Jointly continuous utility functions on
submetrizable k -spaces

Alessandro Caterino?, Rita Ceppitelli®,

& Dipartimento di Matematica ed Informatica, Universita di Perugia,
Via Vanvitelli 1, 06123 Perugia, Italy
E-mail: alessandro.caterino @unipg.it

b Dipartimento di Matematica ed Informatica, Universita di Perugia,
Via Vanvitelli 1, 06128 Perugia, Italy
E-mail: rita.ceppitelliQunipg. it

Abstract

A Hausdorff topological space X is a submetrizable k,-space if it is the inductive
limit of an increasing sequence of metric compact subspaces of X. These spaces
have nice properties and they seem to be very interesting in the study of the utility
representation problem. Every closed preorder on a submetrizable k,-space has a
continuous utility representation and some theorems on the existence of jointly
continuous utility functions have been recently proved.

When the commodity space is locally compact second countable, Back proved the
existence of a continuous map from the space of total preorders topologized by closed
convergence (Fell topology) to the space of utility functions with different choice
sets (partial maps) endowed with a generalization of the compact-open topology. In
this paper we generalize Back’s Theorem to submetrizable k,-spaces with a family
of not necessarily total preorders.

The continuous utility representation theorems on submetrizable k,-spaces have
some economic applications. In fact, an example of a submetrizable k,-space is
the space of tempered distributions, which has been used to define a new state
preference model in the infinite dimensional case.
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1 Introduction

The submetrizable k,-spaces seem destined to play an important role in the
study of the utility representation problem.

A Hausdorff topological space X is a submetrizable k,-space if it is the in-
ductive limit of an increasing sequence of metric compact subspaces of X. It
is well known that X is a k,-space if and only if X is a hemicompact k-space.
An interesting survey on k,-spaces can be found in [14,17]. These spaces have
been used in economic models in the infinite dimensional case (see [11]).

A first representation theorem for submetrizable k,-spaces was proved, us-
ing different techniques, in [2,13]: a closed (not necessarily total) preorder on
a submetrizable k,-space has a continuous utility representation. This result
generalizes a theorem proved by Levin in 1983 [20] in locally compact second
countable spaces.

In [10] the authors gave some representation theorems on topological spaces
that are very close to submetrizable k,-spaces. Their result and the one cited
above are equivalent in the case of a total preorder without jumps, otherwise
they are independent.

The k,-spaces have nice properties. In [21] the author proves that every k,-
space, equipped with a closed preorder, is normally preordered. Hence, every
continuous and isotone functions defined on a compact subset of a k,-space
X has a continuous and isotone extension to all of X ([22]).

An interesting problem is to find topological conditions under which a space
admits a countable family of continuous utility functions that represents every
given closed preorder (countable multi-utility).

In [3] it is proved that each closed preorder defined on a normally preordered
space with a countable netweight has a countable utility representation. There-
fore, every closed preorder on a submetrizable k,-space has a countable utility
(multi-utility) representation too.

The submetrizable k,-spaces are interesting commodity spaces also in the
study of the existence of jointly continuous utility functions. Given a fam-
ily S of preorders on X, the jointly continuous utility representation problem
consists in finding suitable topologies on S and X ensuring the existence of a
continuous function u : S x X — R such that for every <€ S u(<,-) is a
utility function for <.

Previous results of Levin [20] and Back [1] were proved in locally compact
second countable commodity spaces.

In [13] the existence of a jointly continuous utility function is proved under the
assumptions that X is submetrizable k, -space and the space of preorders is
metrizable or both spaces are hemicompact, submetrizable and their product
is a k-space.

Levin’s result has been extended to a space P of closed preorders defined on
(closed) subsets D C X (see Corollary 1, in [20]).

Using Levin’s Theorems, Back in [1] proved the existence of a continuous



map from the space of total preorders topologized by closed convergence (Fell
topology) to the space of utility functions with different choice sets endowed
with a new topology on graphs of partial maps which is a generalization of the
compact-open topology. The classical topologies of function spaces are defined
only on functions with the same domain while the utility functions considered
by Back are functions with "moving” domain, i.e. partial maps. A natural
approach is to identify partial maps with their graphs and consider topologies
on graphs. Using this topology, Back found a jointly continuous utility rep-
resentation theorem. The same topology has interesting applications in other
fields of mathematics including differential equations [4-6,9,16] and dynamic
programming models [19]. Its topological properties and relations with other
known topologies have been studied in [7,8,18].

