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Abstract

Any assessment formed by a strategy and a prior probability is a coherent con-
ditional probability and can be extended, generally not in a unique way, to a full
conditional probability. The corresponding class of all extensions is studied and
a closed form expression for its envelopes is provided. Subclasses of extensions
meeting further analytical properties are considered by imposing conglomer-
ability and a conditional version of conglomerability, respectively. Then, the
envelopes of extensions satisfying these conditions are characterized.
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1. Introduction

In the seminal paper [31] by Dubins, the notion of strategy o together with
the ensuing concepts of conglomerability and disintegrability with respect to a
(finitely additive) prior probability m are presented and it is proved that the
assessment {7,0} can always be extended, generally not in a unique way, to a
full conditional probability. The extension of an assessment {r, o} is particularly
meaningful in statistics [3, 10, 16, 36, 38, 46, 48, 59], in limit theorems, stochastic
processes and their applications [2, 30, 31, 32, 41, 45, 56].

An open problem in this context is to characterize the whole class of full
conditional probabilities extending an assessment {m, o}, so, a first aim of this
paper is to provide a closed form expression for the envelopes of such class.

Generally, this class of extensions can contain full conditional probabili-
ties failing conglomerability (see, e.g., [1, 36, 41, 50, 56]). Conglomerability is
a regularity condition often required in applications, since non-conglomerable
extensions of {m, 0} can show a pathological behaviour as they could not be ap-
proximated in the total variation norm by conglomerable ones [31]. Thus, there
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is an advantage in restricting to extensions meeting this property. Moreover, as
is well-known, conglomerability reduces to disintegrability when o is integrable
with respect to 7 (see [3]).

In this paper, the class of conglomerable full conditional probabilities ex-
tending {m, o} is considered and a closed form expression for the envelopes of
such class is provided.

Essentially, the conglomerability requirement reduces the class of joint prob-
abilities consistent with {7, o'}, the latter being restrictions of conglomerable full
conditional probabilities extending {7, c}. Moreover, every conglomerable full
conditional probability extending {, o} satisfies a constraint also on all condi-
tional events F'|K’s with positive conglomerable joint probability of K. Nev-
ertheless, conglomerability does not affect the conditional probability on those
F|K’s whose conditioning event K has null conglomerable joint probability (see
Example 7). The lower envelope of the class of conglomerable full conditional
probability extensions inherits this constraint just on those conditional events
F|K’s with positive lower conglomerable joint probability of K (as shown in
Theorems 4 and 5).

Thus, a conditional version of conglomerability is introduced in order to re-
inforce the conglomerability constraint on those conditional events F'|K’s whose
conditioning event K has null conglomerable joint probability. This is reached
by requiring conglomerability to hold with respect to a full conditional prior
probability extending 7. Hence, the class of conditionally conglomerable full
conditional probabilities extending {7, o} is considered and its envelopes are
characterized.

The lower envelope of such class reveals to be a totally monotone capacity
on a specific subfamily of conditional events (see Corollary 2). As a conse-
quence, this allows to compute (as a Choquet integral) the corresponding lower
conditional prevision on a suitable class of conditional bounded random quan-
tities. However, the lower envelope of conditionally conglomerable extensions is
generally not 2-monotone, as shown in Example 4.

The paper is organized as follows. In Section 2 we recall some prelimi-
naries on coherent conditional previsions, n-monotone capacities and Choquet
integration. In Section 3 different notions of conglomerability for previsions
and probabilities are introduced and their role in Kolmogorov’s and Walley’s
theories is highlighted. Section 4 copes with characterizing the envelopes of
the following classes of full conditional probabilities extending {m,c}: (i) the
whole class of extensions; (7i) the subclass of extensions meeting conglomerabil-
ity. Finally, in Section 5 we introduce conditional conglomerability, which is
a reinforcement of Dubins’ conglomerability for probabilities. Furthermore, we
provide a closed form expression for the envelopes of the extensions of {m, o}
meeting this property.

2. Preliminaries

Throughout this work §2 denotes a non-empty set, whose subsets are consid-
ered as events. For any set of events G = {F;};cr, denote with (G), (G)? and



(G)*, respectively, the minimal algebra, o-algebra and complete atomic algebra
of subsets of ) containing G.

Let X : Q@ — R be a random quantity and denote with L(£2) the linear
space of all bounded random quantities. Given an algebra A of subsets of €, let
I(2, A) be the set of indicators 1g’s of events E € A. The uniform norm closure
of the linear space spanned by I(2, A), is the linear subspace L(Q2, A) of L(2),
consisting of all A-continuous functions [58] (see also [6, 34] for an equivalent
definition).

Definition 1. The function X : 8 — R is said A-continuous if it is bounded
and for every t € R and € > 0 there exists A € A such that

(X>t)2AD (X >t+e),
where (X > 1) ={weQ : X(w) >t}

The notion of A-continuity coincides with the notion of measurability re-
quired in [51], moreover, every A-continuous function is Stieltjes integrable [6]
with respect to every finitely additive probability on A. In particular, if A is a
o-algebra, then the class of A-continuous functions exactly coincides with the
class of bounded .A-measurable functions (see Theorem 2.2 in [23]).

A conditional random quantity is a pair (X, H), denoted as X|H, where X
is a random quantity and H # () is a subset of Q. A conditional event F|H is
identified with 15|H.

Let H C A" be a set closed under finite unions, where A% = A\ {0}.

Definition 2. A conditional prevision P(-|-) defined on L(Q, A) x H is a
real function satisfying the following conditions:

(P1) P(:|H) is a linear functional on L(2, A), for every H € H;

(P2) ireng(w) <P(X|H) < sup X(w), for every X € L(Q, A) and H € H;
w weH

(P3) P(X1kx|H) = P(X|HNK) - P(1x|H), for every HHHNK € H and
X, 1 EL((LA)

In particular, if Q € H the function P(-) = P(:|Q) is simply called a pre-
vision: if H reduces to {Q} then (P3) is vacuously satisfied. By following the
terminology of [31], P(-]-) is said a full conditional prevision on A if it is defined
on L(Q, A) x A°.

The following axioms for a conditional probability (in the sense of de Finetti-
Dubins [26, 31], see also [22, 49]) can be deduced from (P1)—(P3) restricting
the domain of P(:]-) to I(Q2, A) x X and considering it as a function P(-|-) on
A x H:

(Cl) P(E|H)=P(ENH|H), for every E € A and H € H;
(C2) P(:|H) is a finitely additive probability on A, for every H € H;



(C3) P(ENF|H) = P(E|H) - P(FI[EN H), for every HLENH € H and
E Fe A

Recall that a conditional probability in the sense of Rényi [49] is obtained re-
quiring countable additivity instead of finite additivity in (C2).

A conditional probability P(-|-) is said full on A (or a f.c.p. on A for short)
when H = A°.

It is well-known (see, e.g., [47]) that every conditional prevision P(+|-) defined
on L(Q, A) x H is completely characterized by its restriction on I(Q2, A) x H as

POXIH) = [ X()P(el), (1)
where the right-side integral is of Stieltjes type [6].

2.1. Coherent (lower) conditional previsions in de Finetti-Williams’ theory

In [37, 40] a betting scheme notion of coherence for a conditional prevision
assessment P(-|-) defined on a set G C L(2) x p(2)° of conditional random
quantities has been introduced (for an equivalent formulation see also [47, 64]):

Definition 3. Let G = {X;|H;};c1 be a set of conditional random quantities.
A function P : G — R is a coherent conditional prevision if and only if, for
everyn € N, every X;,|H;,, ..., Xi, |Hi, € G and every real numbers s1, ..., sy,
the random gain

G = ZSleij (ij — P(X’leHzJ))a
j=1

satisfies the following inequalities

inf G(w) <0< sup G(w),
weH] weHY

where HY = Ji_, Hi,.

If G is a set of conditional events, then P(+|-) is simply denoted as P(+|-) and
is said a coherent conditional probability.

Every coherent conditional prevision can be extended to every superset of
conditional random quantities by the following Theorem 1, proved in [47, 64],
which is the conditional version of the fundamental theorem for previsions [26].

Theorem 1. Let G and G’ be arbitrary sets of conditional random quantities
withG C G’ and P : G — R. Then, there exists a coherent conditional prevision
P(-|-) on G’ such that 15‘@ = P if and only if P is a coherent conditional previ-
sion on G. Moreover, if G' = GU{X|H} the coherent values for the conditional
prevision of X|H range in a closed interval Iy = [P(X|H),P(X|H)].

As proven in [47, 64], a P on G is a coherent conditional prevision if and only
if it can be extended to a conditional prevision (see Definition 2) on a superset



G’ = L(Q, A) x H, where A is an algebra and H C A° is closed under finite
unions.
The interval [x g in Theorem 1 can be computed in terms of finite subfam-

ilies of G as {]PEQH : FCG, cardF < NO}, where the closed interval H[)F(‘H =

[E]F(X|H),ﬁF(X|H)] is obtained extending Pz on FU {X|H} (see, e.g., [60]).
Thus, it holds

P(X|H) = sup {EF(X|H) . FC G, cardF < NO},

P(X|H) = inf {fF(X|H) . FC G, cardF < NO}.

For the explicit computation in terms of linear programming of the bounds of
]IIEJ‘ 5 in the case where G’ reduces to a set of conditional events see, for instance,
[7, 12, 19, 63].

The class P = {P(-]-)} of coherent extensions of a coherent conditional
prevision in Theorem 1 is a non-empty compact subset of R®" endowed with the
product topology and determines the lower and upper envelopes P = min P and
P = max P, which are said coherent lower and upper conditional previsions.

In general, coherent lower and upper conditional previsions can be defined
without starting from a coherent conditional prevision [64]:

Definition 4. A function P(-|-) P(:|-)] on a set G C L(Q) x p(Q)° of con-
ditional random quantities is said a coherent lower conditional prevision
[coherent upper conditional prevision/ if there ezists a class P = {P(-]-)}
of coherent conditional previsions on G such that P = inf P [P = sup P].

If G = I(Q, A) x H, the functions P(-|-) and P(-|-) are denoted as P(-|-) and
P(-]-) and are simply said lower and upper conditional probabilities, moreover,
if O € H, then the functions P(-) = P(:|Q2) and P(-) = P(:|Q2) are simply called
lower and upper probabilities.

2.2. n-monotone capacities and Choquet integration

A (normalized) n-monotone capacity, for n > 2, on an algebra A (see, e.g.,
[13]) is a function ¢ : A — [0,1] such that p(0) = 0, () = 1, and every
Ay, ... AL €A,

P (Lnj Ai> > > (=it (ﬂ Ai> :
i=1 P£IC{1,...,n} iel

In particular, ¢ is totally monotone if it is n-monotone for every n > 2.
Every m-monotone capacity induces a core [51], i.e., a non-empty closed
convex set of finitely additive probabilities on A

P, = {7 : 7 is a finitely additive probability on A, ¢ < 7}, (2)

such that ¢ = minP,.



