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INDUCTIVELY COMPUTABLE UNIONS OF FAT LINEAR SUBSPACES

GIULIANA FATABBI, BRIAN HARBOURNE AND ANNA LORENZINI

ABSTRACT. This paper introduces complexes of linear varieties, called inclics (for INductively Con-
structible LInear ComplexeS). By assigning an order of vanishing (i.e., a multiplicity) to each mem-
ber of the complex, we obtain fat linear varieties (fat points if all of the linear varieties are points).
The scheme theoretic union of these fat linear varieties gives an inclic scheme X. For such a scheme,
we show there is an inductive procedure for computing the Hilbert function and a resolution of its
defining ideal Ix, regardless of the choice of multiplicities. As an application, we show how our
results allow the computation of the Hilbert functions and of a resolution of fat points with all but
one point having support in a hyperplane. We also explicitly compute the Waldschmidt constants
a(Ix) for galactic inclics X; these are special inclics constructed starting from a star configuration
to which we add general points in a larger projective space.

1. INTRODUCTION

There is a long tradition of research on ideals of unions of linear varieties in projective spaces.
Such an ideal is the intersection of ideals generated by linear forms. Examples include square free
monomial ideals, ideals of star configurations [GHM] and ideals of finite sets of points. Research
started with the radical case (see [D, DS, GO, HH, HS, L] for example) but there is also a lot of
interest in ideals of schemes of linear varieties with assigned multiplicities, including but not limited
to fat points (see [CHT, DHST, Fa, FHL, Fal,, FrL, Fr, FMN, GHV1, V] for just a few examples).
The ideals in the uniform multiplicity case are symbolic power ideals; ideals in this special case are
also of interest and are receiving increasing attention (see [BH, BH2, GHM, GMS, GHV2, HaHu, M]
for example), but there are few cases where the Hilbert functions of arbitrary symbolic powers can
be determined.

In this paper we introduce inclic schemes. These are schemes whose components comprise a
complex of linear varieties called an inclic (for INductively Constructible LInear Complex; see Re-
mark 3.3 for examples motivating this terminology). An inclic scheme is obtained by arbitrarily
assigning a multiplicity (i.e., an assigned order of vanishing) to each component. Our main founda-
tional results provide a recursive procedure for computing Hilbert functions and free resolutions of
ideals of inclic schemes. These results can be applied to the case of fat points with all but one point
having support in a hyperplane. In certain cases this procedure can also be applied to compute
Hilbert functions and free resolutions of arbitrary symbolic powers of radical ideals. This substan-
tially extends the range of examples of ideals for which this is possible. As a further application,
we define galactic schemes and explicitly compute the Waldschmidt constants of certain galactic
schemes built up from star configurations. (A Waldschmidt constant is an asymptotic measure of
the initial degrees of the symbolic powers of an ideal. These have arisen in a range of previous

Date: March 28, 2015.

2000 Mathematics Subject Classification. Primary: 13F20, 14C20; Secondary: 13A02, 14N05.

Key words and phrases. star configurations, galaxies, inclic schemes, symbolic powers, fat points, projective space,
Hilbert functions, resolutions, Betti numbers.

The second author’s work on this project was sponsored by the National Security Agency under Grant/Cooperative
agreement “Advances on Fat Points and Symbolic Powers,” Number H98230-11-1-0139. The United States Govern-
ment is authorized to reproduce and distribute reprints notwithstanding any copyright notice. The second author
also thanks the University of Perugia and his coauthors for their generous hospitality during his visit in 2010 when
this work was initiated. And all of the authors thank the referee for his very helpful comments.

1


http://dx.doi.org/10.1016/j.jpaa.2015.05.023


2 GIULIANA FATABBI, BRIAN HARBOURNE AND ANNA LORENZINI

research, such as [BH, Ch, DHST, GHV1, HaHu, M, W], and are related to work on multiplier
ideals; see [EV, HaHu] and [La, Proposition 10.1.1 and Example 10.1.3].) In section 2 we set up our
technical notation. In sections 3 and 4 we prove our main foundational results about, respectively,
Hilbert functions and free resolutions for ideals of inclics. In section 5 we apply the results of the
previous sections to the case of fat points with all but one point having support in a hyperplane
and in section 6 we compute galactic Waldschmidt constants.

2. PRELIMINARIES AND NOTATION

To define inclics, let n > 0 be an integer. We work in the projective space P" over an arbitrary
field K (some results will require the characteristic to be 0). An inclic

C:C(n,T,S;Lo,Ll,...,LT,H(),Hl,...,Hs)

is a collection of linear subvarieties Lo, L1,..., Ly, Hy, H1,..., H; C P" such that the following
conditions hold:
(C1) Hy, Hy, ..., Hs are distinct hyperplanes;
(CQ) L; C Hy for i > 0, but Lo € Hy;
(C3) if L; C Lj, then ¢ = j; and
(C4) for all i >0 and j > 0 we have L; € H;.
Given such an inclic, an inclic scheme is a scheme of the form X = 37, ql;iL; + ;.o h;Hj, by

which we mean the scheme defined by the ideal Ix = (ﬂiZOIZLii) ﬂ(ﬂpd}%), where [; and h; are non-
negative integers and for any linear subvariety V' C P", the ideal Iy C R = K[P"] = K|z, ..., Z,]
is the ideal generated by all forms vanishing on V. We note that ideals such as I, are homogeneous
and saturated. Moreover, if I = \/Ix, then I = (Ni>olr,)((Nj>0ln;), and for any m > 1, the
symbolic power (™) is J(m) = (ﬂiZOIE) ﬂ(ﬁpg[}?}}), so Iy = I™) in the case that I; = h; = m for
all ¢ and j.

