(B) -ma(B) = 3 18(D) - ma(D). (9)

Beu DeDg

Remark 3. The notion of H-minimal agreeing class of possibility measures
introduced in [28] does not coincide, in general, with that of H-reduced T -
nested class of possibility measures introduced in [7, 17, 19]. The essential
difference in between the two concepts is that more possibility measures are
needed to represent a T-conditional possibility I1(-|-) if T is not a strictly
monotone triangular norm. This happens since the equation llo(ENH) =
T(II(E|H),I1,(H)) may not have a unique solution, even if I1,(H) > 0.

3. Conditional plausibility assessments

We consider a non-empty set G C P(2) x P(Q)? of conditional events
together with a conditional plausibility assessment Pl : G — [0, 1].

For every non-empty K C G we denote by O(K) = {E,H € P(Q) :
E|H € K} and £(K) = {H € P(Q)" : E|H € K}. Moreover, let Ax =
algebra(O(K)), Hi = additive(£(K)) and U = Ak \ {0}.

The first notion of coherence we present is a global consistency notion: it
expresses the coherence of an assessment Pl in terms of its extendibility to
a conditional plausibility function. We stress that this condition is merely
syntactic and does not shed light on the meaning of a conditional plausibility
assessment nor it provides an operational tool.

Definition 3. An assessment Pl : G — [0,1] is said to be Pl-coherent-1
if there exists a conditional plausibility Pl : Ag x Hg — [0,1] such that

Pl|’g = Pl.

11



The second notion of coherence we introduce is a local consistency notion
in terms of solvability of a linear system for every finite subset of conditional
events. Though neither this condition helps in attaching an interpretation
to a conditional plausibility assessment, it supplies an operational tool to
check the consistency of an assessment.

Definition 4. An assessment Pl : G — [0,1] is said to be Pl-coherent-2
if for every n € N and every F = {Ei|Hy,...,E,|H,} C G, denoting by
Uy ={B € Ur : B C Hy} with Hy = |J;, H;, the following system with
unknowns xp for all B € Uy

> xp=PIUEH;)- > xp, fori=1,...,n,

BNE;NH;#0 BNH;#0
Bely Bely
Sr: Z rp =1, (10)
Bely
xzp > 0, for all B € Uy,

is compatible.

The following result shows the equivalence of Pl-coherence-1 and PI-
coherence-2 conditions when the set of conditional events G is finite.

Lemma 1. Let G be finite and Pl : G — [0,1]. Then the following state-
ments are equivalent:

(i) Pl is Pl-coherent-1;
(ii) Pl is Pl-coherent-2.

Proof. (1) = (i1). If the assessment Pl is Pl-coherent-1, there exists a con-
ditional plausibility function Pl : Ag x Hg — [0, 1], extending Pl. For every
finite subset F = {F1|Hy, ..., E,|H,} C G, denote by Pl” the restriction to
Az of the plausibility function Pl'(:|Hp). Such plausibility function is such
that, fori=1,...,n,

and Pl"(Hp) = 1 and PI"(H§) = 0. Let m” : Ax — [0,1] be the Mobius
inverse of the dual belief function of PI”. We have that m” has focal elements
contained in Up, thus setting xp = m”(B), for every B € Uy, we get a
solution of system Sr. This implies that Pl is Pl-coherent-2.

12



(1i)) => (i). Suppose Pl is Pl-coherent-2. Let 7o = G = {E1|H1, ..., E,|Hy,}
and denote HY = JI-; H; and U = {B € Ur, : B C HJ}. Since Pl is Pl-
coherent-2, then the corresponding system Sz, has a solution x¥ with com-
ponents 2%, for all B € U{. Define mg : Ag — [0, 1] setting mo(B) = 2%,
for all B € U, and 0 otherwise. The function myq is the Mébius inverse of a
belief function whose dual plausibility function Ply on Ag is such that, for
1=1,...,n,

Plo(Ei N HZ) = PZ(EZ|HZ) . Plo(Hi),

and Plo(HY) = 1 and Ply((HJ)¢) = 0.

For a >0, let I, ={i € {1,...,n} : Plg(H;) =0,6=0,...,a—1}. If
I, = (0 the construction stops, otherwise denote Fo, = {E;|H;}icr,, Hf =
Uier, Hi and U = {B € Ur, : B C Hg'}. Since Pl is Pl-coherent-2, then
the corresponding system Sz, has a solution x® with components =%, for
all B € Uf'. Define mq : Ag — [0, 1] setting my(B) = z%, for all B € U,
and 0 otherwise. The function m,, is the Mobius inverse of a belief function
whose dual plausibility function Pl, on Ag is such that, for i € I,

Pla(EZ‘ N Hz) = Pl(EZ’HZ) . Pla(Hi),

and Plo(HS) = 1 and Ply((HS)®) = 0.

Let k be the first index such that Iy ; = (). Then {Ply,...,Pl} is
by construction a Hg-minimal agreeing class of plausibility functions on
Ag corresponding (see Subsection 2.1) to a conditional plausibility function
Pl : Ag x Hg — [0, 1] that extends Pl. This implies that P!l is Pl-coherent-
1. O

Remark 4. In case of a finite G, though condition Pl-coherence-2 requires
the solvability of the linear system Sy for every finite subset F C G, the
proof of Lemma 1 shows that Pl-coherence-2 can be reformulated in terms
of solvability of a sequence of systems Sg,,...,SF, with progressively less
constraints and unknowns. We point out that Foy,...,Fr are decreasingly
ordered by set inclusion, with Fo = G and Frr1 = 0. This implies that
also Ur,, ... ,Ur, are decreasingly ordered by set inclusion. Further, the
structure of systems depends on the sequence of solutions x°,...,x*, that
actually are restrictions of Mdbius inverses defined on Ag corresponding to
a Hg-minimal agreeing class {Plo, ..., Pl}.

For a finite G, it is easy to show that in systems Sg,, ..., SF, it is equiva-
lent to take, fora =0,... .k, US ={B €Ug : B C H§}. This translates in
considering more unknowns without affecting solvability and allows to obtain
all Hg-minimal agreeing classes of plausibility functions on Ag compatible
with the given assessment.
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The notion of coherence in terms of solvability of a sequence of systems
with the structure above has been introduced in [3].

The third notion we introduce has a betting scheme interpretation, anal-
ogous to that proposed for conditional probabilities [65, 37, 38, 52] by gen-
eralizing [20], but working under partially resolving uncertainty and a sys-
tematically optimistic behavior.

Given a finite subfamily F = {Ey|Hy,...,Ey|Hy,} C G, a bet on E;|H;
with stake \; € R produces a gain defined, for every B € Uy, as

where PI(E;|H;) can be interpreted as the amount paid to participate to the
bet. Notice that Uy collects the possible partial information we may acquire
when uncertainty is resolved, which are the elements of Ur contained in
Hy = U;—, Hi. As motivated in [39], in situations depending, for instance,
on contractual clauses, the occurrence of some events could remain unde-
termined to the observer, because of a lack of information, at the dates at
which the clauses take effect. In other terms, in such situations, that we
qualify as partially resolving uncertainty, we can acquire the information
that an event B € Uy has occurred but we may not be able to identify the
true state of the world.

Acquiring the information that B € Uy is true, the agent receives \;(1 —
B N H;, while the bet is called off if B N H; = 0. The bets on conditional
events in F can be combined giving rise to the gain Gr defined on Uy,
obtained summing up the gains in the single bets. The combination of bets
is coherent if the gain G is not uniformly negative over Uy, otherwise we
will have a so-called Dutch book under partially resolving uncertainty and
systematically optimistic behavior.