In [12] Back’s Theorem has been generalized to non-metrizable commodity
spaces with a family of not necessarily total preorders. In that paper, X is
a regular space having a weaker locally compact second countable topology.
The topology on the space of preorders, defined by means of a suitable conver-
gence structure, coincides with the topology of closed convergence when the
commodity space is locally compact second countable.

The submetrizable k,-spaces are regular spaces but they do not necessarily
admit a weaker locally compact second countable topology. In fact the space
of tempered distributions S’ is an example of this.

In this paper we generalize Back’s Theorem to submetrizable k,-spaces with
a family of not necessarily total preorders. Using that every submetrizable k-
space (X, 7) is a quotient space of a locally compact second countable space
(X ,m), we have associated in a natural way to the space of partial preorders
P on X a suitable space of partial preorders Pon X satisfying the hypotheses
of Back’s Theorem. So, we have proved the existence of a continuous map
v : P — U such that v(=<) is a utility function for every <& P. The topology
on U is just the topology used by Back, while the topology in P is a Fell-type
topology defined using the subspace topologies 7, X being the inductive
limit of (F,)n.

An important example of a submetrizable k,,-space is the space S’ of tempered
distributions ([14], Example 3.3). In [11] the space of tempered distributions
S’ has been used to define a new state preference model. The author extends
the classical finite dimensional state preference model of Financial Analysis
to a model for a portfolio of goods where the space of states of the world is
the space IR™. Precisely, considered n goods and a continuously infinite set
of world states, he defines an S -linear state preference model to be a sys-
tem (n, IR™, A) where A : IR" — S/ is a linear operator. So, this new model
is based on the space of tempered distributions in which the author has in-
troduced suitable structures. In Decision Theory one of the most important
objectives is the representation of preorders by continuous utility functions.
Our previous results [13] and the theorems of the present paper strengthen
the idea of using the space of tempered distributions S” in Decision Theory.



2 Notation and preliminaries

Let (X,7) be a topological space and let CL((X, 7)) be the set of all non-
empty closed subsets of (X, 7).

We will denote by F'(7) the Fell topology on C'L((X, 7)), that is the topology
having as a subbase all sets of the form

U ={BeCL((X,7)): BNU # 0}, U € 7 and

(K" ={B e CL((X,7)): BN K =0}, K compact in (X, 7).

With the same meaning F'(7 x 7) will denote the Fell topology on C'L((X, 7) x
(X, 7).

A preorder < on D C X is a binary relation < C D x D which is reflexive
and transitive, we say D is the domain of < and we set D = D(=). An anti-
symmetric preorder is said to be an order. A total preorder =< is a preorder
such that if z,y € D then (z,y) € < or (y,z) € <.

A preorder < on D C X is said to be closed if < is a closed subset of the
topological product D x D. Note that < is closed in X x X if and only if <
is closed in D x D and D is a closed subset of X.

The preorder < is said to be continuous with respect to 7|p if for every a € D
the sets [a, +oo[={x € D : (a,2) € <} and | —o0,a] ={z € D: (z,a) € <}
are 7|p-closed. We recall that if the preorder < is total, then < is closed iff it
is continuous iff 75 C 7 where 7< is the order topology generated by < on D.
A preorder = is called locally non-satiated if for each © € D(=) and each
neighbourhood U of z there is y € U such that (z,y) €<.

In the following we deal with preorders defined on closed subsets of X and we
put

P ={=<: < isapreorder on D(=X) C X and < € CL((X,7) x (X,7))}.

We denote by P}, C P the subset consisting of the locally non-satiated pre-
orders.

As in Back’s paper [1] we denote by U, the space of all continuous partial maps
(D,u) where D C X is non-empty and closed and u : D — R is continuous.
Let 7. be the topology on U, which has as a subbase all sets of the type

Gl ={(D,u) eU,: DNG # 0}

(K :I]={(D,u) e, : w(DNK)CI}
where G is an open subset of X, K C X is compact and I C R is open (pos-
sibly empty).
A partial map (D,u) € U, is said to be a wtility function for a preorder =<



if D = D(=) and for every x,y € D, (x,y) €< implies u(x) < u(y) and
(z,y) €< implies u(z) < u(y).