The inner measure @, on the complete atomic algebra (A)* induced by a
n-monotone capacity ¢ on A is defined for every E € (A)* as

v« (F) =sup{p(B) : BC E,B € A}.

Notice that, (A)* C (), where the inclusion is possibly strict, thus ¢, on
(A)* is actually the restriction of the inner measure induced by ¢ on the whole
(). In [11, 13, 24, 61] it is proved that if ¢ is n-monotone, then also ¢, is,
so the inner measure induced by a finitely additive probability is always totally
monotone.

Let £ = {H;};c1 be a partition of Q and A, an algebra such that (£) C
Az C (L£)*. Obviously, since both (£) and (£)* are atomic with set of atoms
L, the same holds for Az. Moreover, we always have (Ag)* = (L£)*, while
Ar = (L) = (L)* whenever L is finite.

In the rest of the paper we will be mainly concerned with the integration of
real-valued functions defined on £. We recall that every function X : £ — R
can be identified with the random quantity X : @ — R such that X (w) = X (H;)
for every w € H; € L, and vice versa. Thus, for ¢ € R, we have

X>t)=J{Hiel : X(H) >t} ={weQ: X(w)>t},

and this, in turn, allows to define A -continuity for X : £ — R as in Definition 1.
By Definition 1 it immediately follows that every bounded function X : £ —
R is (£)*-continuous as, for every ¢t € R, (X > t) € (L)* since (L£)* is closed
under arbitrary unions.
Given a n-monotone capacity ¢ on Az with associated inner measure ¢, on
(L)*, the Choquet integral of an Ag-continuous X : £ — R (see, e.g., [27]) with
respect to ¢ is defined as

0 +oo
Fximptamy = [ poxzn-tas [ e zou @
—o00 0
where the integrals on the right side are usual Riemann integrals. It follows
that ¢X (w)e(dw) = ¢ X (H;)¢(dH;), thus we can simply write ¢Xde.

Recall that if ¢ is finitely additive, then ¢ Xdy = [ Xdyp, where the latter
denotes a Stieltjes integral. Moreover, for any n-monotone ¢ it holds (see, e.g.,

[51])
fX(Hi)ga(dHi) = min{/X(Hi)fr(dHi) = 7347}.

Remark 1. Since every bounded function X : L — R is (L)*-continuous, given
a n-monotone capacity ¢ : Az — [0,1] and taking its inner measure v, on (L)*,
then ¢ X (H;)p«(dH;) can always be computed but, generally, ¢ X (H;)p(dH,)
could not be computed if X is not Ag-continuous. In particular, if ¢ is finitely
additive we can always compute the Choquet integral ¢ X (H;)p.(dH;) but pos-
sibly not the Stieltjes integral [ X (H;)p(dH;). We stress that, since X : L — R
is (L)*-continuous, then it is sufficient to consider the inner measure v, only
on (L)* (instead of on the whole p(Q)).



3. Conglomerability and disintegrability

Consider a partition £ = {H; };c1 of §2, which is assumed to be fixed through-
out the rest of this section. In the seminal paper by Dubins [31], a strategy is
introduced as a function x : L(Q2) x £ — R satisfying the following conditions,
for every H; € L:

(81) w(1lg,|Hi) =1;
(S2) k(:|H;) is a prevision on L(Q).

In the same paper, Dubins considers a prevision P(-) on L(f2) and defines
it to be L-conglomerable with respect to a strategy x on L(Q2) x L if, for every
X e L(%),

k(X|H;) > 0 for every H; € L = P(X) > 0. (4)

Theorem 1 in [31] states that L-conglomerability for P(-) on L() with
respect to a strategy x on L(Q) x L is equivalent to its L-disintegrability with
respect to &, i.e., P(-) satisfies condition (4) for every X € L(9Q), if and only if
it also satisfies

P(X) = [ w(X|Hi)r(dH)), (5)

where the finitely additive probability = : (£)* — [0,1] is defined, for every
Ee (LY, asm(E) =P(1g).

Remark 2. For every fixed H; € L, the function k(-|H;) is a prevision on (),
therefore it can be evaluated on every bounded random quantity X : @ — R. On
the other hand, for every fited X € L(Q), k(X]|-) is plainly a (L)*-continuous
function defined on L, so it can be integrated (in the Sietljes or, equivalently, in
the Choquet sense) with respect to any finitely additive probability m on (L)*.

In particular, in the proof of Theorem 1 in [31] (see also [4, 5]), condition
(4) is shown to be equivalent, for every X € L(Q2), to the following condition

inf r(X|H;) <P(X) < sup w(X|H,), (6)
H,eL H;eL

which, in turn, is equivalent, for every X € L(Q) and B € (£)*, to
m(B) inf x(X|H;) <P(X1p) <w(B) sup x(X|H;). (7)
H;,CB H;CB

Let us stress that the equivalence between conditions (4), (5), (6) and (7)
essentially relies on the fact that P(-) is defined on the set IL(£2) of all bounded
random quantities. Indeed, when P(-) is a coherent prevision defined on a subset
K C L(f2), L-conglomerability could not imply £-disintegrability as & could not
be integrable with respect to m, see [4, 5].

Remark 3. Condition (7) is actually stronger than (4) and (6) (see Exam-
ple 3.3 in [{]) when P is defined on a proper subset K C IL(Q). Then, condition
(7) should be taken as the definition of L-conglomerability (in particular when
K =1(R2,.A)) if one wishes equivalence (under integrability of k with respect to
7 ) with L-disintegrability.



The properties of L-conglomerability and L-disintegrability are particularly
meaningful for probabilities due to their important role in Bayesian statistics.
Actually, Bayesian statistics mainly refers (see, e.g., [3]) to strategies as func-
tions defined on A x £ instead of on L(€2) x £, where A is an algebra containing
L. For this, we restrict to these functions in the following subsection.

8.1. Conglomerability: a comparison of de Finetti and Dubins notions

Let A be an algebra containing a partition £ and denote Az = AN (L)*.

Starting from the the original work by Dubins [31], the term strategy is used
interchangeably both referring to previsions and to probabilities relying on the
context for a distinction. Here we use two different symbols x and ¢ to avoid
any misunderstanding.

In this case a strategy is any map o : A x £ — [0, 1] satisfying the following
conditions, for every H; € L:

(S1°) o(H;|H;) = 1;

(S2’) o(-|H;) is a finitely additive probability on .A.

Conditions (S1’) and (S2’) imply, for every F|H; € A X L,
o(F|H;) = o(F N H;|H;).

Previously, £-conglomerability has been introduced for previsions, even tho-
ugh historically the concept of L£-conglomerability was originally introduced by
de Finetti for probabilities [25].

A finitely additive probability P(-) on A is dF-L-conglomerable with respect
to a strategy o on A x L if the global assessment {P, o} is coherent and for
every F € A,

inf o(F|H;) < P(F) < sup o(F|H;). (8)
H;eL H,eL

As already acknowledged by Dubins in [31], dF-£-conglomerability is weaker
than Dubins’ notion of £-conglomerability for previsions, which, in the case of
probability, can be reformulated as follows, taking into account Remark 3.

A finitely additive probability P(-) on A is L-conglomerable with respect to
a strategy o on A x L if, for every FF € A and B € A,

©(B) (F|H;) < P(F N B) < n(B) sup o(F|H,), 9)

inf o
H;CB H;CB
where 7 = P| 4. Notice that, if the probability P(-) and the strategy o satisfy
(9), then {P, o} is automatically coherent by Corollary 2.6 in [5].
As follows by Theorem 1.6 in [3], if o(F|) is integrable with respect to
m, for every F' € A, then L-conglomerability with respect to o reduces to L-
disintegrability with respect to o, i.e., for every F' € A it holds

P(F) = /J(F|Hl-)7r(dHi). (10)



In other terms, the quoted theorem establishes that £-disintegrability of P(-) on
A with respect to a strategy o on A x L is equivalent to its £-conglomerability
with respect to o plus the integrability of o(F|-), for every F' € A, with respect
to .

It is well-known that a probability P(-) on A can fail dF-L-conglomerability
(see [25]) and so L-conglomerability, nevertheless, there are examples showing
that a P(-) can be dF-L-conglomerable but not £-conglomerable [4]. The issue
of non-dF-L-conglomerability is studied in depth in [50, 53], where it is stated
that a merely finitely additive probability admits a countable partition £ where
dF-L-conglomerability fails.

3.2. Disintegrability and Kolmogorovian conditioning

In order to highlight the relationship between Definition 3 and the Kol-
mogorovian notion of conditioning we recall the following definition due to [8].

Definition 5. Let B and D be o-algebras of subsets of Q@ with D C B and
P : B —[0,1] a countably additive probability. A conditional (probability)
distribution given D for P is a function R : Q2 x B — R satisfying the following
conditions:

(R1) R(:,B) is D-measurable, for every B € B;

(R2) P(BND) = [ R(w,B)1p(w)P(dw), for every B € B and D € D (where
the integral is of Lebesgue type).

A conditional distribution R given D for P is said regular if

(R3) R(w,-) is a countably additive probability on B, for every w € Q.
A regular conditional distribution R given D for P is said proper if
(R4) R(w,D) =1, for every w € D with D € D.

In the definition due to Kolmogorov [39] a conditional probability distribu-
tion is introduced via Radon-Nikodym derivatives as a function R(-, -) satisfying
conditions (R1)—(R2), while (R3) is proven to hold only almost surely. It is
well-known that for particular choices of B and D it can happen that no func-
tion R(-,-) satisfying (R1)—(R3) can exist [28], or, even if there are functions
satisfying (R1)—(R3), it can be that none of them satisfies (R4) [8, 9].

Theorem 1 in [8] states that if the o-algebra B is countably generated (i.e.,
it holds B = (G)? where G C B is countable) and the sub-c-algebra D is not
countably generated, then no proper regular conditional distribution given D
for P can exist. The result is independent of the choice of P. In particular, if
Q) is a Borel subset of R and B is the corresponding Borel o-algebra, then B is
countably generated, while, Corollary 4.5.10 in [55] implies that every proper
sub-og-algebra D of B containing the singletons is not countably generated. Thus,
for such Q, B and D, Theorem 1 in [8] implies that no proper regular conditional
distribution given D for P can exist (the case of Q = [0,1] and P equal to the
Lebesgue measure is studied in Theorem 1 in [29]).