We point out that, assuming a linear utility scale, the indicator 14 of
an event A can be seen as a gamble paying 1 monetary unit on every state
of the world w € A and 0 otherwise. Working under partially resolving
uncertainty, that is considering a gain defined on events B € U, the agent
is optimistic since betting on A he/she thinks to receive 1 monetary unit
whenever BN A # () and 0 only when BN A = (), i.e., in his/her mental
speculations he/she refers to the generalized upper indicator lg.

Definition 5. An assessment Pl : G — [0,1] is said to be Pl-coherent-3
if for every n € N and every F = {Ei|Hy,...,E,|H,} C G, denoting by
Uy ={B e Ur : B C Hy} with Hy = \J;_, H;, for every A1,..., A\, € R,
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the function Gr : Uy — R defined, for every B € Uy, as
ZA (1B, (B) — PI(E;|H;) - 137.(B)] (11)

ti Gr(B) > 0.
satisfies max r(B) >

The above condition Pl-coherence-3 turns out to be a particular case of
a more general condition introduced in [13] in the framework of conditional
completely alternating Choquet expectations.

By identifying every unconditional event E with the conditional event
E|Q, the condition Pl-coherence-3 for an unconditional assessment Pl : G —
[0,1] with G C P() reduces to: for every finite F = {E1,...,E,} C G, for
every Ai,...,\n, € R, the function Gr : Ur — R defined, for every B € Ur,
as

Z)\ — PU(E;)] (12)

satisfies Jnax Gr(B) > 0. We stress that, in case of a finite set of uncon-
€Ur
ditional events G, it is sufficient to require condition Pl-coherence-3 to hold

only on F =G.

Limiting to the unconditional case, a dual form of condition Pl-coherence-
3 has been introduced in [47] in the framework of belief functions. Such con-
dition is a generalization to an arbitrary set of events of conditions given in
[39, 53]. In case of a finite 2 and G = P(€2), it is possible to show that such
a dual form of our condition Pl-coherence-3 can be expressed in terms of
the notion of B-consistency for a coherent betting function R : R® — {0,1}
introduced in [43]. We also have that a betting condition for a belief assess-
ment on many-valued events has been considered in [29]. Finally, condition
Pl-coherence-3 is the quantitative counterpart of the qualitative notions for
gambles given in [11, 12].

The next coherence condition has a geometric interpretation. It relies,
for every n € N and every F = {E1|Hy,...,E,|Hy,} C G, denoting by Uy =
{BeUr : BC Hy} with Hy = J;"_; H;, on the functions Q; : Uy — [0, 1],
for i =1,...,n, defined, for every B € Uy, as

1 if 1 1. (B) =1 and 1} (B) =1,
Qi(B)=1¢ 0 if 15 1y, (B) =0 and 1} (B) = 1, (13)

PI(E;|H;) otherwise.
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Moreover, given vectors vi,...,vs € R", we denote by conv({vy,...,vs})
their convex hull. While, for vectors u = (uy,...,un)’, v = (v1,...,v,)7 €
R"™, denote by

their Euclidean distance. In the condition below, the coherence of the as-
sessment is expressed requiring that, for every finite subset of events F, the
vector formed by the values of the assessment on F belongs to the convex
hull of a finite collection of vectors built through the functions @Q;’s.

Definition 6. An assessment Pl : G — [0,1] is said to be Pl-coherent-4
if for every n € N and every F = {Ei|Hy,...,E,|Hy,} C G, denoting by
Uy ={B eUr : BC Hy} with Hy = ;- Hi, the vectors in R"

d = (PUEi|H)),..., PI(E,|Hy))T, (14)
as = (Qi(B),...,Qu(B))Y, for all B € Uy, (15)

are such that d € conv({qp : B € Up}).

The last notion of coherence we propose is the generalization of the
penalty criterion introduced in [20] for a probability assessment. Given a
finite subfamily F = {E1|Hy,...,E,|H,} C G, the assessed Pl(E;|H;) on
E;|H; causes to the agent a penalty defined, for every B € Uy, as

(1, (B) — PUE|H;) - 15, (B)]”.
Also in this case, we assume partially resolving uncertainty and a system-
atically optimistic behavior: Uy collects the possible partial information we
may acquire when uncertainty is resolved and a target event is assumed to
be plausibly true if it is compatible with the acquired piece of information.

Acquiring the information that B € Uy is true, the agent incurs in a
penalty of (1 — PI(E;|H;))? if BN E; N H; # () and (—PI(E;|H;))? if BN
E;N H; = (0 # BN H;, while no penalty is assigned if BN H; = ). Hence,
the restriction of the assessment Pl to F will result in a global loss Lz
defined on Uy, obtained summing up the single penalties. The assessment
is coherent if there is no distinct assessment Pl* : F — [0, 1] such that the
corresponding global loss L’ is uniformly lower than Lz over Uj.

Definition 7. An assessment Pl : G — [0,1] is said to be Pl-coherent-
5 if for every n € N and every F = {E1|H1,...,E,|Hy,} C G, denoting
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byUp = {B € Ur : B C Hy} with Hy = \J;_, H;, there is no distinct
assessment Pl* : F — [0,1] such that the functions Ly, L% : Uy — R
defined, for every B € Uy, as

Lr(B) = > [1¥-u(B) - PUEH,) 1Y,(B)]", (16)
=1
Ly(B) = 3 (1o, (B) - PU(EH) 1B, (1)

=1

are such that L(B) < Ly(B) for every B € Uy.

Again, by identifying every unconditional event E with the conditional
event F|(, the condition Pl-coherence-5 for an unconditional assessment Pl :
G — [0,1] with G C P(Q) reduces to: for every finite F = {E1,...,E,} C G,
there is no distinct assessment PI* : F — [0,1] such that the functions
Ly, L% : Ur — R defined, for every B € Ur, as

n

Lr(B) = > [15.(B)-PUE)], (18)
=1

Lx(B) = > [1.(B) - Pr(E)], (19)
i=1

are such that L%>(B) < Lr(B) for every B € Ur. Also in this case, we
stress that, in case of a finite set of unconditional events G, it is sufficient to
require condition Pl-coherence-5 to hold only on F = G.

Limiting to the unconditional case, a dual form of condition Pl-coherence-
5 has been introduced in [47] in the framework of belief functions.

The following theorem shows that all the notions of coherence introduced
so far are actually equivalent.

Theorem 3. For a conditional plausibility assessment Pl : G — [0,1], the
following statements are equivalent:

(i) Pl is Pl-coherent-1;
(ii) Pl is Pl-coherent-2;
(iii) Pl is Pl-coherent-3;
(iv) Pl is Pl-coherent-4;
(v) Pl is Pl-coherent-5.
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Proof. (i) <= (ii). By Lemma 1, if the assessment Pl is Pl-coherent-1,
then it is Pl-coherent-2. Moreover, if Pl is Pl-coherent-2, Lemma 1 implies
that, for every n € N and every F = {E1|H1, ..., E,|Hy,} C G, there exists
a conditional plausibility function PI” on Ar x Hr extending Pljz. No-
tice that every conditional plausibility function PI” on Ar x Hr extending
Pl z is obtained through a sequence of solutions of systems Sz, ...,Sr, as
highlighted in Remark 4. Denote by Pz the set of mappings from Ag x Hg
to [0, 1] whose restriction to Ar x Hr is a conditional plausibility function
extending Pl 7, where the restriction is determined by a sequence of solu-
tions of systems Sxy,...,Sr,. The set Px is a non-empty closed subset
of the compact and Hausdorff space [0, 1]49**¢ endowed with the product
topology. Indeed, for every net {vy} e in Pz converging pointwise to v, a
simple application of properties of limits of real nets shows that v is a [0, 1]-
valued function whose restriction to Ar x Hr is a conditional plausibility
and v(E|H) = PI(E|H) for every E|H € F. Thus, v € Pr. It is easily seen
that the family

{P]:  F= {El‘Hl,. . ;En’Hn} Ccg,ne N},
possesses the finite intersection property, thus it holds that
(WPr: F={Ei|Hy,...,E.|H,} CG,n €N} #0

and so there exists Pl' € (\{Pr : F = {F1|H1,...,E,|H,} C G,n € N}
which is a conditional plausibility function on Ag x Hg extending PI.