In [1] Back proved the following

Theorem 2.1 Let (X, 7) be a locally compact and second countable space.
There exists a continuous map v : (P, F (1 x 7)) = (U, 7.) such that v(=X)
1s a utility function for X, for every <€ P. Any such map v is actually a
homeomorphism of Py, ¢ onto v(Py,).

Back proved the theorem in the case of total preorders. In [12] it was point
out that using a similar proof, it is possible to prove the existence of a contin-
uous map v : (P, F(1 x 7)) = (U, 7.), also in the case the preorders are not
necessarily total.

Of course, the hypothesis of totalness cannot be dropped to prove that v is a
homeomorphism of P} 4 onto v(P),g)-

The aim of this paper is to generalize Back’s Theorem for submetrizable k-
spaces. First, we argue on some properties and characterizations of the sub-
metrizable k,-spaces.

Let (X, 7) be a Hausdorff space.

We recall that X is called a k-space if A C X is open if and only if AN K
is open in K for every compact set K of X, X is hemicompact if there is
a sequence {K,} of compact subsets of X which is cofinal in the set of all
compact subsets of X, X is submetrizable if there exists a weaker metrizable
topology on X.

Proposition 2.2 Let (X, 7) be a Hausdorff space and let A C X. The
following conditions are equivalent:

i) for every compact K C X, AN K is an open subset of K ;
ii) for every locally compact F C X, AN F is an open subset of F.

Proof. It is sufficient to prove i) = ii). Let A C X be such that AN K is
open in K, for every compact K C X. Let F' be a locally compact subset of
X. AN Fisopenin F if and only if (AN F)N Kp is open in K, for every Kp
compact subset of F. But, K is compact in F' if and only if Kg is compact
in X, so AN F is open in F.

Theorem 2.3 Let (X, 7) be a Hausdorff space. The following conditions
are equivalent:



i) (X, 1) is a k-space;
ii) A C X is open if and only if, for every locally compact F C X,
ANF is an open subset of F.

Definition 2.4 Let (X, 7) be a Hausdorff space and S = (S,), a countable
increasing family of subsets of X. (X, 7) is said to be the inductive limit of
the family S = (Sp)n if X = Upen Sn and any subset A of X is open if and
only if, for everyn € IN, ANS, is an open subset of S,,.

We will say that (.S,,), determines the topology of X.

Proposition 2.5 Let (X, ) be the inductive limit of a countable increasing
family S = (S,)n. Then every compact subset K of X is contained in some

Sh.

Proof. Let K be a compact subset of X which is not contained in any S,,.
There exists a sequence (x,,), of elements of K such that x, ¢ S, for every
n. Let L = {z, : n € IN}. The set L NS, is finite and closed, for every
n € IN, so L is closed in X and hence compact because it is contained in K.
The relative topology of L is discrete because L is the inductive limit of the
family (LN .S, ), consisting of finite sets. This is a contradiction because every
discrete compact space is finite.

Proposition 2.6 Let (X,7) be a Hausdorff space. X is a k-space if and
only it is the inductive limit of an increasing sequence (Sy), of k-subspaces of
X.

Proof. Let (S,), be a family of k-subspaces of X and let X be the inductive
limit of (S,),. Let A C X and let AN K be open in K for every compact
K C X. For every n € IN and for every compact K C Sy, (ANS,)NK = ANK
is open in K hence AN .S, is open in S, and A is open in X.

Definition 2.7 A Hausdorff space X is said to be a k,-space if X is an
inductive limit of a countable increasing family S = (K,,), where every K, is
compact or equivalently if X is a hemicompact k-space.

Proposition 2.8 Let (X, 7) be a Hausdorff space. TFAE:

(i) X is a submetrizable k,-space;

(i1) X is the inductive limit of an increasing sequence of metric compact
subspaces;

(iii) X is the inductive limit of an increasing sequence of second countable

and locally compact subspaces.



Proof. (i) = (ii) = (é¢i7) Let X be a submetrizable k,-space. By definition
X is the inductive limit of an increasing sequence (K,), where every K, is
compact. Since X is submetrizable, then every (Hausdorff) compact K, is
metrizable, hence second countable.