Then, the notion of conditioning due to de Finetti-Dubins and that due
to Kolmogorov are not directly comparable in general. In order to make a
comparison we need to consider a function R(, -) satisfying (R1)—(R4) and take
an atomic sub-o-algebra D C B with set of atoms forming a partition £. Such a
function R(-,-) (if it exists) is consistent in the Kolmogorovian setting and gives
also rise, together with P, to a coherent conditional probability [4, 5]. Indeed,
conditions (R1)—(R4) imply that, for every B € B, R(-, B) is constant on the
elements of £, moreover, setting, for every B|H; € B x L, o(B|H;) = R(w, B)
for w € H;, we get a strategy o on B x L and the assessment { P, o} is a coherent
conditional probability.

Remark 4. Under the above requirements, condition (R2) reduces to impose
the L-disintegrability of P, i.e., for every B € B, P(B) can be recovered “aver-
aging” R(-, B) with respect to Pip. This highlights that disintegrability is fun-
damental in order to create a bridge between the two notions of conditioning.

Example 1. Let N = {1,2,...}, Q = (0,1] and consider the partition L =
{Hi = (%, 2%1] }ieN. Take B equal to the Borel o-algebra on Q and D = (L),
thus D s an atomic sub-o-algebra of B and has set of atoms L. Let P be the
Lebesgue measure on B and define R : Q) x B — R, for every B € BB, as

P(BN H;)

}2ﬁua13):: })(fh) )

for everyw € H; € L,

which is well-defined since, for everyi € N, P(H;) = QL We need to verify that
R is a proper regular conditional distribution given D for P.

Condition (R1). For every B € B, R(-, B) is bounded and constant on the
elements of L, so it can be identified with a function on L. Moreover, being D
a o-algebra generated by a countable partition L it holds D = (L) = (L)*, thus
R(-, B) is trivially D-measurable as (R(-, B) > t) € (L)*, for every t € R.

Condition (R2). For every B € B and D € D, it holds D = |, ; H; with
I C N, thus

P(BND) = P(BHUHZ) :P(U(BHHZ-)> => P(BNH,)

i€l icl icl

el

3 ( / R(w, B)1x, (@P(d@) _ / Rlw, B)1p(w)P(dw).
il

Condition (R3). For every w € ) there exists a unique H; € L such that
w € H;, so we have that R(w,-) = P;'&i’;) which is countably additive since P
s countably additive.

Condition (R4). For every w € D with D € D there exists a unique H; € L
such that w € H; which is such that H; C D, and this implies

_ P(DNH) P(H)
R, D) = P(H;) — P(H;) 8

10



Since R is a proper reqular conditional distribution given D for P, then
setting, for every B|H; € BxL, o(B|H;) = R(w, B) forw € H;, we get a strategy
o on B x L and the assessment {P,o} is a coherent conditional probability.
Moreover, P can be recovered through L-disintegrability using the restriction
7 = Pp as, for every B € B, it holds

P(B) = / R(w, B)r(dw) = / o(B|H;)m(dH,).

3.3. Walley’s coherent conditional lower previsions

The notion of conditioning for lower previsions due to Walley relies on a
partition £ = {H;};er of ©, which is assumed to be fixed.

A lower conditional prevision in the sense of Walley [62] is a set of real
functions {k(-|H;) : H; € L} each one defined on L(2) that can be globally
regarded as a function x(-|-) on L(£2) x £. The function £(-|-) is said separately
coherent if for every H; € L:

(W1) s(1p[Hi) =1;
(W2) k(-|H;) is a lower prevision on L(2).

It can be easily seen that, if (-|H;) reduces to a prevision for every H; € L,
then a separately coherent lower conditional prevision exactly coincides with
the notion of strategy introduced in the beginning of Section 3. In what follows,
k is always assumed to be separately coherent.

Consider now a lower prevision P(-) on L(€2). Walley defines the pair {P, s}
to be W-coherent! if and only if both the following conditions hold

(GBR) P(1y,(X — k(X|H;))) =0, for every X € L(Q2) and H; € L;

(CNG) P > (1g,(X —k(X|H)))) | =0.
H;eL

The condition (GBR) is said Generalized Bayesian Rule, while condition (CNG)

is a form of L-conglomerability for lower conditional previsions.

In the particular case k(-|H;) reduces to a prevision for every H; € L, and
so we write k in place of k, then the pair {P, x} is W-coherent [62] if and only
if, for every X € L(Q),

P(X) = P(s(X|L)), (1)

where £(X|L) is the random quantity defined as (X |£)(w) = x(X|H;) for every
weH; el

1Here, W-coherence stands for Walley coherence and not for Williams coherence as in other
papers on the topic.
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Moreover, if also P(-) is a prevision on L(2), and so we write P in place
of P, then the pair {P,x} is W-coherent if and only if, denoting with 7 the
restriction of P on (£)*,

P(X) = P(:(X|C)) = [ n(X|O)@)r(dw) = [w(XH)r(@H),  (12)

that is if and only if P(-) is £-disintegrable (or, equivalently, £-conglomerable)
in the sense of Dubins with respect to k.

For further recent references concerning W-coherence and related topics in-
volving conglomerability, see [29, 42, 43, 44].

4. Coherent extensions of a strategy and a prior probability

The notion of conglomerability taken into account from now on is always
the one of Dubins restricted to events, according to formula (9).

Let £ = {H;}icr and € = {E}} e be two partitions of , with I, J arbitrary
index sets, and consider the algebras A,z and Ag such that (£) C A, C (£)* and
(&) C Ag C (&)*. Consider an algebra A such that (4,UAg) C A C (A UAg)*.
The partitions £ and &£ play the roles of the sets of mutually exclusive and
exhaustive “hypotheses” and “evidences” in the Bayesian jargon, respectively.

The generality of the above formulation is twofold: (3) it is possible to take
o-algebras in a way to cover classical Bayesian analysis situations without losing
the mathematical generality needed, for example, in game theory or economical
applications; (ii) it allows to consider complete atomic algebras in a way to
remove measurability restrictions. Notice that the events of the partitions £
and £ (and so the corresponding algebras) can be linked by logical relations.

In the standard Bayesian setting, a prior probability 7 is assessed on the
algebra A, and a strategy o is given on A x £, whose restriction A = 04, x ¢, is
usually referred to as statistical model [3, 57]. Being the restriction of a strategy,
A is such that, for every H; € L:

(L1) M(B|H;) =0if BN H; = ¢ and AB|H;) = 1if BN H; = H;, for every
Be .Ag;

(L2) A(-|H;) is a finitely additive probability on Ag.

The previous properties (L1) and (L2) are an immediate inheritance of the
definition of strategy and, actually, completely characterize a statistical model
A on Ag x L, in the sense that they guarantee its extendibility to a strategy on
Ax L.

In general, given a statistical model X there can exist possibly infinite strate-
gies extending it to A x L. Nevertheless, in the case A = (A UAg), a statistical
model A extends uniquely to a strategy o on A x L as proven in the following
proposition.

Proposition 1. Let A be a statistical model on Ag X L and A = (A U Ag),
then there exists a unique strategy o on A x L such that o), <z = A

12



Proof. Every F € Ais such that F = J_, 2, As,, with A, € Az U Ag. For
H; € L it holds

m ng
FNH; = <U ﬂA5t> NH; = U ((ﬂAst> mH)
s=11=1 t=1

Define the index set S = {s € {1,...,m} : (N2, 4s,) N H; # 0}, and for
each s € S define the index set T, = {t € {1,...,ns} : As, € Ag}. This implies
that the event Fpy, = U, cg( ez, As, belongs to Ag and is such that F'N H; =
Fg, N H;, where Fg, = if S = and ﬂteTs A, =0if Ts = 0.

Let o be a strategy extending on A x L the statistical model A defined on
Ag x L. For F|H; € A x L it must be o(F|H;) = o(F N H;|H;) = o(Fg, N
H;|H;) = o(Fy,|H;) = \(Fy,|H;), i.e., o is uniquely determined by . O

A finitely additive probability P : A — [0,1] is said a joint probability con-
sistent with {m, o} if ]5| 4, =7 and {P,c} is a coherent conditional probability
on G = A x ({2} UL). The joint probability on A consistent with {m, o} is
generally not unique, so, a first aim is to characterize the whole set of consistent
joint probabilities PJ = {P(-)}, which is a non-empty convex compact subset
of [0,1]# endowed with the product topology, whose envelopes are P} = min Pi
and P’ = max PI.

Among the joint probabilities in 3 we can focus on those meeting some
analytical properties such as £-conglomerability and £-disintegrability with re-
spect to 0. When the function o(F|-) is Stieltjes integrable with respect to m,
for every F' € A (see [3, 31, 48]), the function P34 defined, for every F € A, as

PH(F) = / (F|H,)x(dH,),

belongs to PJ and is L-disintegrable (with respect to o). However, as claimed in
[3], this is just one of the possible joint probabilities on A consistent with {7, c}.
We refer to this particular element of P as L-disintegrable joint probability.

Denote with P3¢ C PJ the subset of L-conglomerable (with respect to o)
joint probabilities on A consistent with {m, o}, whose topological structure is
investigated in the following result.

Theorem 2. The set P3¢ is a non-empty convex compact subset of [0,1]* en-
dowed with the product topology.

Proof. We first prove that P3¢ is not empty. For every F' € A, o(F|-) is trivially
a (L)*-continuous function on L. Let P, be the core of the inner measure m,
induced by 7 on (£)*, defined as in (2). For every & € P, , define the function
P setting for every F € A

P(F) = / o (F|H, )7 (dH)),

which is a finitely additive joint probability on A consistent with {m,o}. Let
B = (AU(L)*) and p be any strategy on B x L extending o. For every @ € Py,
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the assessment {7, p} is coherent and p(F|) is trivially (£)*-continuous, for
every F € B. So, the £-disintegrable joint probability Pid on B consistent with
{7, p} is an extension of P and is also £-conglomerable. In turn, this implies P
belongs to PI¢ and so PI¢ is not empty.

To prove Pi° is compact, it is sufficient to consider a net (]Sa)a in pic
converging pointwise to P. The compactness of PJ implies that P is an element
of PJ, moreover, since the pointwise limits of nets preserve non-strict inequalities
and both 7 and o are fixed, it follows that, for every F € A and B € A,

7(B) inf o(F|H;) < P(FNB)<m(B) sup o(F|H,),
H;,CB H;,CB

which implies that P is also an element of Pi¢ and the claim follows. Convexity
of Pi€ is trivial. O

Let P9 = min P, P’ = max Pi, P¥ = minPic and P’ = max P, be the
envelopes of the sets P and P3¢, respectively. Notice that when the function
o(F|) is Stieltjes integrable with respect to 7, for every F' € A, the class P¥¢
collapses in the singleton { P34} and so we have Pi¢ = P° = pid, '

The following theorem provides a characterization of the lower envelopes P!
and P°.