If s = 0 and each L; is a point, then the inclic is just a choice of r points L;, 0 < ¢ < r, of the
hyperplane Hy and one point Lg that is not in Hy. The case of a finite set of points, all of which
are in a hyperplane, is dealt with in [FHL]. Requiring that Ly € Hy thus takes us beyond [FHL)].

Another special case of an inclic is related to what we call a galaxy. To define a galaxy, we start
with a star configuration S(n, e, u). We recall [GHM] that the star configuration S(n, e, u) is defined
by a set of v > n distinct hyperplanes Aq,..., A, = P! in P" such that, for each 1 < i < n,
the intersection of any i of the hyperplanes has dimension at most n — i. The star configuration
of codimension e < n is the set S(n,e,u) of the (¥) linear varieties arising as intersections of e
arbitrary distinct choices A4;,,..., A; of the hyperplanes. Let NV > 1 be an integer and regard P"
as a linear subvariety of P"*V. The galaxy G = G(n, N, e, h) = G(n, N, e, h; S(n, e,u), H) consists of
S(n,e,u) and a choice of h general points H = {Py, ..., Py} € P"™V; in particular, for each i, P;,1
is not in the span of P" and Pi,..., P;. We refer to S(n,e,u) as the galactic center, to P as the
galactic (n-)plane, and to H as the galactic halo. (These astronomical references were prompted
by the connection to star configurations and give useful intuition, this intuition only goes so far.
For example, the restriction that the halo H consists of general points means that h < N; i.e., the
galactic halo is relatively sparse.) When h = N, then we get an inclic in which the components of
S(n,e,u) and the points P, ..., P,_1 are the linear varieties L;, and there is only one hyperplane,
Hj (so again s = 0), this hyperplane being the hyperplane containing the linear span of P and the
points Pi, ..., P,_1, but not containing Pj,.

For any homogeneous ideal I C R, the Hilbert function of I is the function h(I,t) of ¢ defined
as h(I,t) = dimg I, where I; is the K-vector space span of all forms in I of degree t. If Ix C R
is the saturated ideal defining a subscheme X C P™, the Hilbert function of X is the function
h(X,t) = h(R,t) — h(Ix,t) = (t—;n) — h(Ix,t). In all cases, we adopt the understanding that
Hilbert functions are 0 when ¢ < 0.
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An important value associated to any homogeneous ideal (0) # I C R is «(]), defined to be

the least degree t such that h(I,t) # 0. In case I is of the form I = ﬁjfgj for a finite set of
linear varieties Vj;, none of which contains the other, we define the mth symbolic power I (m) of T
77

as 1) = v, - We then define the Waldschmidt constant (introduced by Waldschmidt in [W]
in case I is the ideal of a finite set of points) to be

m
a(I) = lim a()
m—o0 m
This limit exists by Fekete’s Lemma (see Section 1.10 of [S]), but in general is hard to compute
and not many specific values are known.
Another asymptotic measure related to a([I) is the resurgence [BH, BH2, GHV1], defined for any
homogeneous ideal (0) # I C R = K[P"] as

p(I) = sup{% 1M g IT}.

In general it is difficult to determine for which m and r we have 1™ C I”. The interest of p(I)
is that it is the largest real ¢ such that we always have I(™) C I” for m/r > ¢, but it is difficult
to compute. It is not a priori even clear that it exists. It is known and easy to see that 1 < p([).
Much deeper is the fact that 1™ C I" whenever m/r > n [ELS, HoHu] from which it follows that
p(I) < n and hence p(I) exists. This raises the issue of getting better bounds. One of the main
results for bounding and sometimes computing p(I) is that of [BH] which says that % < p(I), and,

if I defines a 0-dimensional subscheme of P", that p(I) < rgg((ll)), where reg(I) is the Castelnuovo-
Mumford regularity of I, but these bounds depend on @(I) which has so far been computed in
relatively few cases, so obtaining additional cases for which @(I) can be computed is of interest.

Hereafter we study fat inclic schemes for some fixed hyperplane Hy C P". Clearly, we may choose
coordinates such that Iy, = (7¢), so R = K[P""!] = K[Hy] = K[z1,...,%y]. Since Ly  Hy, we
may also assume that I, = (zg41,...,2,) C K[P"] = R for some 0 < k < n. We fix such a choice
of coordinates for the rest of this article. We denote the linear forms defining H; for j > 0 by
n;. We also take Y to be the fat subscheme Y = [1 Ly + --- + [, L, of P". In addition we define
Y' =Y NHyand Y/ =Y;NHy for Y; = 11(i)Ly + - - - + 1,(i) Ly, where [;(i) = max(0,l; — ¢). Thus
Y] =Y’ and Iy, = Iy, N K[z, ..., 2y]. Moreover, Iy, = Iy : (z8). Weset Z =1lgLy, W =Y U Z,
X = WUUj>0thj7 L6 = Lo N Hy, 7' = Z N Hy, W'=W NHyand X' = X N Hy.