(1ii) = (1) Conversely, suppose that X is the inductive limit of a sequence
(Sp)n of locally compact second countable subspaces. By Proposition 2.6, X
is a k-space. Moreover, since every S; is clearly hemicompact, let (K7), be a
cofinal sequence in the family of all the compact subsets of S;. Then, if K C X
is compact, by Proposition 2.5, K is contained in some S;, hence in some K7.
Therefore, (K7);ren is a countable family of compact subsets of X, which is
cofinal with respect to the the family of all the compact subsets of K. Hence
X is hemicompact.

Finally, we note that every compact subset of X is metrizable since, as already
observed, it is contained in some \S; which is metrizable. Therefore X is sub-
metrizable since it is a k,-space in which every compact subset is metrizable
([14], page 113).

Definition 2.9 Let X,Y be topological spaces. Let {As}ses be a cover of
X and let {fs}ses be a family of continuous mappings, where fs : As — Y.
We say that the mappings fs are compatible if for every pair s1,s9 € & we
have fq |As, N As, = fsy|Asy N As,.

The mapping [ : X — Y defined by f(x) = fs(x) for x € Ay is called the
combination of the mappings { fs}ses and is denoted by the symbol </ ses fs-

We recall that if for every s € S, A, is an open subset of X and f; is continuous
then f = Vsesfs is continuous, too.

Theorem 2.10 FEvery submetrizable k,-space X is a quotient space of a
locally compact second countable space.

Proof. By Proposition 2.8 there is an increasing family 7 = {F,, : n € IN} of
locally compact second countable subsets of X that determines the topology
of X.

For each n > 1, let F,, = {n} x F, and let X = Un>1 F,. The topological
sum X = @ F.eF F,, is locally compact and second countable and the mapping
7:X — X, (m,x) — z is continuous (7 is the combination of the embeddings
of F,, into X,n € IN) and, for each n > 1, induces a homeomorphism of E,
onto F;,. Moreover 7 is a quotient map since X is a k-space.

3 Jointly continuous utility functions on submetrizable k -spaces

In this section X will be a submetrizable k,-space and, as in Theorem 2.10,
we will assume X is the quotient space of X = @p r F,, F, = {n} x F, ,



where F;, are locally compact second countable subsets of X and the family
{F, :n € IN} has been chosen with the minimun cardinality.

7: X — X will denote the corresponding quotient map.

The topology of X =@ FoeF F,, will be denoted by 1 and hence the topological

sum by (X, 7).

Let P ={=e CL((X,7) x (X, 7)) : < is a preorder on D(=) C X}.

For every <& P we associate in a natural way a preorder < defined on a closed
subset of X. More precisely, < is so defined:

- D(2) =7 1(D(x))

- for every a,b € D(=), a=b if and only if 7(a) < 7(b).

Proposition 3.1 = is a closed preorder defined on D(<X) C X.

Proof. Let p =7 x 7 : XxX = XxX. p is a continuous, surjective map
and induces a homeomorphism of F,, x F, onto F, x F,. Clearly we have

< ={(z,y) € D(X) x D(X) : (n(x),7(y)) €x} =

={(z,y) e 7 H(D(2)) x 7 (D(2)) : p(z,y) €x} =p ().

Now we put P = {=:=e P} C CL(X x X) and consider the topological
subspace (P, F(n x n)).

Proposition 3.2 Consider the following assertions:

(a) the net {SUN: cEX}YCPis F(n xmn) - convergent to < N
(b) the net {D(=,):0€ X} CCL((X,n)) is F(n) — convergent to D(=)
(c) the net {D(=,):0€ X} CCL((X,7)) is F(1)— convergent to D(=X).

Then (a) = (b) = (c).

Proof. (a) = (b)

Let U be open in (X, n) such that D(=) € U™, that is D(X)NU # 0. Then
<N (U xU) #0. Since {=,:0 € X} F(nxn)) - converges to < there is
0o € ¥ such that <, N (U x U) # O for every ¢ > 0 and so D(Z,)NU # 0
for every o > oy.

Let now K be a compact set in (X,7n) such that D(<X) € (K°)*, that is
D(X)NK =0. Then <N (K x K) =(. Since {Z,:0 € X} F(npxn)) -
converges to = there is oo € 2 such that 30 N (K x K) =0 for every o > oy
and so D(=,) N K = () for every o > oy.