Theorem 3. For any finitely additive prior probability m on Az and strategy o
on A x L, the following statements hold:

(i) the lower envelope Pl s such that, for every F € A, it holds

n

PNF)= sup > o(F|H;,)n(H;,)+ > (B,
LFCAL | p=1 BiCF

where L7 = {H;, }n_, U{By},_, C A is a finite partition of ;
(ii) the lower envelope Pi€ is such that, for every F € A, it holds

PI(F) = Fo(FlHom. (08)

where T, s the inner measure induced by m of (L)*.

Proof. Condition (). The proof is trivial if £ is finite. Thus suppose card £ > Rg
and let G = (Az x {Q})U(A x £). By Theorem 1, for every F € A, the interval
of coherent extensions Iy = [PY(F), P’ (F)] can be computed in terms of finite
subfamilies of G. Since for every F; C Fo C G with card Fo < Ny one has
ijl (F) < ij? (F), we can restrict to finite subfamilies of G containing a set
of the form (L7 x {Q}) U ({F} x {H;, }7_,), where £5 = {H;, }7_, U{Bx},_,
is a finite partition of Q contained in A,. Indeed, every finite subfamily can be
suitably enlarged in order to contain a set of this form. For such a set F we have

ij(F) =>_,o(F|H;,)n(H,;,) + >_p,cr T(B) and so the thesis follows.
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Condition (ii). For every F € A, o(F|-) is trivially a (£)*-continuous func-
tion on L. Let P, be the core of the inner measure 7, induced by 7 on (L£)*,
defined as in (2). By the proof of Theorem 2 and Proposition 3 in [51], for every
F € A, the lower envelope of the set PI€ is given by

Pie(F) = min{/a(F|Hi)7~T(dHi) = Pﬂ*} = }[U(F|Hi)7r*(dHi).

O

If £ is countable and 7 is countably additive on Ay, then for every F € A
it holds PI(F) = PI°(F) = PY(F) = 3°, o(F|H;)n(H,;), i.e., P! is a finitely
additive probability on A, moreover, if o(-|H;) is countably additive on A for
every H; € L, then P is countably additive. On the contrary, if card £ >
N, then the countable additivity of m does not imply the unicity of the joint
probability in PJ as showed by the following example. The same example also
shows that the lower bounds PI and P do not generally coincide.

Example 2. Let Q =[0,1] x {1,2} and define H; = {i} x {1,2}, fori € [0,1],
and E; = [0,1] x {j}, for j =1,2. Thus it holds H;NE; # 0, for everyi,j. Let
L ={Hi}icjo,1), € = {E1, B2}, and take A isomorphic to the Borel o-algebra
on [0,1], Ae = (£), A= (A UAg). Let  on Ar be the Lebesgue measure on
[0, 1].

By the well-known construction of a non-measurable subset of [0,1] due to
Vitali, for every e € (0,1), it is possible to find a non-measurable subset of
[0,1] with inner Lebesque measure 0 and outer Lebesque measure €. Let V;
be an element of (L)* isomorphic to the above Vitali set, for which one has
7. (VE) = 1—e. The corresponding indicator 1y can be identified with a function
on L with values in {0, 1} which is (L)*-continuous.

Constider the statistical model X\ on Ag x L such that, for i € [0,1], A(-|H;)
is a probability on Ag such that

/\(E1|HZ) = 1V€c (Hz) and )\(E2|Hl) =1- /\(E1|HZ)

By Proposition 1 the statistical model A\ extends uniquely to a strategy o on
Ax L.

For every finite partition L7 = {H;, }2_, U {By},_, contained in A it
holds o(E;|H;, )m(H;,) =0, for h =1,...,n. Furthermore, fork=1,...,t and
Jj = 1,2, it holds O # E; N By, # Ej, thus by Theorem 3 we have Bj(Ej) =0
and P (E;) =1 for j =1,2.

On the converse, Theorem 8 implies

BjC(El) = %O’(EHHZ)TF*(dHl) = %1\/: (Hl)ﬂ'*(dHl)
= 1 (V) =1-—€e>0=DP(E).

Except for the trivial case where o(F|-) is Stieltjes integrable with respect
to m, for every F € A, it is well-known (see, e.g., [25, 50]) that there are joint
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probabilities consistent with {m, o} that are not dF-L-conglomerable, thus they
are neither L£-conglomerable: this implies that the inclusion Pic C P can be
strict. When £ is finite obviously P3¢ = PJ. The following example shows that
under particular choices of m and o, and the related algebras, it can happen
Pic = Pi even for an infinite £ and a finitely additive, but not countably
additive, prior probability .

Example 3. Let Q@ = N x {1,2}, £ = {H;}ien and € = {E1, Ex} with H; =
{i} x{1,2} and E; = Nx{j}, for every i, j. Thus it holds H;NE; # 0, for every
i,j. Take Az = (L), Ag = (&) and A = (A U Ag), thus A is isomorphic
to the algebra of finite-cofinite subsets of N. Consider the finitely additive prior
probability defined for K € A, as

oK) = 0 ifK:_UiGIKHi and card I'x < Ny,
1  otherwise,

and the statistical model on Ag x L singled out for i € N by

1 ifi is even,

)\(E1|HZ) = { 0 otherwise, and )\(E2|Hl) =1- )\(E1|HZ),

which extends uniquely to a strategy o on A x L by Proposition 1.

Notice that o(E1|H;) = 14(H;) and o(Ea|H;) = 14 (H;) with A =, oy Hai,
thus none of them is Stieltjes integrable with respect to m which is defined on
Ar. However, since A belongs to (L)* the corresponding indicator 14 can be
identified with a function on L with values in {0, 1} which is (L)*-continuous.

It holds

Pie(By) - f Ly (). (dH,) = 7. (4) = 0,

and an analogous computation shows PI(Ey) = 0, thus P’ (Ey) = 1—P¥(E,) =
1. In turn, since P3 < P¥¢ < P° < T’], it holds Bj(Ej) =0 and T’](EJ) =1,
for j = 1,2, so we obtain the same bounds for E;, for j = 1,2, determined by
the whole set of joint probabilities consistent with {m,c}.

Actually, simple computations show that every joint probability in P3 is L-
conglomerable, i.e., PI¢ =PI, so the envelopes (trivially) coincide on the whole
A. To see this, let P € Pi. We need to show that for every F € A and every
B e A, P satisfies condition (9).

If B = ;¢ Hi with card Ip < No, then w(B) = 0 which implies P(FNB) =
0 since P extends m, thus (9) holds.

Hence, suppose B = |J;c;, Hi with card Ip = Ro, which implies 7(B) = 1,
from which condition (9) reduces to inf o(F|H;) < P(FNB) < sup o(F|H;).

H;CB H;CB
Case (a). If F' € Ag with F' = J;¢;, Hi we distinguish two sub-cases.
Case (a.1). Ifcard Ir < Ry, then P(FNB) = 7(FNB) = 0 = Jnfo(F|H;),

since there exists i € I\ Ir such that o(F|H;) = o(F N H;|H;) = o(0|H;) = 0,
thus (9) holds.
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Case (a.2). Ifcard Ip = Ng, then P(FNB) = n(FNB) =1 = sup o(F|H;),
H,C

since there exists i € IgNIp such that o(F|H;) = o(FNH;|H;) = O'(H |H;) =1,
thus (9) holds.

Case (b). If F € Ag \ A, then the conclusion follows by the fact that
P\(E;) = Pi°(E;) and P (E;) = P°(E;), for j = 1,2.

Case (¢). If F € A\ (.AL UAg), since A= (Az U Ag), then by the proof of
Proposition 1, for every i € N, there exists Fr, € Ag such that F N H; = Fy, N
H;. This implies that o(F|H;) = X( H;), fori €N, and so o(F|-) ranges in
{0,1}. Moreover, we have FN B = |J Fy, N H;). Since I};lch o(F|H;) <

iEIB(
sup o(F|H;), we distinguish the following three sub-cases.
H,CB

Case (c.1). If inf o(F|H;) =0 and sup o(F|H;) =1 then the conclusion

H,CB H,CB

is trivial.

Case (c.2). If mf o(F|H;) = sup o(F|H;) = 1, then for every even

H,CB

1 € Ig it holds Fy C FH , and for every odd i € Ip it holds By C Fyy,. Let
IL={i€lg: By =Fu} and I3 ={i € Ip : By = Fg,}. Since Az = (L),
Ag = (€) and A= (A UAg) = (LUE), then card [}, < Ry and card I3 < No,
so, card (Ig \ (I U I3)) = Ng and, fori € Iz \ (I5UI3), Fy, = Q. Finally,
since FN B = ¢, (Fu, N H;) = UiGI}BUI% (Fg, N H;) U UieIB\(I}gUI?B) H; we

have 1 =7 (U,IGIB\(Il UI2) H) < P(F N B) and the conclusion follows.
Case (c.3). If 1nf o(F|H;) = sup o(F|H;) = 0, then for every even
H,CB
1 € Ip it holds FH, C Es, and for every odd i € Ip it holds Fr, C E.

Let I, = {i € I : Fy, = Ex} and I3 = {i € Ip : Fy, = E1}. Since
A = (L), Ag = (€) and A = (Ag UAg> = (LUE), then card [}, < Ry and
card I3 < R, so, card (I \ (I U I%)) = Vg and, for i € Ip\ (I5 U I3),
Fg, = 0. Finally, since F' N B = U;cp, (Fu, N H;) = Uiel}gu%(FHi N H;) we

have 0 = 7 (Uiel}gulg Hl) > P(F N B) and the conclusion follows.

Let us stress that P3¢ is generally not 2-monotone, as shown in the following
example.

Example 4. Let Q@ = N x {1,2,374}, L= {Hi}iEN and £ = {El,E27E37E4}
with H; = {i} x {1,2,3,4} and E; = N x {j}, for every i,j. This implies
H,NE; #0, for every i,j. Consider Az = (L), Ae = (£), A= (A UAg) and
take the statistical model on Ag x L such that for i odd

1

and for i even

1
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which extends uniquely to a strategy o on A X L by Proposition 1. Consider the
events A= FE{UFEy and B = E5 U E3.
Taking the finitely additive prior probability defined for K € Az as

m(K) = { 0 if K :‘UieIK H; and card I'x < Ny,
1 otherwise,

it is easily seen that PY(A) = PI(B) = 3 PI(AUB) = & and P’*(ANB) =0,
thus P¥(AU B) < PI(A) 4+ P(B) — P¥(AN B), so 2-monotonicity fails.

Remark 5. The previous results, in particular Theorem 3, are related to the
literature on Walley’s lower (conditional) previsions and to the ensuing notion of
conglomerability (condition (CNG)) and W-coherence recalled in Subsection 3.3
(see [62]).