(ii)) <= (iii) Fix the enumeration of Uy = {A41,..., A} and consider
the matrix A = (a;;) € ROTD*R with

a;; = 15 ~m,(A;j) — PUE;|H;) - 17 (4;),
agyry; = 15,(45) =1,

and the vector b = (0,...,0,1)T ¢ R(™+D The system Sr in condition
Pl-coherence-2 can be written in matrix form as

Ax=Db
Sr: ’
7 x > 0,
where x = (z4,,...,24,)7 € R" is an unknown column vector

By Farkas’ lemma [45], the above system Sr has solution if and only if
the following system has no solution

St . Aly <o,
71 by >0,
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where y = (A,.. ., Ay Yns1) € ROHD and b’y = y,,1. It holds that
ATy e R? and, for j = 1,...,h, the jth component of constraint ATy < 0
is

Z)\ E nw, (Aj) — PUE;|H;) - 1%(141')] + Yn+1 < 0.

Therefore, for every Ai,...,Ap € R and y,4+1 > 0 there must exist at least
an index j € {1,...,h} such that (ATy); > 0. Hence, the non-solvability of
S is equivalent, for every A1,..., A\, € R, to

max Gr(A;) >0,
jemax 7(4;)

where we set

n

Gr(4;) =) Ni - [1B,nm,(4)) — PUE|H;) - 1, (4;)].

i=1
(ii)) <= (). Fix the enumeration of Uy = {A1,..., A} and con-
sider the matrix Q = (qa,,.--,q4,) € R™" and the column vector d =

(PI(Ey|Hy), ..., Pl(E,|H,))" € R*. System Sz in condition Pl-coherence-2
can be written as

Qx=d
. h
Sr: Zj:lej:17
x > 0.
To see this, for i« = 1,...,n, notice that the first equation in (10) can be

rewritten as

h h
Z 19, (Aj)xa, = PUE;|H;) - -21 15 (Aj)za,
: j:

A]i:[EmH( j)— PZ(E|H)1H(A)]:zAj:0

M:

= 2 (1B (A)) + PUE|H;) (17, (A)) — 17,(A;))] w4, = PI(Ei|H;)

I
—_

J

where the last equivalence follows since 120 is constantly equal to 1 on Uy
and E?:l w4, = 1. Finally, by the definition of @Q; in (13), the last equation
can be rewritten as

h
Z PU(E;|H,).
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Hence, x = (z4,,...,74,)] € R" is a solution of system S if and only if
x>0, Z;'Z:1 r4;, =1 and

h
d= ZwquAj,
=1

that is d is the convex combination of vectors q4;’s with weights given by x.
In other terms, condition (%) is equivalent to the fact that the vector d be-
longs to the convex hull of vectors q4;,’s, that is d € conv({qa,,.--,qa,})-

(v) = (iv). We show that condition (v) does not hold if condition (iv)
does not hold. Suppose there exist n € N and F = {E1|Hy,...,E,|H,} C G
such that (iv) does not hold, that is d ¢ conv({qp : B € Up}). As
follows from results in [33], the squared Euclidean distance on the unit
n-cube coincides with the Bregman divergence determined by the Brier
quadratic scoring rule, which is a bounded (strictly) proper scoring rule
(see [50]). Hence, by Proposition 3 in [50], there exists a unique element
of conv({gp : B € Up}) minimizing the squared Euclidean distance with
respect to d, said projection of d onto conv({qp : B € Up}). Let d* =
(PI*(Ey|Hy), ..., Pl*(E,|Hy,))T be the projection of d onto conv({qg
B € Up}), that is

d* = arg min dp(u,d)’.
ucconv({qp: BeUy})

By Proposition 3 in [50] it holds that, for all B € Uy, we have
dgp(ap,d")* +dp(d*,d)? < dp(qp,d)?,
moreover, since dg(d*,d)? > 0, we have

dg(ap,d*)* < dp(qp,d)*.
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For every B € Uy, let Ip ={i € {1,...,n} : lgi(B) # 0}. It holds that

L) = S ) - PUEH) 15, )
— i(@i(B) — PI(E;|H;))?
_ ;ill:(Qi(B) — PI(Ej|H;))? = dp(ap, d)?,
L:(B) = i(ﬁb{,mm (B) — PI*(Ei|H;) - 17,(B))?
- zn;(Qz‘(B) — PI*(E;|H;))?
- ;EI:(Q;(B) — PI(E;|H;))* = dg(qy, d),

where Qf and q}; are defined as in (13) and (15), using Pl* in place of PI.
For every B € Uy, since for all i € Ip it holds that Q;(B) = Qf(B), we
have that

n

dp(ap,d*)* = ) (Qi(B) - PI*(Ei|H;))?
=1
= > (Q(B) - PI'(Ei|H;))* + Y (PUE;|H;) — PU*(Ei| Hy))
i€lp i¢lp

= dp(dp,d*)? +de(as, qj)? > dp(qj, d*)>.

From this we get that, for every B € Uy,
L%(B) = dg(qj,d")* < dg(qp,d)* < dg(qs,d)’ = Lr(B),

and this implies that with such assessment Pl* : F — [0, 1] we have L%(B) <
Lx(B), for every B € Uy, and so condition (v) does not hold.

(iv) => (v). Suppose that for every n € N and every F = {E1|Hq,...,
E,|H,} C G, setting d = (PI(E1|Hy),...,PlI(E,|Hy,))T, it holds that d €
conv({qp : B € Up}).

Let Pl* : F — [0,1] be a distinct assessment and denote p; = PI(E;|H;)
and p; = PI(E;|H;), for i = 1,...,n. We distinguish two cases:

(a) pf #pi, foralli=1,...,n,
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(b) p; = p;, for some indices i.

Case (a). For every B € Uy, we have that

LF(B) = LF(B) =2 Z 15,(B)(0} — pi)LE,nm, (B) — pi] — 08,

n
where 6p = > (p; — pi)zlgi(B) > 0. The hypothesis pf # p;, for all
i=1
1 = 1,...,n, implies that dg > 0, for every B € Uy. Moreover, since
d = > zpqp, we have that, for alli=1,...,n,
BeUy

= PI(Ei|H;) = > xpQi(B

Bely
Hence, it follows that
Z zp[Lr(B) — Lx(B)] = QZ (pi — pi) Z 2By, (B)[1E,nm, (B) —
Bely Bely
= - Z xB(SBa
Bely
where the last equality is due to
Z 21y, (B)1G,qm,(B) —pi] = Z 2B[13,~m,(B) — pilg, (B)]
Bely Bely
= > =5[Qi(B) - p]
BeUy

= Y xpQi(B)— Y wppi=pi—pi =0,

Bely Bely

Thus, since dp > 0, for all B € Uy, we get

> wp[Lr(B) = Lx(B)] = = ) xpdp <0,

Bely Bely

so there exists at least a B € Uy such that Lz(B) < L%(B), that is it cannot
be L+(B) < Lr(B), for every B € Uj.