The following notation will be useful. Let J" C R’ = K|z1,...,2,] be a homogeneous ideal;
keeping in mind that I, = (Zpy1,...,2n), we set J'*D = J'n (ILé)t. Thus (J'®D); = (J); N
((ILa)t)z" Note that in the special case that k& = 0 (i.e., that Ly is the point p defined in P" by
(z1,...,%,)), we have (J'O); = J/ for i > t and (J'O); = 0 for i < t; in short, if we know J',
then we immediately know J'(°%) for all ¢.

Note that R has a bi-grading; i.e., the direct sum R = @®;;R;; has the property that R;; Ry =
Riys jtt, where R) is the K-vector space span of the forms in R' = K{z1,...,x,] of total degree

i, and R;; is the K-vector subspace z)R; C R. We say an element F' € R is bi-homogeneous if
F € R;j for some ¢ and j, and we say an ideal I C R is bi-homogeneous if I = @;;1;;, where
I;; = I N R;j. As usual, I is bi-homogeneous if and only if I has bi-homogeneous generators, and
intersections, sums and products of bi-homogeneous ideals are bi-homogeneous.

3. HILBERT FUNCTION

We can now state and prove our main theorem about Hilbert functions.
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Theorem 3.1. Let Y', Y/, Z, W and X be as above, let I' = max(ly,...,l;). Then Ix =

h]‘-..

n) nQSIW and Iy is bihomogeneous, decomposing as a direct sum of R'-modules as

Iy = @jxé(—fyj')(k’l()) = (@ogj<l’$6(fyj’)(k’l0)) @@jy’f%-’z’ = (@0§j<l'$%(fyj’)(k’l°)) P b1z
Moreover, h(Ix,t) = h(Iw,t —>_;.qhs) and h(lw,t) = Zz;ol h((ij/)(k’lﬂ),t — 7))+ h(Izg,t=1),
where h(Iz,t —1') =0 ift <U'+ 1y and h(Iz,t —1") = (t_l:r”) — 20§i<lo (t_l ;Hk) (H;ﬁ;’:l) for
t>1 + lo.

Proof. Tt is obvious that Ix = 7! ---nl Iy and h(Ix,t) = h(Iw,t — >_j>0hj), so now we con-

sider Iy and h(Iw,t). To begin, note that the ideals I, C R are bi-homogeneous (having bi-
homogeneous generators), so Iy and Iy = Iy N Iz are bi-homogeneous, hence Iy = ®;;(Iy)i;

and IW = @ij((IY)ij N (IZ)U) But F € (Iy)ij if and only if FF = l‘%G where G € (IYJ’)u i.e.,

(Iy)ij = :L‘{)(ij/)i. Thus Iy = @ij.’ﬂé([yj{)i, and since (Iz);; = :C%(IZ/)Z-, we have
() Iw = i@ (Iy)i) N (12)is) = g (@ (Iyy N Iz0)i) = i (g (Iyy) B1)i) = @t (L) B

But for j > I’ we have Iy, = R’ and hence (IY]_/)(’“JO) = Iy, so

Iy = @ﬂé(fyj')(k’l()) = (@ogj<l’$6(fyj/)(k’10)) @@21@612/ = (@0§j<l'ffé(IYj’)(k’lO)) @xglz.

The fact that h(ly,t) = Zé‘/:_ol h((ij/)(k’lO),t —J) + h(Iz,t — ') is now immediate, keeping in
mind that the Hilbert function is computed with respect to the singly graded structure of R; i.e.,
(Iw)t = ®itj=t(Iw)ij. But the value of h(Iz,t —1') is known; the formula given in the statement
of the theorem comes from [DHST, Lemma 2.1]. O

Recall that Ir, = (Xg41,...,2n). The case with k = 0 (i.e., that Lo is the point p defined in P"
by (z1,...,xy,)), is particularly simple; in this case, if we know the Hilbert functions of Yj’ for all
7, then we know the Hilbert functions of W and hence X.

Corollary 3.2. Under the hypotheses of Theorem 3.1, let A = min(l’ — 1,t — ly). If we also have

k=0, then
A t—lo .
. t—7+n—-1
h(Iy,t) thyj,,tgHZ( o )
7=0 g=U
which is h(Iy,t) = 24: h(Iys,t = j) fort < U'+1p and

A
t—1U+n lp+n—1
h(I it — —
(Tw,t) = > _h( (Iy;,t = j) < n ) ( N )
7=0
fort>1 +1.
Proof. This follows immediately from Theorem 3.1, since (Iz/); = R} (so h(Iz,t —j) = ("7

n—1

and ((ij/)(()’lo))t_j = (ij/)t_j for t — j > lo, that is, for j <t —lp). O

Remark 3.3. Examples for which we would know the Hilbert functions of Yj’ C Hy for all j can
be constructed inductively. For example, start with a flag of projective spaces Vi C Vo C --- C Vj,
each contained in the next as a linear subvariety, with V; ~ P'. Let U; C V; be any finite set of
points uj1,...,us. Let Us consist of a point ug; € Vo \ Vj together with any lines uag, . .., uzs, C Va
not containing us; or any component of Uj (i.e., not containing uy; for any 7). Continue in this way,
so U; consists of a point u;; € V; \ Vi_1 and a finite set of hyperplanes u;; C V; not containing u;;
and not containing any of the components of U; for j < i. Then UyU- --UU, defines an inclic and for
any multiplicities m;; we can inductively compute h(Ix,t) for any ¢, for X = Z - mi;ju;j. Indeed,
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define X7 = Zj miuly, and then X9 = X7 + Zj mo;jUuy, and in general Xy = X1 + Zj MUy
Since we know h((X1);,t) for all ¢ and ¢, Theorem 3.1 gives us h((X2);,t) for all ¢ and ¢, and
similarly h((X)s,t) for each k in turn for all ¢ and ¢, and hence eventually h(X,,t) for all ¢.