Consider the pair {P% o}, where P3¢ is the lower L-conglomerable joint
probability characterized in Theorem 3, corresponding to the prior probability ™
and the strategy o. Since o is coherent (in the sense of de Finetti- Williams) then
it can be extended, generally not in a unique way, to a strategy k on L(Q) X L by
Theorem 1. Moreover, considering the inner measure m, induced by m on (L)*
and defining, for every X € L(Q),

Pe(X) = ¢I€(X|Hi)7r* (dH;),

we get a lower prevision on L(Q) extending P3. In particular, for every X €
L(Q), defining k(X|L)(w) = k(X|H;) for every w € H; € L, we get a separately
coherent conditional prevision in the sense of Walley.

Simple computations show that, for every X € L(Q),

BI(X) = (X Hoym (AH:) = (e (X 0) Ho)m, (dH) = B(s(X]0)),

thus {PI° K} is W-coherent (see Section 6.5.5 in [62]). Hence, the pair { P3¢, o}
reveals to be a restriction of a W-coherent pair {P3, k}. This highlights a con-
nection with Walley’s theory. Let us stress that the previous construction holds
for every strategy k extending o on L(€2) x L.

For the construction above it is crucial to select a strateqy k, i.e., a lin-
ear separately coherent lower conditional prevision extending o (in the sense of
Walley). On the other hand, in order to deal with Walley’s marginal exten-
sion problem of {mw, o} (see Section 6.7 of [62]) one needs to look for a mini-
mal separately coherent lower conditional prevision k on L(Q) x L extending o
and a minimal lower prevision R(-) on L(Q) extending m such that {R,k} is
W-coherent. Thus, {ch, K} is not necessarily a solution of Walley’s marginal
extension problem of {m,o}.

Notice that in our setting we are taking a lower envelope of L-conglomerable
“precise” models and the conglomerability of the resulting lower envelope fol-
lows since k is a fized linear separately coherent lower conditional prevision.
Hence, the approach differs from the one proposed in [62] where, working with
a separately coherent lower conditional prevision K, a suitable conglomerability
condition is asked directly on the lower envelope.

18



4.1. Full conditional probability extensions
Consider the set

Q=1{Q : Qisafcp. on Aextending {r,0c}},

which is a non-empty compact subset of [0,1]**4 endowed with the product

topology, whose lower and upper envelopes are Q = min Q and @Q = max Q.

Note that it holds P} = Q4 oy 2d P =Qaxqay-

We provide a characterization of @ relying on P, P and the functions L}
and UJ defined for F € A and K € A° as

LD(FK) = min{P(FmK) : PEPJ,P(FCOK):P](FCQK)},

Ul(F, K) maX{P(FmK) : ﬁePJ’,P(FCmK):BJ(FCmK)},

for which it holds PY(FNK) < [A(F,K) < U(F,K) < T’](Fﬂ K).
The following theorem generalizes Theorem 7 in [16], in which £ is assumed
to be finite and A = (A U Ag).

Theorem 4. The lower envelope Q(-|-) is such that, for every F|K € Ax A°,
Q(F|K)=1when FNK = K, and if FNK # K, then:

(i) if PS(K) >0, then

Q(F|K):min{ PI(FNK) Li(F,K) };

PUF O EK) + UN(F, K) Li(F, K) + P'(F° 0 K)
(i) if PY(K) =0, then

min ZERHD i 29 = 1 card I <y
iel]

QFIK) = and o(K|H;) > 0 for allie]lFlK,
0 otherwise,

where T = (i eI : FNFNK #0 4 H,NF°NK} and IF' = {i e
I: HNFNK=0£H,NF°'NK}.

Proof. The statement is trivial if F'N K = K since in this case Q(F|K) =1 for
every () € Q, for this suppose FN K # K. :

To prove condition (i), suppose P’(K) > 0, which implies P(K) > 0 for
every P € P, and so Q(F|K) = min{ﬁ(Fm;()igng) : Pe Pj}. The con-
clusion follows since the real function —%- is increasing in x and decreasing

T+y
. .. . . . PI(FNK)
in y, so the minimum is attained in correspondence of BIFNR) 103 (Fe. )

L3 (F,K)
Li(F,K)+P (FenK) '

or
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To prove condition (i), let G = (A x {Q2})U(Ax £) and assume PY(K) = 0.
By Theorem 1, for every F|K € A x AY the interval of coherent extensions
Irix = [Q(F|K), Q(F|K)] can be computed in terms of finite subfamilies of G.

Since for every Fi C F» C G and card F» < Ry one has Q”* (FIK) <
Q”*(F|K), for arbitrary I}, C I'1% with card I/, < Ro, k = 1,2, and I' = I, U I},
we can restrict to finite subfamilies containing (£7 x {Q})U(Cyr rxy X {Hi}Yier),
where £5 = {H;}icpr U {By},_, is a finite partition of  contained in A, and
Cirry = {An}j,, with m < 4, is the set of atoms of the algebra generated
by {F, K}. Indeed, every finite subfamily can be suitably enlarged in order to
contain a set of this form.

For such a finite subfamily F, let Cx = {C1,...,C;,} be the set of atoms of
the algebra generated by £7 U Cir Kk}

Let C; = {C, € Cr : P¥(C,) = 0}. As described in [12] (see also [20]) the
lower bound Q7 (F|K) can be explicitly computed by solving the optimization
problem with non-negative unknowns z. for C, € C,

r
C,CFNK

minimize E xl

xl =o(AL|H;) - ( Sooal) if o(K|H;) >0 and n(H;) =0
and ¢ € I’ and C.=A,NH, e Cl,
STozl=1.

C,.CK

Denote with &, whose r-th component is £!, a solution of the previous system.

If Ig‘K # (), we can restrict to finite subfamilies having I} # §. In this

case, the previous system has always a solution such that > ¢! = 0 and
C,CFNK

¢! =1, which implies Q7 (F|K) = 0. Since every finite subfamily can
C.CFenK -
be suitably enlarged to a finite subfamily having I} # (), then Q(F|K) = 0.

1f 17 = 0, in order to be F N K # K, it must be I1 X % ) so we fall in
the previous case. Hence, assume If‘K #0= IfIK.
If If‘K # () and card IflK > Ny, we can restrict to finite subfamilies hav-

ing I{ # 0, for which the previous system has always a solution such that
S ¢gl=0and Y ¢ =1, which implies Q7 (F|K) = 0. Since every
C,CFNK C,.CFenK
finite subfamily can be suitably enlarged to a finite subfamily having I # 0,
then Q(F|K) = 0.
Finally, if If‘K # () and card If‘K < Ny, we can restrict to finite sub-

families having I = If 'K for which the minimum of the previous optimiza-
tion problem is easily seen to be 0 if there is ¢ € I such that o(K|H;) = 0.
Otherwise, the minimum is achieved in correspondence of those solutions such
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that Y & =1fori € IFlK that implies > ¢ = WKL)

C,CENH, c,ciaknm, )
. _ JFIK F . o(FOK|H)) .
fori € I} ', and then Q" (F|K) = eHIl}Vr‘lK ~o(RTH,) - Since every finite sub-

family can be suitably enlarged to a finite subfamily having I] = I; F‘K then

Q(F|K) = Inll:I‘lK % ifo(K|H;) > 0forallie I FIK and 0 otherwise. O
T i€l

The following example, inspired by Example 2.1 in [46], shows an application
of the previous theorem related to Bayesian inference.

Example 5. Consider a finite population of unknown size and let © be the
random relative frequency of a characteristic under study. For the range of ©
it is “natural” to assume © =[0,1]1NQ, solet L={Hy=(© =10) : § € O},
and Ap = (L)*.

Assign a uniform distribution to ©, specifying a prior probability m on Ag
such that 71(© € [0,0] N O) = 0, for § € ©. The probability 7 is only finitely
additive since, for 0 € ©, (0 =0) =, oy (© € (0 —1,0]NO), thus 7(© =
0) = limner(Q € (- %,0] Ne) =0.

Draw a sample with replacement of size n from the population, and let X be
the number of individuals showing the characteristic under study, whose range is
X =H{0,...,n}. Let E={E, = (X =) : € X} for which it holds Hy C Ej,
Hy CE,, and HHNE, #  for 6 € ®\ {0,1} and z € X. Take Ac = (&)
and let X be the statistical model on Ag x L such that A(X = z|© =0) =1 for
z =0 and 0 otherwise, A(X = z|® = 1) =1 for x =n and 0 otherwise, and for
e ®\{0,1} and z € X,

X = 2|0 = ) = (Z)em —o),

which uniquely extends to a strategy o on A x L, where A = (Ag U Ag), b
Proposition 1.
Then, consider the conditional event A|B with A = (X = n) and B =

(©e{fi=1,...,9}). We have P¥(B) = n(B) = 0, [A\B _ I;F\B .y

and IA‘B = AclB ={& :i=1,...,9}. Since it holds o (B|© = 15) = 1,
fori=1,...,9, it follows Q(A|B) ( 0) , Q(A°|B) = 1 — (19—0)”, and so
Q(AB) = (1—90)”, which implies that the coherent probability values of A|B

range in [(55)", (35)"]-

Consider A|C with C = (0 € {3+ 1 :
0, 'Y = 119 =0, and ' = "9 = {141 :i>2}, so it holds
(A|C) (AC|C) = whzch implies that the coherent probability values of
A|C range in [0,1].

Take D|E with D = (X =1,0 ¢ {3,3}) and E = (X —1@5:‘{2,3)
(X =2,0¢ {3}). By Theorem 3 it follows PI(E) = 0, moreover, smce[ E
0, 177 = {1} and 17" = 1PVF = @\ {0,1,1,1}, it holds Q(D|E) =

1> 2}). We have PiC)=n(C) =
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Q(D°|E) = 0 which implies that the coherent probability values of D|E range in
[0, 1].

For every P € Pi¢, the assessment {15,0} is coherent, thus it can be ex-
tended to a full conditional probability on A which is called L-conglomerable
full conditional probability on .A:

Definition 6. A full conditional probability Q(-|-) on A extending {m, o} is
L-conglomerable if, for every F' € A and every B € A, it holds

m(B) (F|H;) < Q(F N B|Q) < w(B) sup o(F|H,). (13)

inf o
H;CB H,CB

In the case o(F|-) is Stieltjes integrable with respect to =, for every F' € A,
then a L-conglomerable Q(-|-) can be expressed, for every F € A, as

Q(F|) = / o (F|H;)m(dH,), (14)

and is said L-disintegrable. In particular, this happens if o (F|-) is Az-continuous
for every F € A.
Consider the set

Q° ={Q : Q is a L-conglomerable f.c.p. extending {r,0o}},
whose topological structure is an immediate consequence of coherence and The-

orem 2.