Case (b). Let J = {i € {1,...,n} : PI*(E;|H;) # PU(E;|H;)}. The
restriction of Pl to F' = {Ej|H;}jcj C F satisfies condition (iv). Hence,
denoting Hy = ey Hj and Uy = {B € Ur : B C Hp}, there exists
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x' € R% with > peayy ¥ = 1 and 2y > 0 for all B € Uy such that, setting
d’ = (PI(E;|H;))!_;, we have that

je
=Yty
Bel,
where, for every B € U, dy = (Qj(B));‘.FEJ. Following the same steps of case
(a) we have that there exists at least a B € Uy such that Lz (B) < L% (B).
Finally, since 7/ C F implies Az C Ax which, in turn, implies 4, C Up,
we have that for all B € Uj) C Uy

Lr(B) = Y (1Fnm,(B) —pi1H,(B)* + Y _ (1~ (B) — pj1}, (B)),
i¢J jeJ
JgJ jeJ

This implies that

Lr(B)~ L3(B) = S (1%, (B) ~ A%, (B)? — S (1%, (B) - pi1Y, (B))?
jeJ jeJ
— Lyp(B) - L3(B),

so there exists a B € Uy C Uy such that Lr(B) < L%(B), that is it cannot
be L(B) < Lr(B), for every B € Uj. O

By virtue of Theorem 3, we say that a conditional plausibility assessment
Pl : G — [0,1] is Pl-coherent if one (and hence all) of the previous notions
of coherence holds, otherwise it is said Pl-incoherent.

We want to stress that, for a finite ' C G, the projection d* of a PI-
incoherent d onto conv({qp B € Up}) does not generally give rise to a
Pl-coherent assessment on F. On the other hand, analogously to what
happens for unconditional belief assessments [47], if all the events in F are
conditional on the same conditioning event H # (), then d* turns out to be
Pl-coherent. This is due to the fact that Hy = H, vectors qp’s take values
in {0,1}, and d* is actually the restriction to F of a conditional plausibility
PU(-|H) defined on Agr.

Example 1. Let Q = {w1,w2,ws} and consider the Pl-incoherent assess-
ment PL(A|Q) = PI(B|Q) = 1 and PI(AU B|Q) = 2, where A = {w} and
B= {(.Ug}.

Take F = {A|Q2, B|QY, AU B|Q} with Ar = P(2), Hy = Q and Uy =
Ar\ {0}. Denote A; = {w;}, Aij = {wi,wj}.
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‘ d qA; qA, qAs qA;, qAis qA,; qa

A |1 1 0 0 1 1 0 1
B|Q % 0 0 1 0 1 1 1
AuBIQ |2 1 0 1 1 1 1 1

Since 94, = dA,5, A3 = Ay and 9a,; = da,, denoting by al =
(1,0,1)T, a2 = (0,0,0)7, a®> = (0,1,1)T and a* = (1,1,1)7, it holds that
conv({qp : B € Up}) = conv({a',a? a3 a*}). A simple verification (see
Figure 1) shows that d ¢ conv({al a% a3 al}).

We consider the projection

d* = arg min dE(“v d)2>
ucconv({qp: BEUo})

that turns out to be

d* = %~a1+%-a2+%-a3+0-a4
= @rQu +%'qA2 +5'qA3+ (%_o‘) “Qa;, +0'qA13 + (%_ﬁ) "Qayg +O'qu2
(553"
where o, B € [0, %] Figure 1 shows the points d and d* together with the
convex polytope corresponding to conv({a', a% a3 a}).
We have an entire class of plausibility functions Pl'(-|Q2) on Ax correct-
ing the assessment Pl, with o, B € [O, %] :

Ar |0 A A Az A Az Az Q

PUCI))|0 3 1-a—-B8 3 1-8 3 1-a 1

Independently of o, 8 € [O, %], we have dg(d*,d)? = L and

48
/ 1 / 1 / 2
PI(A|Q) = 3, PI(B|) = 3, PI(AUB|Q) = 3.
In particular, we notice that for a = B = %, then PU(-|Q) reduces to a

probability measure, while for no choice of a,B € [O, %] it reduces to a
possibility measure.

The next result shows that Pl-coherence is a necessary and sufficient
condition for the extendibility of an assessment Pl on G to a full conditional
plausibility Pl on the entire P(2) x P(Q)°. As a by-product, such result
assures that every Pl-coherent unconditional plausibility assessment can be
extended to a full conditional plausibility on the entire P() x P(£2)°.
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Figure 1: Projection d* (green point) of d (red point) onto conv({a’,a? a® a}) (blue

polytope).

Theorem 4. Let G be an arbitrary set of conditional events and Pl : G —
[0,1] be a conditional plausibility assessment. Then Pl can be extended to
a full conditional plausibility function Pl' on P(Q) if and only if Pl is PI-
coherent.

Proof. The only if part is trivial since if Pl can be extended to a full condi-
tional plausibility function on P(2), then it is Pl-coherent. Thus, we only
prove the if part.

For every finite sub-algebra A C P(£2), let Q4 be the set of mappings
from P () x P(Q)° to [0, 1] whose restriction to A x A is a full conditional
plausibility function extending Pl axa0yng. If (A x A%°) NG = 0, then
Q4 is trivially non-empty since we do not have any constraint for the full
conditional plausibility functions on A x A°. If (A x A°)NG # 0, then since
F = (A x A%) NG is finite, Theorems 3 and 2 imply that Q4 is not empty.

Hence, for every finite sub-algebra A C P(2), the set Q4 is a non-empty
closed subset of the compact and Hausdorff space [0, 1]7*P(®° endowed
with the product topology. Indeed, for every net {vy}xea in Q4 converging
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pointwise to v, a simple application of properties of limits of real nets shows
that v is a [0, 1]-valued function whose restriction to A x A° is a conditional
plausibility and v(E|H) = PI(E|H) for every E|H € (A x A°) N G. Thus,
v € Q4. It is easily seen that the family

{Q4 : AC P(Q),finite sub-algebra},
possesses the finite intersection property, thus it holds that
ﬂ{QA : A C P(Q), finite sub-algebra} # ()

and so there exists Pl' € ({Q.a : A C P(Q), finite sub-algebra} which is a
full conditional plausibility function on P(2) extending PI. O

Another consequence of Theorem 4 is that a Pl-coherent conditional
plausibility assessment Pl on an arbitrary G can be extended, generally not
in a unique way, to a conditional completely alternating Choquet expectation
Cpr : L(Q) x P(2)? — R, where £(Q) is the set of bounded real-valued
functions on €, and Pl is a full conditional plausibility function on P(2)
extending PIl. Also in this context, in agreement with Remark 1 (see also
[60]), a conditional gamble is simply intended to be a pair (X, H), where
H # (), that we denote as X|H. The conditional functional Cpy, for which a
betting scheme notion of coherence has been given in [13], is defined through
the Choquet integral [5, 35], for every X|H € L(Q) x P(2)°, as

Cpr(X|H) = ?{ X(w)dPl'(w|H). (20)

We stress that, denoting by Pp the class of finitely additive probability
measures on P(Q) pointwise dominated by PI'(:|H), the properties of the
Choquet integral (see, e.g., [35, 60, 55]) imply that

Cpr(X|H) = Igg%i/XdP (21)
where the integrals appearing in the maximum are of Stieltjes type [1].
Equation (21) shows that the conditional functional Cpy has an upper ex-
pectation interpretation, locally on every conditioning event H € P(2)°.
Besides satisfying all the well-known properties of the Choquet integral with
respect to a normalized completely alternating capacity Pl'(-|H) (see, e.g.,
[22, 35, 60]), the conditional functional Cpy(-|H) satisfies also the two fol-
lowing properties that are implied by the adopted notion of conditioning.
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Proposition 1. For every H € P(Q)°, the conditional functional Cpy sat-
isfies the properties:

(i) Cpy(X|H) = Cppy(X1g|H), for every X € L(Q);
(ii)) Cpy(X1g|H) = Cpy(1g|H) - Cpy(X|E N H), for every non-negative
X €L(Q) and E,ENH € P(Q)°.
Proof. Property (i) is due to the fact that, for all ¢ € R,
PI(X >t|H) = PI({X >t}nH|H)
= PI'({X1y >t}NH|H)=PlI'(X1g > t|H).
Finally, property (7i) holds since, being X > 0, for all ¢ > 0, we have
PI(X1p > t|H) = PI({X >t} N E|H) = PI'(E|H) - PI'(X > t|En H),

and this implies

+o0
Cpy(X1p|H) = %X(w)lE(w)dPl’(w]H): Pl'(X1p > t|H)dt
0

+oo

= Pl’(E|H)-/ PU(X > t{ENH)dt
0

— PI(E|H)- fX(w) APl (w|E N H)

O

We point out that property (i) in Proposition 1 holds for a non-negative
gamble X and may fail if X takes negative values, as shown in Example 6
in [48], where the conditional submodular capacity is actually a conditional
plausibility in the sense of Definition 1.

4. Special cases

As pointed out in Section 2, two distinguished subclasses of conditional
plausibility functions are given by conditional probabilities and conditional
possibilities. The notions of Pl-coherence introduced in Section 3 can be
adapted to work inside these two frameworks. As it will be shown be-
low, working with conditional probabilities requires to assume completely
resolving uncertainty while working with conditional possibilities amounts
to assume partially resolving uncertainty and a systematically optimistic
behavior, together with consonance.
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4.1. Conditional probabilities

Coherent conditional probability theory rests upon the principle of com-
pletely resolving uncertainty. In turn, this consists in assuming that the
basic piece of information we may acquire when uncertainty is resolved is
the truth of one of the elements of the finest partition of €2 determined by
the events at hand. For this, in what follows, if F = {E1|Hy,..., E,|H,} is
a finite subset of G, then Cx denotes the set of atoms generated by them, i.e.,
Cr = atoms(algebra(O(F))). We further denote by Cy the set of atoms in
Cr contained in Hy = J;_| H;, that is

Co={CeCr : CC Hy}. (22)

In practice, conditions Pl-coherence-2, Pl-coherence-3, Pl-coherence-4 and
Pl-coherence-5 are specialized substituting Uy with Cy. From a seman-
tic point of view, this has a particular impact on Pl-coherence-3 and PI-
coherence-5 in which all the speculations on the betting scheme and the
penalization are carried out focusing on Cy.

A conditional probability assessment P : G — [0, 1] is said to be:

P-coherent-1: if there exists a conditional probability P’ : Ag x Hg —
[0, 1] such that P|’g =P.

P-coherent-2: if for every n € N and every F = {F;|Hy,...,E,|H,} C G,
the following system with unknowns z¢ for all C' € Cy

> xc=P(EH;)- >, z¢, fori=1,...,n,

CCE;NH; CCH;
C€eCo CelCy
S (23)
CeCy
xc > 0, for all C € Cy,

is compatible.

P-coherent-3: if for every n € N and every F = {FE1|Hy,...,E,|H,} C G,
for every Aq,..., A, € R, the function Gr : Cg — R defined, for every
C € (Cy, as

Gr(C) =) A [1Fnm(C) — P(Ei|H;) - 157,(C)] (24)
i=1
satisfies max G #(C) > 0.

CeCy -
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P-coherent-4: if for every n € N and every F = {E1|Hy,...,E,|H,} C G,
the vectors in R™

d = (P(Ei|H),...,P(E,|Hy))", (25)
ac = (Qi(C),...,Q.(C)T, forall C € Cy, (26)

are such that d € conv({qc : C € Cp}).

P-coherent-5: if for every n € N and every F = {E1|Hy,...,E,|H,} C G,
there is no distinct assessment P* : F — [0, 1] such that the functions
Lz, L% : Co — R defined, for every C € Co, as

n

Lr(C) = Y [1¥an(C) - P(E|H)-15.(C)],  (27)
=1

L3(C) = Y [1¥.u(C) - PY(E(H) -15,(0)]7,  (28)
=1

are such that L%(C) < Lz (C) for every C € Co.

Since the indicators of events in O(F) are constant on the elements of
Cr, the gain function Gr in condition P-coherence-3 can be replaced by the
function Gr : 2 — R defined, for every w € €2, as

Grw) =Y il (W) - [Lg (W) - P(E|H))] . (29)
i=1

The function G r is constant on the elements of Cx and takes the same values

of G on the elements of Cy, thus max Grlw) = max Gr(C). The notion of
w 0 cCo
coherence for a conditional probability assessment relying on (29) has been

considered in [37, 38, 52, 65] and coincides, therefore, with our condition
P-coherence-3.

In the case of conditional probability, an analog of Lemma 1 can be
proved as well as an analog of Remark 4 can be introduced (see, e.g., [15,
6]). Based on previous considerations, the proof of equivalence among the
conditions P-coherence-1, P-coherence-2 and P-coherence-3 goes essentially
along to the proofs of analogous results in [15, 6].

Analogously, functions Lz, L% in condition P-coherence-5 can be re-
placed by the two functions Lx, I:} : @ — R defined, for every w € €,
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as

Lr(w) = Y 1g,w)-[1g(w) — P(Ei|H), (30)
=1

Lr(w) = > 1g,w) - [1g(w) — P*(E|H)]*. (31)
=1

Also in this case, the functions L 7, I:} are constant on the elements of Cr
and take the same values of Lz, L%, respectively, on the elements of Cy.
The functions Lz, L% are used in [32] to define a notion of coherence that
requires the non-existence of a distinct assessment P* : F — [0, 1], such
that [~/§_— < Lz and E} =+ L7, where comparisons are pointwise. We point
out that the condition given in [32] does not restrict the functions L, L%
to Hy, nevertheless, as follows by our Theorem 5 below and Theorem 5.1 in
[32] this condition is equivalent to our condition P-coherence-5.

Theorem 5. For a conditional probability assessment P : G — [0,1], the
following statements are equivalent:

(i) P is P-coherent-1;
(ii) P is P-coherent-2;
(iii) P is P-coherent-3;
(iv) P is P-coherent-4;
(v) P is P-coherent-5.

Proof. The proof of (i) <= (ii) is analogous to the proof of the correspond-
ing equivalence in Theorem 3. The proof of (i) <= (iii) is obtained from
Theorem 5.7 in [38] by considering (29). Alternatively, the proof of (i) <=
(i) is analogous to the proof of the corresponding equivalence in Theorem 3,
working with Cy in place of Uy. Finally, the proofs of (i) <= (iv) and (iv)
<= (v) are analogous to the proofs of the corresponding equivalences in
Theorem 3, working with Cy in place of Uy. Indeed, assume that system Sr
is compatible. Proceeding as in the proof of Theorem 3, S is compatible
if and only if max Gr(C) > 0. Further, Sr is compatible if and only if
0

d € conv({qc : C € Cp}) which, in turn, is equivalent to the non-existence
of a distinct assessment P* : 7 — [0, 1] such that L(C') < Lr(C) for every
C e (. O
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By virtue of Theorem 5, we say that a conditional probability assessment
P :G —0,1] is P-coherent if one (and hence all) of the previous notions of
coherence holds, otherwise it is said P-incoherent.