Our result also handles other constructions. For example, instead of starting with points in P,
we could start with a star configuration of points in P? (i.e., the points of pair-wise intersection of
a finite set of lines, no three of which meet at any single point, see [GHM]). Let S be the scheme
theoretic sum of the points of the star and consider the scheme 4S. The Hilbert function of 4.5 is
known for all ¢ ([CHT]), so we can proceed as above to construct an X, as long as in this case
we assign the same multiplicity to each point of S (the Hilbert function is not always known if the
multiplicities of the points of S are allowed to vary).

Recall that given a closed subscheme X C P™ with corresponding ideal Ix, we define a(X) =
a(Ix) to be the least degree ¢ such that there is a non-trivial form F € (Ix);.

Lemma 3.4. With the previous notation, there is a least j > 0 such that a((ij/)(kvlo)) =lp. Let
' =max(ly,...,l;) and let d be this least j. If, moreover, char(K) =0, then

0= O[(Iyl//) < O[(Iylllil) < O[(Iyl//72) <. < O[(IYO/)

and
lo = a((Iy)) ") < a((Iy; )") < a((ly; )®0)) <. < a((Iy) ).

Proof. By definition, (ij/)(k’lo) C (Tha1,--->2n) s0 a((IyJ_/)(k’lO)) > lp for all j. But for j > '
we have ((ij/)(k’lo)) = (Thyts--.,T)"0 sO a((ijr)(k’lO)) = lp. Thus there is a least j such that
a((ij/)(k’lO)) = lp so d is defined.

Since Y}, = @, we have Iy, = (1), so a(Iyl/,) = 0. Now assume char(K) = 0. Consider any
non-zero homogeneous element F' € IY]_/ for j < I'. By Euler’s identity, not all of the partials of F'
are 0. However, they all belong to ij/H and the non-zero ones have degree deg(F') — 1. Therefore
oz(ij/H) < oz(ij/) — 1, so we have

as claimed.
The argument for the second claim is similar. Let j < d and consider any non-zero homogeneous
element F' € (ij/)(k’lo)) C Iy, so deg(F) > lo, since also F' € (ILE))ZO. Again not all of the partials

of F are 0 but they all belong to ij/H. Since deg(F) > Iy, they all also belong to (241, ..,T,)0
and hence to (IY]_/H)(’“JO). Therefore a((ij/H)(k’lO)) < a((ij_/)(kle)) — 1, so we have

lo = a((Iy) ™)) < a((Iy; )H)) < a((Ty, )*) < ... < a((Iy)*").
(I

Corollary 3.5. Let Lo, Ly,...,L,,Ho,Hy,...,Hs C P" be an inclic, and let W = Zizo l;L; and

X = Zizo LiL; + Zj>0 hjH; for non-negative integers l; and h;. Let Y] be as above, and let

I'=max(ly,...,l,) and h=h1+---+hs. Then a(X) = h+a(W) and max(l',ly) < a(W) <U'+1.

Moreover, there is a least j > 0 such that oz((ij/)(k’lO)) = lg. Taking this least j to be d, we have
O[(W) < lg + d,

with a(W) = lp + d if char(K) = 0.
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Proof. Since Ix = 77{” --nls Iy, where n; is the linear form defining H;, we see that a(X) =
h+a(W). Sincely, ..., 1,1y < a(W), the lower bound max(I’,1y) < a(W) holds. Since zhz! € Iy,
the upper bound (W) < I’ + 1y also holds.

To get more precise information, note by (*) in the proof of Theorem 3.1 that

(W) = a(lw) = mina(af(ly) ) = minfj + a((fy,) )},

By definition, (ij/)(k’lo) C (g1, .., 20)" s0 a((ij/)(k’lo)) > lp for all j. But for j > I’ we have
((ij/)(k’lo)) = (Thyt1,. -, 2n)" 50 a((ijf)(k’lO)) = lp and hence a(Iyy) < 1'+1y. Thus there is a least
j such that a((l}j/)(k’lo)) = lp so d is defined. Thus we have a(Iy) < d + ly, and in addition we
have d +lop < j + a((Iy/)(k’ZO)) for all j > d.