(b) = (¢)

Let U be open in (X, 7) such that D(=) € U™, that is D(X)NU # 0. Then



T (D(=)NU) =7 H(D(=)Nna ' (U) = D(X)NaH(U) # 0.

Since {D(X,):0 €%} F(n)- converges to D(=), there is 0y € ¥ such that
D(2,) N7 H(U) #  for every o > o and hence

7(D(=Z,) N7~ Y(U)) € D(=,)NU # () for every o > 0.

Let now K be a compact set in (X,7) such that D(=<) € (K¢, that is
D(X)NK = 0. Let F, be a locally compact second countable subset of X
such that K C F,,. Then (D(X))N (7~ (K)NF,) = § and hence there is oy € ¥
such that D(=,)N (7~ (K)NE,) = 0 for every ¢ > oy that is D(<,)NK = 0
for every o > oy.

We will introduce on P a Fell-type topology defined using the topologies 7, ,
n € IN, that is the topology generated by all sets of the form

T ={eP:=xnU#0}, Uopen in (F,, 7p,)x(Fn,7p,) for some n € IN

(K)" ={x2eP: =N K =0}, K compact in (X,7) x (X, 7).
This topology will be denoted by U,, F(7|r, X T|r,)-

Theorem 3.3 The map T : (P,U, F(7r, x 1ir,) — (P, F(n x n)) defined
by (=) = p~ (=) is a homeomorphism.

Proof. ' : P — P is a bijective map, in fact ['(<) = p~ (%) = p~ (U, (=
NE, x F,)) = U,p (X NF, x F,) and p~! is a homeomorphism of F,, x F},
onto F, x ﬁn, n € IN.

The map I' is continuous.

Let U be open in (X,n)x(X,n)and U~ ={= € P: =<NU #0} € F(nxn).
U*z{BEP: U.(ZNUNE, xE)#0 ={=2eP: U,p " (=NU,) # 0},
where U, = p(U N F, x E,) is open in TF, X T|F, -

So I'"Y(U )—{<e7> U (=2 NU,) # 0} = U {=Z€e P :=2nNU, # 0} =
Un(Un)™ € Un (75, X 7IR,)-

Let K be compact in (X,7) x (X,n) and (K9)t ={XeP: <NK =0}
Let K = p(K) compact in (X,7) x (X,7). T"Y(K)t = {=e P : p (X)N
pHE) =0} ={2eP: p(ZNK)=0} ={2€P: XNK =} = (K)".
I' is an open map.

Let U be open in (F},,7) x (F,,7) for some n and let U~ =
0} € U, F(1p, X 7,). Let U = p~'(U), open in (X 77) (
It is immediate to prove that I'(U~) = {< € P: 2nU # 0} ~. Similarly
it is shown that I'(K¢)" = (KC) where K is compact in (X, ) (X, 7) and
K = p~Y(K) is compact in (X,7) x (X,n).

{ZeP:=2nU#
n)

Let V = {(D(X),%) € U, : T is a utility function for some < € P} C Uy,
where U, is the space of all continuous partial maps defined on D(X) C X
and 7, is the topology which has as a subbase all sets of the type [G], [K : I]



defined in (X, 7). Let
L:YV —U

be defined as follows
L((D(%),u)) = (D(%),u) where u(x)=a(r"'(z)).

Proposition 3.4 The map L is well defined and L((D(=X), %)) = (D(=),u)
15 a utility function for <.

Proof. Since all the elements of 77!(z) are equivalent with respect to <, the
map L is well defined. Because D(=) is a k,-space then Tip3) D(=%) = D(x)
is a quotient map and v : D(=<) — IR is continuous:

D(X) % R
i’UD(E) S
D(=)

Now it is easy to prove that (D(=),u) = L((D(=X), %)) is a utility function for
=.

Proposition 3.5 The map L :V — U, is continuous.

Proof. Let {(D(=,),1u,) : 0 € £} n. - converges to (D(=X), ).

We want to prove that {(D(=,),u,) = L((D(=,),1,)) : 0 € £} 7. - con-
verges to (D(=),u) = L((D(=X),1)).

Note that (D,u) € [U] if and only if D € U~ and (D,u) € [K : 0] if and
only if D € (K¢)*. Thus if U is an open in (X, 7) such that (D(=),u) € [U],
or K is a compact set in (X, 7) and (D(=),u) € [K : 0], by Proposition 3.2
there is o9 € ¥ such that (D(=,),u,) € [U] or (D(=,),u,) € [K : ()] for every
o > 0.