Also in this case, the next result shows that P-coherence is a necessary
and sufficient condition for the extendibility of an assessment P on G to
a full conditional probability P’ on the entire P(Q) x P(2)°. As a by-
product, such result assures that every P-coherent unconditional probability
assessment can be extended to a full conditional probability on the entire
P(Q) x P(Q)°.

Theorem 6 (Theorem 5.7 in [38]). Let G be an arbitrary set of conditional
events and P : G — [0,1] be a conditional probability assessment. Then P
can be extended to a full conditional probability P' on P(Q) if and only if P
is P-coherent.

4.2. Conditional possibilities

In the original work by Shafer [56], limiting to a finite  and A = P(Q),
necessity /possibility measures are introduced as particular belief/plausibility
functions satisfying the further property of consonance. In particular, in
such a finite setting, this translates into a Mobius inverse with nested focal
elements (see, e.g., [26, 35, 56]).

As highlighted in Section 2, conditional possibility measures can be con-
sidered as particular conditional plausibility functions, where the conditional
rule is specified by condition (7ii) of Definition 1. In particular, conditions
(i) and (#i**) of Definition 1 assure that for any conditioning event H € H
the measure II(-|H) is finitely maxitive and normalized, as it holds that
II(E|H) = 1, for every E € A with H C E, and II(E|H) = 0, for every
E € A with HN E = (. In practice, this has a direct impact on con-
ditions Pl-coherence-2, Pl-coherence-3, Pl-coherence-4 and Pl-coherence-5
where Uy, that collects all the possible partial information we may acquire
on the occurrence of an event generated from F = {E;|Hy, ..., E,|H,} un-
der the hypothesis Hy = |J;_; H; that a least one of the H;’s comes true, is
replaced by a family Dy € chains(Ur, Hp). In other terms, here we assume
partially resolving uncertainty and a systematically optimistic behavior but
we further require consonance, i.e., we focus on nested sets of events gener-
ated from the events in F and having Hj as top element. From a semantic
point of view, this has a particular impact on conditions Pl-coherence-3 and
Pl-coherence-5 in which all the speculations on the betting scheme and the
penalization are carried out focusing on a family in chains(Ur, Hy).

A conditional possibility assessment II: G — [0, 1] is said to be:
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[I-coherent-1: if there exists a conditional possibility IT" : Ag x Hg — [0, 1]

such that HTQ =1II.

II-coherent-2: if for every n € N and every F = {F1|Hy,...,E,|H,} C G,
there exists Dy € chains(Ur, Hy), such that the following system with
unknowns xp for all D € Dy

Z wD:H(EZ“Hi)‘ Z D, fOI‘iZl,...,TL,

DNE;NH;#) DNH;#0D
DeDy DeDy
S]—' : Z zp =1,
DeDy
zp > 0, for all D € Dy,

(32)
is compatible.

II-coherent-3: if for every n € N and every F = {E1|Hy,...,Ey|H,} C G,
there exists Dy € chains(Ur, Hp), such that for every A1,..., A\, € R,
the function Gr : Dy — R defined, for every D € Dy, as

Gr(D) = i~ [1Fan (D)~ 1(E|H) - 15, (D)]  (33)
i=1
isfi D) > 0.
satisfies max Gr(D) >0
II-coherent-4: if for every n € N and every F = {E1|Hy,...,E,|H,} C G,
there exists Dy € chains(Ur, Hp), such that the vectors in R"
d = (I(E\|H)),...,]I(E,|Hy))", (34)
ap = (Qi(D),...,Q.(D)T, forall D€ Dy, (35)
are such that d € conv({gp : D € Dy}).

II-coherent-5: if for every n € N and every F = {E1|Hy,...,E,|H,} C
G, there exists Dy € chains(Ur, Hp), such that there is no distinct
assessment II* : F — [0, 1] such that the functions Ly, L% : Dy — R
defined, for every D € Dy, as

n

Lr(D) = Y 1% (D)~ W(E|H) - 15.(D)]",  (36)
=1

Ly(D) = Y Y4 (D) - (B H) - 15.(D)]",  (37)
=1

are such that L%(D) < Lx(D) for every D € D.
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Limiting to a finite 2, condition II-coherence-3 has been introduced in
[49] where also an analogous notion of coherence is given for a comparative
conditional possibility assessment.

Lemma 2. Let G be finite and 11 : G — [0,1]. Then the following statements
are equivalent:

(i) 11 is II-coherent-1;
(i) 11 is I1-coherent-2.

Proof. (i) = (ii). If the assessment II is II-coherent-1, there exists a con-
ditional possibility II' : Ag x Hg — [0, 1], extending II. For every finite
subset F = {E1|H1,...,Ey|Hy,} C G, denote by II” the restriction to Az of
the possibility measure II'(-|Hp). Such possibility measure is such that, for
1=1,...,n,

H”(Ei N H,L) = H(EZ|HZ) . H”(Hi),

and II"(Hp) = 1 and II"(H§) = 0. Let m” : Ax — [0,1] be the Mobius
inverse of the dual necessity measure of II”. We have that (see [35]) there
exists Dy € chains(Ur, Hp) such that m” has focal elements contained in
Dy, thus setting zp = m” (D), for every D € Dy, we get a solution of system
Sz. This implies that II is II-coherent-2.

(ii)) = (i). Suppose Il is II-coherent-2. Let Fo = G = {E1|Hy, ..., E,|Hy}
and denote HJ = JI_, H;. Since II is II-coherent-2, then there exists
DY € chains(Uz,, H)) such that the corresponding system Sz, has a so-
lution x° with components z%, for all D € DJ. Define mg : Ag — [0,1]
setting mo(D) = 2%, for all D € DY, and 0 otherwise. The function my is
the Mobius inverse of a necessity measure whose dual possibility measure
Ily on Ag is such that, fori =1,...,n,

and TIp(HY) = 1 and Ho((HJ)¢) = 0.

For a > 0,let I, ={i e {1,...,n} : Hg(H;) =0,6=0,...,a —1}. If
I, = (0 the construction stops, otherwise denote Fo, = {E;|H;}icr,, Hf =
Uier, Hi- Since IT is TI-coherent-2, then there exists Df € chains(Ur,, H')
such that the corresponding system Sr, has a solution x* with components
x%, for all D € Dg§. Define mq : Ag — [0, 1] setting mq (D) = %, for
all D € D§, and 0 otherwise. The function m, is the Mobius inverse of a
necessity measure whose dual plausibility function II, on Ag is such that,
for i € 1,

Ha(Ei N Hz) = H(EZ|HZ) . HQ(HZ'),
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and I, (H§) =1 and II,((H§)¢) = 0.

Let k be the first index such that Iy.; = 0. Then {Iy,...,TI;} is
by construction a Hg-minimal agreeing class of possibility measures on Ag
corresponding (see Subsection 2.1) to a conditional possibility II' : Ag x
Hg — [0,1] that extends II. This implies that IT is II-coherent-1. O

The following theorem shows that, also in the subclass of conditional
possibilities, all the notions of II-coherence introduced above are equivalent.

Theorem 7. For a conditional possibility assessment 11 : G — [0,1], the
following statements are equivalent:

(i) 11 is II-coherent-1;
(ii) 11 is I1-coherent-2;
(iii) 11 is I1-coherent-3;
(iv) 11 is II-coherent-4;
(v) 11 is II-coherent-5.