Ax A°

Corollary 1. The set Q° is a non-empty compact subset of [0, 1] endowed

with the product topology.
Let QC = min Q° and @C = max Q° be the envelopes of the set Q¢. Notice
jic _ e —lc  =¢
that P¢=QF, o) and P = Q|4 qay- |
The next result provides a characterization of Q° relying on pie, P’ and
the functions I3¢ and UJ® defined for F € A and K € A° as

[(F,K) = min {P(FnK) . P e P P(Fe N K) :T?iC(FCﬂK)},

Us(F, K)

max {P(F NK): Pe Pl P(F°NK) = PFeN K)} ,

for which it holds PI(F N K) < L)°(F, K) < U(F, K) < P°(F N K).

Theorem 5. The lower envelope Q°(-|-) is such that, for every F|K € Ax A°,
Q°(FIK) =1 when FNK = K, and if FNK # K, then:

(i) if P(K) > 0, then

Q°(F|K) = min { EX(F 0 K) LA K) } ;

PE(FNK)+ Ue(Fe,K)’ Lie(F,K) + P°(F° N K)
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(ii) if PY(K) = 0, then Q°(F|K) = Q(F|K) as defined in condition (i) of
Theorem 4. o B
Proof. f F N K = K, then by Theorem 4, Q(F|K) = 1 implies Q°(F|K) = 1.
If FN K # K, the proof of condition (i) goes along the same line of the proof
of condition (i) of Theorem 4 by replacing P3 with P¥¢. For condition (i), if
PI(K) = 0 then PI(K) = 0, moreover, Q°(-|K) > Q(-|K). By coherence we

have that BfA,; = TﬂiAL = 7, moreover, for every F' € A and H; € L, it holds
PYFAH,) = P (FNH;) = o(F|H;)r(H,), thus every finitely additive probabil-

ity P on A such that Pi¢ < P < e belongs to PI€. Since L-conglomerability
does not affect the conditional probability of conditional events F|K’s with
null joint probability on K, the proof goes along the same line of the proof
of condition (i) of Theorem 4, taking P3¢ in place of P3. This shows that

Q°(|K) = Q(|K). O

Theorem 5 shows that restricting to the subset Q¢ of L-conglomerable full
conditional probabilities extending {m,c}, its lower envelope Q¢ inherits the
L-conglomerability constraint imposed on the elements of Q°, only in corre-
spondence of those conditional events F'|K’s whose conditioning event K has
positive lower L-conglomerable joint probability. On the converse, the lower
envelope Q¢ is determined just by coherence on the conditional events with
conditioning event having zero lower L-coglomerable joint probability, as fol-
lows by condition (i) of Theorem 5.

If o(F|) is Stieltjes integrable with respect to =, for every F' € A, then
condition (i) of Theorem 5, reduces to

Pi(F N K)

QC(F|K) = PJd(K)

In particular, under the assumption of a ¢ such that o(F|-) is Stieltjes inte-
grable with respect to m, for every F' € A, the previous Theorem 5 generalizes
Theorem 8 in [16], in which & is assumed to be finite and A = (A, U Ag).

A simplification of condition (i) of Theorem 5 is obtained also in the case the
functions on £ defined as X() = o(FNH|-)and (1-Y()) = (1 —o(F°NH|))
are comonotonic (see, e.g., [27]), i.e., for every Hy, Hy € L,

(X (Hp) = X(Hy)] - [(1 = Y(Hp)) = (1 =Y (Hy))] =0, (15)

as shown by the following proposition. In particular, this happens for all con-
ditional events in Az x AY related to “posterior probabilities”.

Proposition 2. For every F|K € Ax A° such that FNK # K and P¥(K) > 0,
if X()=c(FNH])and (1 -Y(-))=(1—0o(F°n H|)) are comonotonic then

P(FNK)
P(FNK)+P(FenK)

QYFIK) =
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Proof. Consider the core P, of the inner measure 7, induced by 7 on (£)*,
defined as in (2), and define 7*(A) = 1 — m.(A4°), for every A € (L£)*. By
Proposition 6.26 in [58] there exibts 7~r 6 777,* such that fX )T (dH;) =
¢X(H;)m(dH;) and [(1 — Y (H,))7 = ¢(1 - m(dH) Thus,
since f 1- H))fr(dHl) =1- fY (dH ) and g? 1 — Y (H;))m(dH;) =
1—¢Y (H;)m*(dH;), it follows ﬁY(Hi)w*(dHi) = [Y(H;)7(dH;). This implies

BJC(F NK) = %X(Hi)ﬂ*(dHi) = /X(Hi)ﬁ'(dHi) = ch(F7 K),
PP NK) = %Y(Hi)w*(dHi) :/Y(Hi)fr(dH,») = U (F°, K),
and the conclusion follows. O
Example 6 (Example 5 continued). Smce i °(B) = P3(C) =0, then by con-

dition (ii) of Theorem 5, Q(A|B) = Q°(A|B), Q(A|B) = @C(A\B) Q(AIC) =
Q°(AIC), Q(AIC) = Q" (4]C).

Since Az = (L)*, we have that PI(E) = P)(E) = [ o(E|Hg)m(dH )
ﬁandPJC(DﬂE)—PJdDﬂE Jo (DﬂE|H9)( 0) = i1, thu
Q°(DIE) = Q"(D|E) =

5. Conditionally £-conglomerable extensions

The L-conglomerability property expressed by formula (9) amounts to im-
posing a set of constraints on a joint probability P(-) on A involving a strategy
o. In turn, such property constrains also the conditional probability of those
conditional events F|K € A x A° such that P(K) > 0. In other terms, if
Q(+]-) is a full conditional probability on A extending {P,c}, then the value
of Q(F|K) is constrained by L-conglomerability when P(K) > 0, but it is not
when P(K) = 0, as shown in the following example.

Example 7. Let Q =N, A= p(N), L = {H; = {2i—1,2i}};en and Az = (L)*.
Consider the countably additive joint probability P(-) on A such that, fori € N,

P({2i—1}) = Ql and P({2i}) =0,

and denote m = P 4, .
Since P(H;) > 0 for every H; € L, the only strategy o on A x L coherent
with P(-) is defined, for every F|H; € A x L, as

(FI) P(F N H,)) 1 if(2i—1)€F,
g i) = =
P(H;) 0 otherwise,

and, for every F € A, o(F|) is (trivially) an Ag-continuous function on L.
Simple computations show that P(F) = 3\ p P({i}) = [o(F|H;)n(dH;),
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which implies that P(-) is L-disintegrable (or, equivalently, L-conglomerable)
with respect to o.

Since {P,c} is coherent, then it can be extended (not in a unique way) to a
full conditional probability on A. Denote E = {2i : i € N}, D = {4i : i € N}
and let Up be a non-principal ultrafilter on (E) containing D, whose existence
follows by Zorn’s lemma. Notice that, for every K € A%, P(K) = 0 if and only
ifKCE.

Let 1 be the finitely additive measure defined on ©(E) such that, for every
A€ p(E), u(A) =1 if A€ Up and 0 otherwise. Let v be the countably additive
measure defined on o(E) such that, for i € N, v({2i}) = . Finally, let v be
the finitely additive measure on p(E) defined as v = %,u + sv, which is strictly
positive on p(E)° and such that y(E) = 1.

Let Q(-|) be the function defined, for every F|K € A x A°, as

PUCK) i P(K) > 0 (ice., if K € p(N)\ p(E)),
QUEIK) =3

0 otherwise.

It is easy to verify that Q(:|-) is a full conditional probability on A extending
{P,c}, and so {m,o}. In particular, Q(-|-) is a L-disintegrable full conditional
probability extending {m,o}, according to Definition 6.

For every FIK € A x A° such that P(K) > 0, considering the bounded

finitely additive measure wg on Ap such that T = P(”K) we have

P(FNK)

QUFIK) = — 5

i.e., also the conditional probability Q(F|K) is constrained by L-disintegrability.

Nevertheless, since P(E) =0 and D C E, it holds that Q(D|E) = (D) = 2,
moreover, o(D|H;) = 0 for every H; € L. This implies that the conditional
probability Q(D|E) is not constrained by L-disintegrability, and even more, no
form of L-disintegrability can hold for Q(D|E) since for every bounded finitely
additive measure T on Ay it holds

Q(D|E) = ; #0= /U(D|Hi)T(dHi).

The previous situation happens, in particular, for all those K € .AOL such
that 7(K) = 0, thus, starting from the above considerations, the goal is to
provide a reinforcement of the conglomerability condition asking it to hold for
all FIK € A x A% and to study its effect on the envelopes of the set of full
conditional probabilities extending {7, c}.

Definition 7. A full conditional probability Q(-|-) on A extending {m, o} is
conditionally £-conglomerable if, denoting with #f = Q\ALxA%; for every
F|IK € Ax .A% and every B € Ay such that B C K it holds

7 (B|K) (F|H;) < Q(F N B|K) < #(B|K) sup o(F|H;). (16)

inf o
H;CB H;,CB
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Note that #f is a full conditional probability on A, extending the prior
probability 7.

In the case o (F|) is Stieltjes integrable with respect to 7
A and K € A%, then a conditionally £-conglomerable Q(-
for every F|K € A x A%, as

f(|K), for every F €
|) can be expressed,

Q(F|K) = / o (F|H,)#* (AH K), (17)

and is said conditionally L-disintegrable. In particular, this happens if o(F|) is
A-continuous for every F' € A.

Conditional £-conglomerability (£-disintegrability) is essentially determined
by the set of full conditional prior probabilities

P = {7 = Q\ALXA% 1 Qe Ql,

which is a non-empty compact subset of [0, l]ALXA% endowed with the product
topology, whose lower envelope 7f = min P? is characterized in Corollary 2 that
is an immediate consequence of Theorem 5.

Remark 6. The strategy o has no role in the extension of w to Ap XAOL. Indeed,
for every H; € L, every 7t € PF needs to satisfy ﬁ—|fA[;><{Hi} = 0| Az x{H;}, which
trivially holds by aziom (C3).

Corollary 2. The lower envelope ©f of the set PY of coherent extensions of
{m,0} to Ap x A% satisfies the following properties:

(i) ©f(-|K) is a totally monotone capacity on Az, for every K € A%;

(ii) for every FIK € Az x A% it holds nf (F|K) =1 when FNK = K, and if
FNK #K, then

T(FNK) .
= if m(K) >0,

0 otherwise.

The previous result implies that, for K € A%, #f(-|K) is a finitely additive
probability if 7(K) > 0, and otherwise it is a totally monotone capacity vacuous
at K (i.e., for every F € A, it holds nf(F|K) = 1 if K C F and 0 otherwise).

In what follows we restrict to the set

Q°c = {Q . Q is a conditionally £-conglomerable f.c.p. on A extending {m,0}},

which is such that Q¢ C Q¢ C Q and whose topological structure is investigated
in the following result.