Now assume char ) = 0. By Lemma 3.4 we have

(K
lo+d < a((Tyy )E) 4+ (d=1) < al(Ty; )®) +(d—2) < ... < a((Ty)*) + (d - d),
)

and hence (I y(10) +j >1lp+dforall j <d, and therefore a(W) = Iy + d, as claimed. O

4. SETS OF GENERATORS AND RESOLUTIONS

Now we work out a free resolution for Iy (and hence Ix, which is the same as for Iy except
for a shift in the grading). The idea is to mimic what is done in [FHL], using the structure of Iy
as an R’-module as given in Theorem 3.1. This immediately gives graded generators over R’, from
which a set B of graded generators over R can be obtained, which we can reduce to a smaller set
B*. When char(K) = 0 and Ly is a single point, B* is a minimal set of homogeneous generators
over R. Using the approach of [FHL], the nonminimal generators B extend to a free resolution, as
we will show, but it is not clear how in general to obtain a minimal set of generators for Iy much
less a minimal free resolution.

We begin by finding a set of generators for Iyy. By Theorem 3.1, Iy is a direct sum of the
graded R’-modules x%(ij/)(k’lO), so graded generators over R can be obtained by taking a minimal

kalo)

set Bj of graded R’-generators for each .’L’%(ij/)( Thus B; = :EOB where B} is a minimal set

of graded generators for the R'-ideal (ij/)(k’lo). The union U;Bj>q is a set of graded R-generators
for Iyy. This is an infinite set since there is no bound on j. This is because Iy is not a finitely
generated R’-module, but, as Theorem 3.1 shows, @j>l/x6(ijz)(k*lo) = ng 7z, and since By generates
zh (Iyl//)(k’lo) = a1, over R', which in turn generates x) I; over R, we see that B = Uo<j<i B is a

finite set of graded R—generators for Iyy.

These are typically redundant, however, since for all j > d the initial degree of (ij/)(k’lo)

is l(),
so we have

((Iyp)® )y € ((Iyy, ) By -
Thus for example, B/, contains a basis for ((Iy/)(k’lo))lo and By | contains a basis for ((ny 1)(k’l°))lo,

but the vector space span 24 ((IYJ+ )(B:10)), of Byy 1 contains the vector space span zi '+ ((Iyé)(’“vlo))lo
of £9gBy. There may be other redundancies, but to avoid redundancies of this kind at least, for
each j > 0 starting with j = 0 we pick a basis A} of ((ij_/)("/’le))lO7 extend to a basis A%, of

((ijlﬂ)(k’lo))lo, which we egtend to a basis A}, 5 of ((ij/+2)(kvlo))lo, etc. (Note that A} = @ for
Jj < d.) Now define A; = xf)Ag» for j > d (and A; = @ for j < d). For each j > 0, we then extend
A’ to a minimal set B of graded generators for ((Iy/)(k l0)),,, and set B: = mO(B’ \ Aj_) (so
B; = xOB’ for j <d). Then B* = Uo<j<rBj is a set of R-generators for Iyy.
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Theorem 4.1. If char(K) = 0 and Ly is a single point, then the set B* is in fact a minimal set
of generators for Iy .

Proof. 1t is clear by construction that B* generates. We need to check that it is minimal. By
construction, each element of B* is bigraded; i.e., it is a power of x( times a homogeneous form
in R, hence is in R;j. So take an element g € B*. Thus g = zf € R;; for some i and j, where
fe B;- \ A;._l. Suppose the elements of B* without ¢ still generate Iyy; i.e., suppose that ¢ is an
R-linear combination of the other elements of B*. Note that (Iy),s = (0) for r < lp. Thus i > .

If ¢ = lp, then f € A;- and g being an R-linear combination of the other elements of B* means g
is a K-linear combination of the other elements of z, B U xé_lBi" U--ua)™’ B of R'-degree lo,
i.e., g is a K-linear combination of the other elements of Udgsgjxé(A; \AL_|) = w%A;, hence f is
in the K-vector space span of the other elements of A, but A’ is a basis and f € A, so this is
impossible. ‘

Say i > lp. Then g is an R'-linear combination of other elements of the union of x| °Bf =
) (BL\ A,_,) for s < j of R'-degrees r < i. Thus f is in the ith homogeneous component of
the R'-module generated by the union Us<;j(B%\ A,_;) = Us<;B.. Since B/ generates (Iy;)(0)
and (IYS,)(O,lo) - (IYSIH)(O’IO), f must be in the ith homogeneous component of the R’-module
generated by B\ {f}, modulo ((]Y]_,il)(olo))i. But ((Ix/jlil)(o’lo))i C R’l((ij/)(OvZO)) (as will be seen
in a moment). Thus the image of B} \ {f} in the quotient ((ij/)(o’lo))/(R’l(ij/)(o’lo)) must generate
what the image of BJ’- generates, which is the whole quotient. However, homogeneous elements
of (IYJ{)(O’ZO) whose images generate this particular quotient also generate (I}/]{)(O’lo); ie, B\ {f}
generates (ij/)(ovlo). This is a contradiction, since B;- is a minimal set of homogeneous generators
for (ij/)(o,lo)_

Thus B* is in fact a minimal set of bihomogeneous generators for Iy ; we just need to justify
((ij/_l)(o*lo))i C Rﬁ(([yj_/)(o’lo)) for i > lyp. Let u € ((ij/_l)(o’lo))i. Then u € Iy, so u vanishes on
each component of YJL1 to order at least 1 more than is needed to be in ij/, but taking partials
drops the order of vanishing at most 1, so (for each 1 < ¢ < n) Ju/0z; has sufficient order of

vanishing to be in Iy Moreover, u € ((ij/_l)(o’lo))i C(y)i= (I?o)i = ((21,...,2,)"); for i > lo,
so Ou/0x; vanishes to order at least lp on Lg. Thus Ou/dz; € (IY;)(O,Z()) for 1 <t < n, hence by
Euler’s identity we have u € R (ij/)(O’lO). O

We now consider the problem of constructing a free resolution of Iyy. We start with some
preliminary results.