Let now K be a compact set in (X, 7) and I be a nonempty open set in IR
such that u(K N D(X)) C I. If D(X) N K = () we are done by above.
Suppose that D(=X)N K # (). We would like to prove that there is oy € ¥ such
that u, (K N D(=,)) C I for every o > 0.

Let F,, be a locally compact second countable subset of X such that K C F,.
Because 7' (K) N F, is compact in (X, 7) and 7 induces a homeomorphism
of F, onto F,, we have @(x '(K) N F, N D(X)) C I that is (D(X),7) €
[ Y(K)NE, : I].

There is 0y € ¥ such that @, (7~ (K)N E,ND(=,)) C I for every ¢ > 0, and
s0, by the homeomorphism from F,, to F,, u,(KND(=,)) C I for every o > oy.

Theorem 3.6 Let (X, 7) be a submetrizable k,-space. There exists a con-

10



tinuous map

such that v(=X) is a utility function for <, for every <€ P.

Proof. The space (X ,m) is locally compact and second countable. By Back’s
Theorem [1] there is a continuous map

v (P F(nxn) — (V.n.)

such that 5(3) is a utility function for 5, for every < e P.
Consider the following diagram

(P, F(n x 1)) 5 (Vyne)
T IL
(P.U, F(rim, x ) " 25T Uy, 72)

The map v = Lovol': (P,U, F(rr, x 1p,)) = Uy, 7.) is continuous and
v(=) is a utility function for =<, for every <€ P.

4 Applications

In [11] the author considers a market "M” with n goods and extends the
classical finite dimensional state preference model to a model where the space
of states of the world is the space IR™. The market in question will be observed
only two times, the initial time and the final time. The set of the goods is
n = {k € N : k < n}, the set of the states of the world is IR™. An S-linear
state preference model is a system (n, IR™, A) where A : IR" — S, is a linear
operator. S/ is the space of tempered distributions defined as the continuous
dual of the Schwartz space S,, = S(IR™). An n-vector z is a portfolio of the
model and the temperate distribution A(z) is the A-representation of z. The
author justifies and motivates from an economic point of view the choice of the
temperate distribution space S), to extend to the infinite dimensional case the
classical finite-dimensional state preference model. As in the finite dimensional
case, a preference relation on IR™ generated by A is defined by:

r>p0 o Alx—1') > 0g,
that is

r>42 < Alx —2')(¢) > 0, for every non-negative ¢ € S,,.

11



In Decision Theory one of the most important objectives is the representation
of preorders by means of continuous utility functions. The main representation
theorems of partial preorders are proved for closed preorders, so it is interest-
ing to study if the preorder generated by A is closed.

An example of partial closed preordered generated by A can be obtained for
m = 1 by defined A(x — 2’)(¢) = X", (x; — x})p(0).

We prove the set B = {A(z) : A(x)p > 0, for every ¢ > 0} is closed in
A(R™) C 5.

Of course A(IR"™) is isomorphic to a subspace IR® of IR™ with s = n —
dim(Ker(A)). Hence A(R") = < A(vy), A(va), ..., A(vs) > with suitable
U1, Vg, ..., Vs € IR™ Therefore, each operator A(x) can be identified with an
s-tuple of IR® by the homeomorphism (af,a3,...,a%) — Y7 afA(v;) and
A(IR™) is a closed subspace of S/ . To prove that B is closed, we can pro-
ceed by sequences. Let (A(xy))r be a sequence in BB converging to an operator
L € S!,. Hence L € A(IR") and L = A(z) = >i_, a’A(v;). Now, for every
¢ > 0,A(xg)¢ > 0 implies A(x)¢ > 0, that is A(z) € B. Then the preorder
generated by A has a continuous representation (see Theorem 2 in [20]).
Now, we can consider a family (M, )aecs of markets, where M, is a market with
ne € IN goods. For every a € J, let (n,, R™, A,,) be an S-linear state pref-
erence model, where A, : IR" — S/ is a linear operator. So, the sequence
(An,)a generates a family P of closed preorders defined on closed subspaces
of S/ . Theorem 3.6 proves the existence of a continuous map v from P to U;
such that for every <€ P v(=) is a continuous utility function.
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