Theorem 6. The set Q¢ is a non-empty compact subset of [0, I]AXAO endowed
with the product topology.
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Proof. We prove first that Q° is not empty. At this aim, consider the set
Pt = {#(:|)} of conditional prior probabilities full on A, extending {=,c}.
Remark 6 implies that every 7f in Pf can be coherently extended to (£)* x A%
without being affected from o, obtaining a set W! = {#f(-|-)} of conditional
probabilities on (£)* x A% with lower and upper envelopes vf = min Wf and
7 = max WE. The following lemma shows that, for every K € A%, vf(-|K) is a
totally monotone capacity on (£)*.

Lemma 1. Let A be an algebra of subsets of 2, P a full conditional probability
on A, and P = {P(:|-)} the set of all conditional probabilities extending P on
(A)* x A°. The lower envelope P = minP is such that for every K € A°,
P(-|K) coincides with the inner measure on (AY* generated by P(-|K), thus is
a totally monotone capacity.

Proof of Lemma 1. For every F|K € (A)* x A%, Theorem 1 implies that we can
restrict to finite subfamilies F C A x A° of the form F = B x B°, with BC A
finite subalgebra containing K. Let us denote with B the maximal element of
B with respect to inclusion such that B C F. In turn, this implies

P(FIK) = sup{P(B|K) : BC F,B € A},

so P(-|K) coincides with the inner measure on (A4)* generated by P(-|K) and
is therefore a totally monotone capacity. O

Thus, for a fixed #f in Pf, for every K € A% the proof goes along the same
line of the proof of Thereom 2 using #f(:|K) in place of 7(-), and the claim
follows.

To prove Q°° is compact, it is sufficient to consider a net (Qa)a in Q°¢¢
converging pointwise to Q. Denote with (7% ) and 7f the restrictions of (Qa)a
and Q on Ap x A% respectively. The compactness of the set Q of all full con-
ditional probabilities on A extending {m, o} implies that Q is a full conditional
probability on A extending {r, o}, moreover, since the pointwise limits of nets
preserve non-strict inequalities and o is fixed, for every F|K € A x A% and
every B € A, such that B C K, it follows

#H(B|K) inf o(F|H;) < Q(F N B|K) < #f(B|K) sup o(F|H;),
H,CB H,CB
that is, Q is an element of Q°¢ and the claim follows. O
Let Q°° = min Q°¢ and Q°° = max 0 and since P = Q\ij{ﬂ} and

P = @zj{ﬂ}, Example 4 implies that Q°°(:|K), for K € A°, is generally not
2-monotone.
Let us also consider the set

Q°d = {Q : Q is a conditionally £-disintegrable f.c.p. on A extending {m,c}},
which, depending on the integrability of o, can be empty and coincides with

Qce if, for every F € A, o(F|-) is Stieltjes integrable with respect to 7f(-|K)
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for every K € A% and every #f € Pt In particular, Q°¢ = Q°¢° if, for every
F € A, o(F|) is Ag-continuous.

Theorem 7. For every F|K € A x A° it holds
cc _ . cd L~
Q(FIK) =min {Q¢ (FIK) : 7€ Pr},
cd
—{7.p}
of conditionally L-disintegrable full

where B = (AU (L)), p is any strategy on B x L extending o and
d

7,p}
conditional probabilities on B extending {7, p}.

1s the lower envelope of the class Q‘f

Proof. Consider the core P,  of the inner measure 7, induced by 7 on (L)*,
defined as in (2). For every @ € Py, the assessment {7, p} is coherent and
p(F|-) is trivially (L)*-continuous, for every F' € B, so, every conditionally L-
disintegrable full conditional probability on B extending {7, p} is conditionally
L-conglomerable, as well as its restriction on A x A%, which is an element of Q°°.
This implies that, for every F|K € A x A%, Q°°(F|K) is attained minimizing

7?2 p}(F|K), varying @ € Py,. O

The previous theorem shows that the lower bound of conditionally £-conglo-
merable extensions can be expressed in terms of lower bounds of conditionally
L-disintegrable extensions computed with respect to an extension of the prior
7 on (L£)*. Hence, in what follows we focus on conditional £-disintegrability.

To avoid cumbersome integrability requirements, in the rest of this section
the following assumption is made:

(A) o(F|) is Ag-continuous, for every F € A.
Under (A), Q%9 is not empty and it holds Q%4 = Q°¢, thus we can consider
the envelopes QCd = min Q°? and @Cd = max Q°9.

The following result characterizes the lower envelope ch, relying on the
following functions, defined for F € A, K € A° and A € A% with K C A as

L*YF K;A) = min {@(meA) c Qe Q% Q(F° N K|A) = Q%

FENK|A)},
U°Y(F,K;A) = max {Q(F NKJA) : Q € Q%4 Q(F° N K|A) = Q°4(F°n K|A)} ,
for which it holds
Q°Y(F N K|A) < L°(F, K; A) < U(F, K; A) < Q°Y(F n K| A).
Theorem 8. The lower envelope Q°(-|) is such that for every F|K € Ax A°,
Q°YF|K) =1 when FNK = K, and if FNK # K, then:
(i) if K € A%, then

m(K)

y - . | - if m(K) >0,
QU (FIK) = Co(F|H:)x (dH:|K) =

inf o(F|H;) otherwise;
H,CK
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(ii) if K € AY\ A%, then if there emists A € A% such that K C A and
QCd(K|A) > 0 we have that

QY (FNKI|A)
FNK|A) +Ud(Fe,K; A)’
L°Y(F, K; A)
Led(F, K A) + QY (FenK|A) |

ed = min

otherwise QCd(F|K) =0.

Proof. Condition (i). Given #f in Pf, for every F|K € A x A% define the
function

P(FIK) = [ o(FIH)R @H ),

which is a conditional probability on A x A% extending {7f,s}. Varying #f in
PE, we obtain a set P4, whose elements are restrictions on A x A% of elements
in 9°d, thus P°? is a non-empty compact subset of [0, 1]“‘”“4(Z endowed with
the product topology, whose lower envelope is P = minped,

Corollary 2 implies that, for every K € A%, nf(:|K) is a totally monotone
capacity, so, for every F|K € Ax A% it holds P°Y(F|K) = 1 when FNK = K,
and if F N K # K, then

m(K)

(F|H;) otherwise,

if 7(K) >0,
PR(FIK) = Fo(FIH)a! (@HK) =
inf o
H,CK
where the last equality follows by the properties of the Choquet integral [27].
Condition (7). Each P in P°d can be further extended through coherence

to a full conditional probability Q on A which is conditionally £-disintegrable.
The extension @ is generally not unique so we have a set

Qp = {@ : Qis a f.c.p on A extending ]5} ,

whose lower envelope is @ 5= min Qp.

Lemma 2. The lower envelope Q 5(-|) is such that for every F|K € A x AL it
holds Q 5(F|K) =1 when FNK = K, and if FNK # K, then:
P(FNK|A) . 0 7
———= fIA e A} s.t. K C A and P(K|A) > 0,
Qu(FIE) = FEI ‘ o
0 otherwise.

Proof of Lemma 2. The proof is trivial in case FNK = K or there exists A € A}
such that K C A and P(K|A) > 0, thus suppose F N K # K and P(K|A) =0
for every A € A% with K C A.
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Under this hypothesis, let G = A x A%. By Theorem 1, for every F|K €
A x A% the interval of coherent extensions Ip x = {QP(F|K),@15(F|K)} can

be computed in terms of finite subfamilies of G.

Since for every F; C Fo C G and card Fo < Ny one has Ql];l (FIK) <
Q}}; (F|K), we can restrict to finite subfamilies of G of the form F = B x B
where B C A and Bz C Az N B are finite algebras with {F, K} C B. Indeed,
every finite subfamily can be suitably enlarged in order to meet this form. Now,
Corollary 2 in [18] implies that Qg (F|K) = 0 and since this holds for every
finite subfamily F the proof follows. O

The set Q°? of conditionally £-disintegrable full conditional probabilities on
A extending {m, o} can be expressed as

0 =| J{Qp : PePed}.

Lemma 3. The lower envelope QCd(-|-) is such that for every F|K € Ax (A°\
A%) it holds QCd(F|K) =1 when FNK =K, and if FNK # K, then if there
exists A € A% such that K C A and P°Y(K|A) > 0 we have that

PYFNK|A)
FNK|A) +Ud(Fe K; A)’
L (F, K; A)
Led(F, K A) + P (Fen K|A) |

ed = min

otherwise Q°%(F|K) = 0.

Proof of Lemma 3. The statement is trivial if FNK = K, thus suppose FNK #
K.

_ If there exists A € A% with K C A such that P (K|A) > 0, then it holds
P(K|A) > 0 for every P € P°d, and so we have

P(FNK|A -
Q°Y(F|K) =min<{ — (FNKJA) : Peped .
- P(FNK|A)+ P(FeNK|A)
The conclusion follows since the real function ﬁy is increasing in x and decreas-

P (FNK|A)
Ped(FNK[A)+Ud(F¢,K;A)

ing in y, so the minimum is attained in correspondence of
. L°Y(F,K;A)

Led(F,K;A)+ P (FenK|A)

Otherwise, for all A € A% with K C A it holds P**(K|A) = 0, which
implies for every such A the existence of P4 € P such that P4 (K|A) = 0 and
so Po(K|B) = 0 for every B € A% with A C B.

We show the existence of Py € P°d such that Py(K|A) = 0 for all A € A%
with K C A. At this aim, recall that the compactness of P°d is equivalent to
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the fact that every family of non-empty closed subsets of P°d with the finite
intersection property has non-empty intersection.

For an arbitrary finite subalgebra Bz C A define K3 =({B e B} : K C
B}, which belongs to B2 since B, is finite. Introduce the collection

Dy = {Dgﬂ - {15 e P . P(K|Kp,) = 0} : Be € Ag, card B < NO},

which is easily seen to be a family of non-empty closed subsets of P°d.

We show that D¢ has the finite intersection property. For any B.q,..., Bz,
finite subalgebras of A, the corresponding generated algebra B}, = (!, Bz;)
is still a finite subalgebra of Az, moreover, Kl*s,a C Kg,, fori=1,....n
It is easily seen that, for ¢+ = 1,...,n, it holds K N Kg., € Kn KZ;,L and
K°NnKg,, 2 KCﬂKg,ﬂ, that is K|Kj5, Cen K|K*,£, according to the definition
of inclusion relation for conditional events Cg v given in [35]. Hence, for every
Pe Dég/ﬁ we have ]5(K|K*,£) = 0 and by the monotonicity of P with respect to
Ce relation [20], it follows P(K|Kg£i) =0fori=1,...,n,and so P € DB“
for i = 1,...,n. This implies N}, Dg“ # 0 and so DO satisfies the finite
intersection property which, in turn, implies Dy # 0, i.e., there exists Py e
N Dyg such that Py(K|A) =0 for every A € A% with K C A.