Lemma 4.2. Let M, N, F and G be graded R’ -modules with F a free R'-module, and let o : F' —
M, B3:G— N and h: M — N be graded R'-homomorphisms with Im(h o «) C Im(83). Then there
exists a graded homomorphism ho : F' — G such that Bohg = hoa, and hence ho(ker(a)) C ker(5)
(and so ho((ker «);) C (ker 8); for alli > 0).

Proof. Let S be a minimal set of homogeneous generators for F'. For each f € S, h(a(f)) is
homogeneous and (3 is a graded map such that Im(h o &) C Im(f3), so there is an element g; € G;
where i = deg(f) such that 8(gr) = h(a(f)). Setting ho(f) = gy for each f € S gives a graded
map hg : F'— G such that 8o hg = h o a, and hence ho((ker a);) C (ker 5); for all ¢ > 0. O

Corollary 4.3. Let M and N be graded R'-modules and let Fy and Go be minimal graded free
resolutions of M and N respectively. Let ¢; : Fj — F;_q1, j > 0, be the differentials for Fy (where
¢o is the augmentation map, so F_y signifies M), and likewise let v; : G; — Gj—1, 7 > 0, be the
differentials for Go, and let h_y = h : M — N be a graded homomorphism. Then there exist graded
homomorphisms h; : Fj — Gj, j > 0, compatible with the differentials of the resolutions.
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Pit1,5 . bit1,j .
Girjra(—i—1) =5 Gij(=i—1) ¥ Giprja(—i—1)
i,j+1/\ hij/‘
. i j+1 . Pij .
Gijar(—i—1)  ——  Giy(-i—-1) —  Gia(-i-1)

RGN, N

. ®ij . Pij .

Gijv1(—1) e Gij(—1) — Gij—1(—1)

FIGURE 1.

Proof. We prove the statement by induction on j. Since F, and G, are resolutions, ¢¢ and ~y are
surjective, so we have Im(h_; o ¢p) C Im(vo), hence the case j = 0 is immediate from Lemma 4.2,
which also gives hg(ker(¢g)) C ker(vp). By induction we may assume hy_1(ker(¢¢—1)) C ker(y:—1)
for 1 <t < j. Because F, and G, are resolutions, we thus have Im(h;_1 o ¢;) = hj—1(Im(¢;)) =
hj—1(ker(¢;—1)) € ker(y;—1) = Im(v;). By Lemma 4.2 and induction we now have h; for all j > —1
as desired, with h;(ker(¢;)) C ker(y;). O

Now, consider Y”, Y’ Z, W and X as in section 2 and a minimal free resolution of each I (k o)

over R\ = K[x1,...,2,) :
= Gl Gl o Glg = (Iy) P10 — 0,

where G;J is isomorphic as a graded R'-free module to @,R'(—¢)%s.¢ (for an appropriate graded
Betti number 3; ;). We denote the differentials by <Z> and graded generators of the component of
G' . corresponding to R'(—£)%.i¢ by {sij.ik} where k: runs over 1 to §3; j,. From this data we will

17-]
construct a free graded R-resolution F, of Iy .

To do so we will need maps between the resolutions of I( ) and I(k ZO) Let R} : (k o) ., plklo)

Y
be the inclusion induced by the inclusion Y}, ; C Y} of closed subschemes which we also denote by
h; _; = hj, where we regard I}(,I:,’ZO) and Ig”,ﬁ) as G _ and Gy, ;. Corollary 4.3 applied to the

resolution of each (Iyi/)(k*lo) now gives maps h;; : G’ — Gz—l—lj giving a morphism hl, : (G})e —
(G}41)e of resolutions. We get free R-modules G; = G ®pr R by tensoring by R and we denote the
induced map b} ® idg : G; = G;y1 by h;. With the maps ¢; ; = d) ® idg as differentials, (G;)e is

a minimal graded free R-resolution of I}, (kito)

®p R. Finally we deﬁne wij © Gij(—1) = Gjj, given by
multiplication by xg. Putting these all together we get for all ¢ and j the commutative diagrams
shown in Figure 1.

We now can define the graded free R-modules F; for our resolution F, of Iyr. Recalling that

I'=max{ly,...,l}, define

l,
Fy = @Gi,o(—i)
=0

and, for j > 0,

-1
Fj = Gl/,j(—l/) ©® <@ (Gi,j(_i) D Gi,j—l(_i - 1)))
1=0

The structure of Fy follows from the fact that Iy is generated by the R’-submodules a:OI (k, 10)7

0<i<lU,so G;p(—i) corresponds to xOI(k ) The jth syzygy module F; being a sum of modules

of the form G; ;(—i) ® G;j—1(—i — 1) comes from the fact that there are two types of syzygies.