Proof. The proof of (i) <= (ii) is analogous to the proof of the corre-
sponding equivalence in Theorem 3 and relies on Lemma 2: II-coherence-
2 can be reformulated in terms of solvability of a sequence of systems
SFys---,SF, with progressively less constraints and unknowns. We point
out that Foy, ..., Fi are decreasingly ordered by set inclusion, with Fy = F
and Fj41 = (0. This implies that, for & > 0, the elements of chains(Ur, , Hf')
are sub-chains of elements of chains(Uz, ,, H5"!). Further, the structure
of systems depends on the sequence of solutions xY,...,x", that actually
are restrictions of Mobius inverses defined on Ax corresponding to a Hr-
minimal agreeing class {Ily, ..., IIx} of possibility measures on Agr.

For a finite F, it is easy to show that in systems Sz, ..., S, it is equiv-
alent to take, for a = 0,...,k, D € chains(Ur, H§’). This translates in
considering more unknowns without affecting solvability and allows to obtain
all Hr-minimal agreeing classes of possibility measures on Az compatible
with the given assessment.

The proofs of (i) <= (iii), (ii) <= (iv) and (iv) <= (v) are analogous
to the proofs of the corresponding equivalences in Theorem 3, working with
Dy € chains(Ur, Hy) in place of Uy. Indeed, assume that there exists Dy €
chains(Ur, Hp) such that system Sr is compatible. Proceeding as in the
proof of Theorem 3, S7 is compatible if and only if LrjneaD)z Gr(D) > 0. Further
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Sr is compatible if and only if d € conv({qp : D € Dy}) which, in turn, is
equivalent to the non-existence of a distinct assessment II* : F — [0, 1] such
that L-(D) < Lx(D) for every D € Dy. O

By virtue of Theorem 7, we say that a conditional possibility assessment
IT: G — [0,1] is IT-coherent if one (and hence all) of the previous notions of
coherence holds, otherwise it is said II-incoherent.

In analogy to what happens for conditional plausibility functions and
conditional probabilities, the next result shows that Il-coherence is a nec-
essary and sufficient condition for the extendibility of an assessment II on
G to a full conditional possibility I on the entire P(2) x P(Q)°. As a by-
product, such result assures that every II-coherent unconditional possibility
assessment can be extended to a full conditional possibility on the entire
P(Q) x P(Q)°.

Theorem 8. Let G be an arbitrary set of conditional events and 11 : G —
[0,1] be a conditional possibility assessment. Then II can be extended to a
full conditional possibility TI' on P () if and only if 11 is II-coherent.

Proof. The only if part is trivial since if II can be extended to a full condi-
tional possibility on P(f2), then it is II-coherent. Thus, we only prove the if
part.

If IT is II-coherent, then II can be extended to a full conditional possibility
IT" on P(€2) by Theorem 12 in [7] (or the more general Theorem 2 in [10])
considering the algebraic product triangular norm. ]

5. Conclusions

We develop a theory of coherent conditional plausibilities, by presenting
different equivalent notions of Pl-coherence: Pl-coherence as consistency,
Pl-coherence as betting scheme and Pl-coherence as penalty criterion. The
resulting notions of Pl-coherence are based on the principle of partially re-
solving uncertainty due to Jaffray [39] and a systematically optimistic be-
havior of the agent. We stress that the introduced notions of Pl-coherence
provide different interpretations and permit to assess “subjective” condi-
tional plausibilities.

We also show that Pl-coherence is a necessary and sufficient condition
for the extendibility of a conditional plausibility assessment to a conditional
completely alternating Choquet expectation defined on the set of all bounded
conditional gambles.
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Finally, we specialize all the results to work inside the subclasses of condi-
tional probabilities and conditional possibilities. In the first case, the notions
of Pl-coherence are adapted requiring completely resolving uncertainty. In
the second case, the notions of Pl-coherence are adapted requiring partially
resolving uncertainty, a systematically optimistic behavior, and consonance.

An extension of present work could regard the wider framework of con-
ditional 2-alternating capacities, by referring to the axiomatic definition an
characterization given in [12].

Acknowledgements

The authors are members of the INAAM-GNAMPA research group. The
first author was supported by Universita degli Studi di Perugia, Fondo
Ricerca di Base 2019, project “Modelli per le decisioni economiche e fi-
nanziarie in condizioni di ambiguita ed imprecisione”.

References

[1] K.P.S. Bhaskara Rao and M. Bhaskara Rao. Theory of Charges: A
Study of Finitely Additive Measures. Academic Press, 1983.

[2] B. Bouchon-Meunier, G. Coletti, and C. Marsala. Independence and
Possibilistic Conditioning. Annals of Mathematics and Artificial Intel-
ligence, 35(1):107-123, 2002.

[3] A. Capotorti, G. Coletti, and B. Vantaggi. Standard and nonstan-
dard representability of positive uncertainty orderings. Kybernetika,
50(2):189-215, 2014.

[4] A. Capotorti, L. Galli, and B. Vantaggi. Locally strong coherence and
inference with lower—upper probabilities. Soft Computing, 7(5):280-287,
2003.

[5] G. Choquet. Theory of capacities. Annales de I’Institut Fourier, 5:131—
295, 1953.

[6] G. Coletti. Coherent numerical and ordinal probabilistic assessments.
IEEE Transactions on Systems, Man, and Cybernetics, 24(12):1747—
1754, 1994.

[7] G. Coletti and D. Petturiti. Finitely maxitive T-conditional possibility
theory: Coherence and extension. International Journal of Approxi-
mate Reasoning, 71:64-88, 2016.

36



8]

[10]

[11]

G. Coletti, D. Petturiti, and B. Vantaggi. Conditional belief functions
as lower envelopes of conditional probabilities in a finite setting. Infor-
mation Sciences, 339:64-84, 2016.

G. Coletti, D. Petturiti, and B. Vantaggi. When upper conditional prob-
abilities are conditional possibility measures. Fuzzy Sets and Systems,
304:45-64, 2016.

G. Coletti, D. Petturiti, and B. Vantaggi. Fuzzy memberships as like-
lihood functions in a possibilistic framework. International Journal of
Approzimate Reasoning, 88:547-566, 2017.

G. Coletti, D. Petturiti, and B. Vantaggi. Dutch book rationality condi-
tions for conditional preferences under ambiguity. Annals of Operations
Research, 279(1):115-150, 2019.

G. Coletti, D. Petturiti, and B. Vantaggi. Models for pessimistic or
optimistic decisions under different uncertain scenarios. International
Journal of Approximate Reasoning, 105:305-326, 2019.

G. Coletti, D. Petturiti, and B. Vantaggi. A Dutch book coherence
condition for conditional completely alternating Choquet expectations.
Bollettino dell’Unione Matematica Italiana, 13(4):585-593, 2020.

G. Coletti and R. Scozzafava. Characterization of coherent conditional
probabilities as a tool for their assessment and extension. Interna-
tional Journal of Uncertainty, Fuzziness and Knowledge-Based Sys-
tems, 4(2):103-127, 1996.

G. Coletti and R. Scozzafava. Probabilistic Logic in a Coherent Set-
ting, volume 15 of Trends in Logic. Kluwer Academic Publisher, Dor-
drecht/Boston/London, 2002.

G. Coletti, R. Scozzafava, and B. Vantaggi. Inferential processes leading
to possibility and necessity. Informtion Sciences, 245(1):132-145, 2013.

G. Coletti and B. Vantaggi. Possibility theory: Conditional indepen-
dence. Fuzzy Sets and Systems, 157(11):1491-1513, 2006.

G. Coletti and B. Vantaggi. A view on conditional measures through
local representability of binary relations. International Journal of Ap-
prozimate Reasoning, 47(1):268-283, 2008.

37



[19]

[20]

[21]

[22]

[23]

[24]

[25]

G. Coletti and B. Vantaggi. T-conditional possibilities: Coherence and
inference. Fuzzy Sets and Systems, 160(3):306-324, 2009.