Finally, Lemma 2 implies QCd (FIK) = Qf)u (F|IK) =0. O

Hence, condition (%) follows by Lemma 3. O

Also in this case, a simplification of condition (%) of Theorem 8 is obtained
in the case the functions on £ defined as X(-) = o(FN H|-) and (1 -Y (")) =
(1 -0o(FeN H|)) are comonotonic (see (15)).

Proposition 3. For every F|K € AxA° such that FNK # K, K € A"\ A% and
there exists A € A% such that K C A and QCd(K|A) > 0, zfX( )=0o(FNH)
and (1-Y (")) = (1 —o(F°N H|")) are comonotonic then

Q°FNKI|A)

QCd(F|K) = d —cd :
QUFNK|A)+Q (FenNK|A)

Proof. The proof goes along the same line of the proof of Proposition 2. By
Corollary 2 we have that 7f(-|A) is a totally monotone capacity on A, inducing
a core Pge(ay = {7(-|A)} of finitely additive probability measures on Ag,
defined as in (2), moreover, the functions X(-) and (1 — Y (-)) are comonotonic
and Ag-continuous.

By Proposition 6.26 in [58] there exists 7f(:|A) € Pyr(,4) such that

QYFNK|A)

}(X f (dH;|A) = /X 7 (dH;|A) = L°Y(F, K; A),

Q% (Fe N K|A)

Gy rom @i a) = [ YR @B = U K ),

and the conclusion follows. O
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Example 8 (Example 5 continued). Since Ay = (L)* it immediately follows
that for every F € A, o(F|-) is an Ag-continuous function on L.

For A|B, since B € A% and n(B) = 0, it follows Q°Y(A|B) = (%)n,
QCd(AC|B) =1- (%)", and so @Cd(A|B) = (19—0)” that coincide with the
probability bounds determined by the whole set of coherent extensions.

For A|C, since C € A% and w(C) = 0, it follows QCd(A\C) = (%)n,

Q°(A°|C) =1~ (2)", and so Q°*(AlC) = (2)".
For D|E, we have that Q°*(E|Q) = PY(E) = [ o(E|Hg)n(dHy) = =5 and
4DNE|Q) = PIYDNE) = [ o(DNE|Hp)m(dHy) = 15, thus Q°Y(D|E) =

ch g
—¢ —cC
Q (DIE)=Q°(D|E)=Q (D|E) = 3.

It is well-known (see, e.g., [37]) that the pointwise convex combination of
two coherent conditional probabilities is generally not a coherent conditional
probability. Now, we show that the same holds for full conditional probabili-
ties extending {m,0}. In case of a finite partition £, the three characterized
sets of extensions @, Q¢ and Q°€ trivially coincide, moreover, the following
example shows that none of them is generally closed under pointwise convex
combinations.

Example 9. Let Q = {w;,ws,wa,ws} and take the finite partitions L = {H; =
{wi,ws}, Hy = {wa,wa}} and € = {E; = {w1,wa}, B2 = {ws,w4}}, for which
H,NE; # 0 for all i,j. Consider the algebras Ag = (£), Az = (L) and
A= (As UAg) = p(Q).

Take the prior probability m on Az such that m(Hy) = 0 and w(Hz2) = 1,
together with the statistical model A on Ag X L such that

1
)\(E1|H1) = 0, A(E2|H1) =1 and )\(E1|H2) = A(E2|H2) = 5,

that uniquely extends to a strategy o on A x L by Proposition 1. Since L is
finite we have that @ = Q¢ = Q°°.

In order to build Q' € Q, let vy be the additive measure on () such that
vol{ws}) =1 and vo({w1}) = vo({wa}) = vo({ws}) =0, vy be the additive mea-
sure on p({w1,ws,ws}) such that v1({wa}) =1 and v1({wi}) = ri({ws}) =0,
and vy be the additive measure on p({wi,ws}) such that va({w1}) = ve({ws}) =
%. For every FIK € Ax A%, let ag € {0,1,2} be the minimum index such that
Vay (K) >0 and define

Var (FNK)

Q! (FIK) =

Analogously, to build Q* € Q, let ug be the additive measure on p(§) such

that po({wa}) =1 and po({w1}) = po({w2}) = po({ws}) = 0, uy be the additive
measure on p({wy,wa,ws}) such that 1 ({wi}) = p1({ws}) = 3 and p1 ({w2}) =
0, and pz be the additive measure on p({wa}) such that po({w2}) = 1. For every
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F|IK € Ax A% let Br € {0,1,2} be the minimum index such that ug, (K) >0
and define

2 _,U,QK(FOK)
CUFIE) = P (K)

Simple computations show that Q',Q? € Q, and, in particular, taking A =
{wi}, B = {wi,we} and C = {w1,wa,ws} we get Q'(A|C) = Q' (B|C) = 3,
QY (A|B) = Q*(B|C) = 1 and Q*(A|C) = Q*(A|B) = 0. Denoting Q* =
%Ql + %QQ, where the convex combination is intended pointwise on the elements

of A x A°, we have
QU(AIC) = { # 2 = Q"(AIB)- @"(BIO),

that is Q* fails aziom (C3) and so Q* ¢ Q.

Remark 7. All the three sets @, Q° and Q°¢ are compact and, especially con-
cerning Q° and Q°C¢, their closure with respect to limits of nets is in contrast
with Walley’s approach, where conglomerability is not preserved by limits of
nets, in general. Also in this case, the main difference rests upon the fact that
we are imposing conglomerability on “precise” models while in Walley’s theory,
a suitable form of conglomerability is asked directly on the lower envelope.

We now restrict to a situation in which the usual Bayes rule for densities
is applicable: let us consider two partitions £ = {H;}ier and € = {E;}jey
of Q such that H; N E; # 0 for every 4,5, Az and Ag are o-algebras, and
A= (A UAg)°.

Remark 8. For instance, we fall in the above situation by considering two
measurable spaces (X, Ax) and (¥, Ay) where Ax and Ay are o-algebras con-
taining, respectively, {{z} : x € X} and {{y} : y € YV}, and taking the prod-
uct space (X x Y, Ay ® Ay). The o-algebras Ax and Ay are identified with
the corresponding sub-c-algebras of Ax ® Ay whose atoms are, respectively,
{{z} x Y : 2 € X} and {X x {y} : y € Y} which correspond to the searched
partitions of X x ).

If 7 is countably additive on A, and A is a statistical model on Ag¢ x £ such
that A(-|H;) is countably additive and absolutely continuous with respect to the

dACIH:) -
—du 1S

same o-finite measure p on Ag, for every H; € L, then I(-; H;) =
the Radon-Nikodym derivative of A(:|H;) with respect to u. Under the previous
hypotheses the function A is also called a transition kernel and [(E;; -) is assumed
to be Ag-measurable for every E; € £.

For general algebras A, and Ag, coherence only implies that A uniquely
extends to a strategy on (Ay U Ag) X £ by Proposition 1. Nevertheless, the
condition H; N E; # 0 for every i, j allows to identify £ and £ with the points
of two measurable spaces, and A, and Ag with the corresponding o-algebras,
thus A is easily seen to be isomorphic to the product o-algebra generated by

Ar and Ag. This implies that, fixing H; € L, for every F' € A there exists
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Fy, € Ag such that FF'N H; = Fg, N H;. Thus, for every strategy ¢ on A x L
extending A it must hold

1) = )‘( i)a

so o is uniquely determined by A, o(-|H;) is countably additive on A for every
H, € L, and o(F|-) is bounded and A,-measurable for every F' € A. In turn,
this implies Pid(-) = Q°4(-|Q) is countably additive on A, moreover, for every
B|E;j € Az x € such that 0 < [I(E;; H;)m(dH;) < +00 it holds

Qd f WE ( ) (dHi) cd
B|E;) B|E;
where the involved integrals are in the Lebesgue sense. If further 7 is absolutely
continuous with respect to a o-finite measure v on Ag, then p = ?TZ is the

Radon-Nikodym derivative of m with respect to v and we obtain that the usual
statement of Bayes theorem for densities produces a coherent value, as proved
in [3], even if the inequalities above may be strict, as shown in the following
example.

Example 10. Consider two random quantities © and X ranging, respectively,
on® =X=10,1], and let L={Hy =(©=0) : 0 € O} and £ = {E, =
(X =x) : x € X} with HyN E, # 0 for every 6,z. Let Az and Ag be both
isomorphic to the Borel o-algebra on [0,1], and A= (As U Ag)°.

Let w and \(-|Hy), for every 6 € ©, coincide with the Lebesgue measure on
[0,1]. The statistical model \ extends uniquely to a strategy o on A x L.

Let B = (© € [0,0.5]) and Ep5 = (X = 0.5), in order to be QCd(B|E0,5) #£0
there must exist A € A% such that Q°(Ey5|A) > 0 where

o(Eo sNA|Hg)m(dH MEo.5|He)1a(Hg)m(dH ‘
J o(Eo ﬂﬂ_(Ll)e)( 0) _ JA(Eos| 871)-(2)( o)m(dHo) if m(A)

Q°(Eosl4) =

Hlenng M Eo.5|Hp) otherwise.
Notice that [(Ey; Hg) = 1 for every x,0. Since N(E5|Hp) = 00"55 dz =0,

for every 6 € ©, it trivially holds that QCd(E0.5|A) =0 for every A € A%, so it
must be QCd(B\EO_g,) = 0. Similarly, it is possible to show that @Cd(B|E0,5) =

1- QCd(BC|E0.5) = 1, that is the conditional probability of B|Egs ranges in
[0,1].

6. Conclusions

The problem of characterizing the set of full conditional probabilities extend-
ing a prior probability and a strategy plays a fundamental role in probability,
statistics and mathematical economics, as highlighted in Section 1. Further-
more, it reveals to be crucial also in fuzzy set theory and, in particular, in
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probabilistic fuzzy reasoning [14, 17, 21, 33, 52, 54]. In this paper the envelopes
of the following classes of extensions have been characterized: (i) the class of
all full conditional probability extensions; (i) the class of conglomerable full
conditional probability extensions; (%ii) the class of conditionally conglomerable
full conditional probability extensions.

Analytical properties such as conglomerability and disintegrability gather
particular attention also in other non-additive settings [15, 42, 43, 44, 62] both
because of their mathematical convenience and their behavioural interpretation.

An open problem is to characterize the set of full conditional probabilities
singled out by a lower prior probability = and a lower strategy o, meeting the
further condition of (conditional) conglomerability. This could lead to develop a
theory of coherent lower conglomerable conditional probabilities based on (condi-
tionally) conglomerable extensions determined by the class of prior probabilities
dominating 7 and the class of strategies dominating ¢. This study could help
to deepen the connection with Walley’s theory.
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