The component G; j(—i) corresponds to jth R'-syzygies of I (Ii’lo), which naturally carry over to jth
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(k,lo) (k,lo)

R-syzygies of z{I;;;"*’. The component G; j_1(—i— 1) corresponds to jth syzygies between z} I,
and 22t 150 Recall that 150) ¢ I(k,’lo), so an element f € 1510 §5 also an element of 150,
0 Y¢+1 Y; Yi+1 i Yi+1

Thus, for example, we have a first syzygy =5 f ® xo — :Cé“ f ® 1 between elements of :1:6[&,’10) ® xo
i+1 7(k;lo) Z
and IYi X ® 1.

+
Finally, we define the differential maps ¢; : F; — Fj_1. Mimicking [FHL], we set

G0(si0,0k ® 1r) = di0(Si0,00 ® h),
P1(s4,1,06 @ 1R) = Gi1(si1,06 @ 1R),
$1(85,0,06 @ 1R) = Si00 ® o — hio(si0.0k ® 1R)
and, for j > 1,
G (sijer @ 1R) = ¢ij(Sijek @ 1R),
and
G5 (sij—1,06 @LIR) = 85 j—10k @ To — hij—1(Sij—1,6k @ 1R) — dij—1(Sij—1,6k @ 1R).

Proposition 4.4. The sequence
F.:n-—)Fj—)Fj,l—)"-—)Fo,
with differentials ¢; as defined above, is a complex with ¢g o ¢1 = 0.

Proof. The proof is the same as given for Lemma 2.3 of [FHL|. It follows from commutativity of
the diagram in Figure 1 and the fact for each i and j that ¢} ; ;; ; = 0 (since (G})s is a resolution,
hence a complex). O

Theorem 4.5. The complex Fy is a resolution of Iy with augmentation map ¢q.

Proof. First of all, since B is in the image of ¢y and since B generates Iy, ¢q is surjective.

Now we have to prove that ker(¢;—1) = Im(¢;), for each j > 0. By Proposition 4.4, we have
Im(¢;) C ker(¢j—1). As for the other inclusion, the proof given in Lemma 2.4 of [FHL] works
throughout with minor changes. O

Remark 4.6. The result of Theorem 4.5 gives an explicit resolution F, over R in cases where we

)

have explicit resolutions of the ideals I (’i’lo over R'. In such cases, although the free resolution

in Theorem 4.5 is not minimal, we can in principle determine the graded Betti numbers for the
minimal resolution from the graded Betti numbers for F, since we would have explicit matrices
for the differential maps, and so could tell how many columns have nonzero scalar entries. This
determines how much the graded Betti numbers for Fy exceed those for a minimal resolution.

5. FAT POINTS

In this section we apply the results of the previous sections to the case of fat points with all but
one point having support in a hyperplane. In this case, W = lopo + - - - + l;p, (whence s = 0 and
Lo = po), with p1,...,p, € Hp, for some hyperplane Hy C P™, but py & Hy (note that taking lo =0
reduces to the case of points contained in a hyperplane, considered in [FHL)).

We define the tth truncation of a graded R'-module M = @0 M, with homogeneous components

My to be
(M)> = P M.
0>t
As usual, for simplicity we assume that Hy is defined by xg = 0 and that I, = (x1,...,2y). Then

0,
13(/ V= Iy 0 (@, 20) = @) = Iy,
>y
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is nothing but the [pth truncation of Iy-.

Note for t large enough or for ¢ small enough we get some simplifications. Of course, for t < Iy,
we have h((Iys)>i,,t) = 0, but for ¢t > Iy, we have h((Iy’)>i,,t) = h(lys,t). If i < d, with d as
in Lemma 3.4; then we have a((Iy)>1,) > lo, hence also Zoz(IyZ/) > ly. Thus (Iy/)>1, = Iy; and so
h((Iy)>15:t) = h(Iy;,t) holds for all t > 0. We also have (IYI’,)Zlo = (Ipy).

The results of Theorem 3.1 can be written in terms of the [yth truncations of the ideals Iyi/ as a
direct sum of R’-modules as

T = ((Iyg) 1) @ (@o(Iyy)z10) @+ & (£~ (Iyy, )40)) & (2t (Tyy) 1)) @ (2 (I )0)) & -+

and so
t—lo

h(Tw,t) =Y h((Iy:) 210, t — 1)
=0

Although our resolutions are not in general minimal, we can in some cases say something about
minimal resolutions. For example, in the case above by Lemma 2.3 of [FMN], we have

Big((Iy)z10) = Bijelyy),

for each £ > Iy + j.
For another example, say the points p; are in P2, hence p; for i > 0 colinear with py not on that
line. Since the codimension is 2, the minimal free resolution of Iy is of the form

0— F — Fy — Iy — 0.

But by Theorem 4.1 we have a minimal set of homogeneous generators (hence we know the graded
Betti numbers for Fj and so Fj itself up to graded isomorphism), and as above (i.e., by Theorem
3.1) we know the Hilbert function of Iy. From this we know the graded Betti numbers of F} and
hence F} up to graded isomorphism.

6. GALAXIES

As another application of our results we compute galactic Waldschmidt constants. In order to do
this we need to prove a lemma. Let X C P" be a set of ¢ points regarded as a reduced subscheme.
It is well known that reg(lx) = 7 + 1 where 7 is the least degree ¢ such that the points impose
independent conditions on forms of degree ¢ (i.e., such that h(Ix,t) = (tjln) —c).