B. de Finetti. Theory of Probability 1-2. John Wiley & Sons, London,
New York, Sydney, Toronto, 1975.

A.P. Dempster. Upper and Lower Probabilities Induced by a Multival-
ued Mapping. Annals of Mathematical Statistics, 38(2):325-339, 1967.

D. Denneberg. Non-Additive Measure and Integral. Kluwer Academic
Publisher, 1994.

E. Diecidue and F. Maccheroni. Coherence without additivity. Journal
of Mathematical Psychology, 47(2):166-170, 2003.

E. Diecidue and P. Wakker. Dutch books: avoiding strategic and dy-
namic complications, and a comonotonic extension. Mathematical So-

cial Sciences, 43(2):135-149, 2002.

L.E. Dubins. Finitely additive conditional probabilities, conglomerabil-
ity and disintegrations. The Annals of Probability, 3(1):89-99, 1975.

D. Dubois and H. Prade. When upper probabilities are possibility
measures. Fuzzy Sets and Systems, 49(1):65-74, 1992.

D. Ellsberg. Risk, Ambiguity, and the Savage Axioms. The Quarterly
Journal of Economics, 75(4):643-669, 1961.

L. Ferracuti and B. Vantaggi. Independence and conditional possibil-
ity for strictly monotone triangular norms. International Journal of
Intelligent Systems, 21(3):299-323, 2006.

T. Flaminio, L. Godo, and H. Hosni. Coherence in the aggregate: A
betting method for belief functions on many-valued events. Interna-
tional Journal of Approximate Reasoning, 58:71-86, 2015.

I. Gilboa and D. Schmeidler. Additive representations of non-additive

measures and the Choquet integral. Annals of Operations Research,
52(1):43-65, 1994.

I. Gilboa and D. Schmeidler. Canonical representation of set functions.
Mathematics of Operations Research, 20(1):197-212, 1995.

38



32]

A. Gilio. Criterio di penalizzazione e condizioni di coerenza nella valu-
tazione soggettiva della probabilita. Bollettino dell’Unione Matematica
Italiana, 4-B(3):645-660, 1990.

A. Gilio and G. Sanfilippo. Coherent conditional probabilities and
proper scoring rules. In Proceedings of ISIPTA 2011. 2011.

L.R. Goodman and H.T. Nguyen. Conditional objects and the modeling
of uncertainties, volume 21 of Fuzzy Computing, pages 119-138. North
Holland, Amsterdam, 1988.

M. Grabisch. Set Functions, Games and Capacities in Decision Making.
Springer, 2016.

J. Halpern. Reasoning about uncertainty. The MIT Press, 2003.

S. Holzer. Sulla nozione di coerenza per le probabilita subordinate.
Rendiconti dell’Istituto di Matematica dell’Universita di Trieste, 16:46—
62, 1984.

S. Holzer. On coherence and conditional prevision.  Bollettino
dell’Unione Matematica Italiana, 6(4):441-460, 1985.

J.-Y. Jaffray. Coherent bets under partially resolving uncertainty and
belief functions. Theory and Decision, 26(2):99-105, 1989.

J.-Y. Jaffray. Bayesian updating and belief functions. IEEFE Transac-
tions on Systems, Man, and Cybernetics, 22(2):1144-1552, 1992.

J.M. Joyce. Bayesianism. In P. Rawling and A.R. Mele, editors, The
Ozford Handbook of Rationality, pages 132-155. Oxford: Oxford Uni-
versity Press, 2004.

D. Kahneman and A. Tversky. Prospect Theory: An Analysis of Deci-
sion under Risk. Econometrica, 47(2):263-291, 1979.

T. Kerkvliet and R. Meester. A behavioral interpretation of belief func-
tions. Journal of Theoretical Probability, 31:2112-2128, 2018.

P.H. Krauss. Representation of conditional probability measures on
Boolean algebras. Acta Mathematica Academiae Scientiarum Hungar-
icae, 19(3-4):229-241, 1968.

O.L. Mangasarian. Nonlinear Programming, volume 10 of Classics in
Applied Mathematics. STAM, 1994.

39



[46]

[47]

R. Pelessoni and P. Vicig. The Goodman—Nguyen relation within im-
precise probability theory. International Journal of Approximate Rea-
soning, 55(8):1694-1707, 2014.

D. Petturiti and B. Vantaggi. Reflections on the Foundations of Prob-
ability and Statistics: FEssays in Honor of Teddy Seidenfeld, chapter
How to assess coherent beliefs: A comparison of different notions of
coherence in Dempster-Shafer theory of evidence. Theory and Decision
Library A. Springer. In press.

D. Petturiti and B. Vantaggi. Conditional submodular Choquet ex-
pected values and conditional coherent risk measures. International
Journal of Approximate Reasoning, 113:14-38, 2019.

D. Petturiti and B. Vantaggi. Betting Schemes for Assessing Coherent-
Numerical and Comparative Conditional Possibilities. In Proceedings
of ISIPTA 2021, volume 147 of PMLR, pages 254-263, 2021.

J.B. Predd, R. Seiringer, E.H. Lieb, D.N. Osherson, H.V. Poor, and
S.R. Kulkarni. Probabilistic Coherence and Proper Scoring Rules. IEEE
Transactions on Information Theory, 55(10):4786-4792, 2009.

M. Rabin. Risk aversion and expected-utility theory: A calibration
theorem. Econometrica, 68(5):1281-1292, 2000.

E. Regazzini. Finitely additive conditional probabilities. Rendiconti del
Seminario Matematico e Fisico di Milano, 55(1):69-89, 1985.

G. Regoli. Rational Comparisons and Numerical Representations. In
S. Rios, editor, Decision Theory and Decision Analysis: Trends and
Challenges, pages 113-126. Springer Netherlands, Dordrecht, 1994.

M.J. Schervish, T. Seidenfeld, and J.B. Kadane. Proper Scoring Rules,
Dominated Forecasts, and Coherence. Decision Analysis, 6(4):202-221,
2009.

D. Schmeidler. Integral representation without additivity. Proceedings
of the American Mathematical Society, 97(2):255-261, 1986.

G. Shafer. A Mathematical Theory of Evidence. Princeton University
Press, Princeton, NJ, 1976.

40



[57]

[61]

[62]

[63]

[64]

[65]

G. Shafer. A theory of statistical evidence. In W.L. Harper and C.A.
Hooker, editors, Foundations of Probability Theory, Statistical Infer-
ence, and Statistical Theories of Science, volume 6b of The University
of Western Ontario Series in Philosophy of Science, pages 365-436.
Springer Netherlands, 1976.

P. Smets. The degree of belief in a fuzzy event. Information Sciences,
25(1):1-19, 1981.

P. Suppes and M. Zanotti. On using random relations to generate upper
and lower probabilities. Synthese, 36(4):427-440, 1977.

M.C.M. Troffaes and G. de Cooman. Lower Previsions. Wiley Series
in Probability and Statistics. Wiley, 2014.

P. Walley. Coherent lower (and upper) probabilities. Technical report,
Department of Statistics, University of Warwick, 1981.

P. Walley. Statistical Reasoning with Imprecise Probabilities. Chapman
and Hall, London, 1991.

P. Walley. Measures of uncertainty in expert systems. Artificial Intel-
ligence, 83:1-58, 1996.

P. Walley and G. de Cooman. Coherence of rules for defining conditional
possibility. International Journal of Approximate Reasoning, 21(1):63—
107, 1999.

P.M. Williams. Notes on conditional previsions. Unpublished report
of School of Mathematical and Physical Science, University of Sussex
(Published in International Journal of Approximate Reasoning, 44:366—
383, 2007), 1975.

41