Lemma 6.1. Let H C P” be a hyperplane and let X C P™ be a set of ¢+ 1 points regarded as a
reduced subscheme, with exactly ¢ of the points lying in H. Let X' = XNH, thenreg(Ix:/) = reg(Ix).

Proof. Choose coordinates such that Iy = (zg), where K[P"] = KJzo,...,x,] and so K[H| =
Klxy,...,2,]. Let 7 = reg(Ix/) — 1 and let 7 = reg(Ix) — 1. Thus the points of X’ impose
independent conditions on forms of degree 7" in K[H|, and hence also in K|[xo,...,z,]. Let p be
the point of X not in H; up to choice of coordinates we can regard p as being general, hence it
imposes an additional independent condition. Thus 7 < 7/. On the other hand, it follows from [FrL,
Corollary 3.3] and from [DG, Proposition 2.1] that 7/ < 7, hence 7 = 7/, so reg(Ix/) = reg(Ix). O

To state our result let G = G(n, N, e, N). Let G C P"*¥ be the reduced Galactic inclic scheme
whose components are the elements of G; i.e., G is the reduced scheme theoretic union of the N
points of G and the (Z) e-wise intersections of the associated star configuration S(n,e,u).

In order to compute &(Ix), we will determine a((Ix)?)) for an unbounded sequence of values of
j. Our inductive procedure requires information about star configurations as a starting point. The
following result is from [BH].
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Theorem 6.2. Let 1 < e < n < u be integers. Let A C P™ be the reduced scheme theoretic union
of the linear varieties comprising the star configuration S(n,e,u). Then for each integer r > 0 we
have a(reA) = ru, a(lg) =u—e+1 and, if e =n, reg(la) =u—n+1.

Finally we have

Theorem 6.3. Let G be a reduced galactic inclic scheme as above.

(a) Then
2
< p(I,
and if in addition e = n, then
u—n-+1
1
p( G) = a(IG)
(b) If K has characteristic 0, then
~ N(u—e)+u
Ig) = —/——mmF—.
alle) N(u—e)+e

Proof of Theorem 6.53. Let G = G(n, N,e, N;S(n,e,u),H) and let the points of the galactic halo H
bepi,...,pn. Let Go = S(n,e,u) = ACP*, Gy = A+p; CP"" ... G =Gy = A+p1+--+pn C
PN,

(a) The bounds on p(Ig) come from a(Ig)/a(lg) < p(Ig) and, when e = n, p(Ig) < reg(lg)/a(lg)
[BH]. Since G spans PV, we see 1 < a(Ig), but G is contained in the span of P* and N points,
each of which is contained in a hyperplane in PV so a(Ig) < 2; thus a(Ig) = 2. And by Lemma
6.1 with e = n, reg(Ig) = reg(Ilg,), but reg(Ig,) = u —n+ 1 by Theorem 6.2.

(b) Now define the following sequence: ag = re, a1 = ru, and for i > 0, let a;42 = 2a,41 —a;. It’s
easy to check that a; = iru— (i —1)re. In what comes below, for each ¢ we regard I, as an ideal in
K[P""]. We begin by noting that a; = a(I,,c,). We will show by induction that a;11 = a(l,,q,),
and hence that a(l,yqy) = (N 4+ 1)ru — Nre, so a(lg,) = lim, oo ((N + 1)ru — Nre)/(Nru —
(N—-1)re) = ((N+1)u— Ne)/(Nu— (N — 1)e), as claimed.

To show that a;11 = a(l,,¢,) we will apply Corollary 3.5. The W of Corollary 3.5 is Gy; Lo = p;
and the Lj, j > 0 are the components of A and the points p1,...,p;—1; Hp is the linear span of P"
and p1,...,pi—1; P there is P"** here; and I = l; = a; for all j. Moreover, k in the corollary is 0,
since Lo is a point. (Here there are no H; for j > 0. Here [y = a;.) The result of the corollary is
that a(a;G;) = a; +d, where d is the least j such that what is there called Y] has Oz((ij/)(O’lO)) = lp.
But Y] = (a; — j)Gi-1 (as long as a; — j > 0), and (ijr)(o’lo) is just the truncation of Iy]_/ at degree
lop. Thus the least j such that a((IyJ_/)(O’lo)) = lp is the least j such that a((a; — 7)Gi—1) < a;.
But a((a; — j)Gi—1) = a; for j = a; — a;—1 by induction, and a((a;—1)Gi-1) < a((a; — j)Gi—-1) for
Jj < aj—aij—1 by Lemma 3.4, so a; — a;_1 is the least j. Thus a(Is,q,) = ai + (a; — a;i—1) = a;11, as
claimed. O

In the case that N =1, e = n and u = n+1, we can, up to choice of coordinates, regard GG as the

coordinate vertices in P**!. In this case, w = n+ 1 so the ideal I can be chosen to be a monomial

ideal and, in characteristic 0, we recover the known facts that a(lg) = ﬁ—ﬁ and p(Ig) = 2(71"7121)

We note that the bound ﬁ < p(Ig) is always better than the bound 1 < p(Ig), and the bound
p(lg) < “a_(}"”;)l is often better than the bound p(Iz) < n+ N (for example, if the characteristic is

Oand 1 <n <wu<2n+ N, then we have “a_(?;r)l <n+N).
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