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ABSTRACT. We investigate the effect of nonlocal conditions expressed by linear con-
tinuous mappings over the hypotheses which guarantee the existence of global mild
solutions for functional-differential equations in a Banach space. A progressive tran-
sition from the Volterra integral operator associated to the Cauchy problem, to Fred-
holm type operators appears when the support of the nonlocal condition increases
from zero to the entire interval of the problem. The results are extended to systems of
equations in a such way that the system nonlinearities behave independently as much
as possible and the support of the nonlocal condition may differ from one variable to
another.
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1. INTRODUCTION

This paper deals with the Cauchy problem for functional-differential evolution equa-
tions in a Banach space X, with a nonlocal condition expressed by a linear mapping
(1.1) W) =AW u(t)+ P (u)(t), foraa. tel0a
' u(0) = F(u).

Here { A (t)}te[o,a] is a family of densely defined linear operators (not necessarily bounded
or closed) in the Banach space X generating an evolution operator, ¢ is a nonlinear
mapping, and F' is linear.

Containing the general functional term @, our equation is more general than the
most studied one given by

® (u) (t) = g (t, u),

where the function w; (s) = u(t+s), for s € [-r,0], r > 0, t € [0, a] stands for the
memory in lots of models for processes with aftereffect (see, e.g. [26]). In particular,
it covers evolution equations which are perturbed by a superposition operator @,

(1.2) @ (u)(t) = f(t,u(®), te[0.d
associated to some function f : [0,a] x X — X, integro-differential equations and

equations with modified argument.
1



Text Box
http://dx.doi.org/10.1016/j.jmaa.2015.07.019
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In the mathematical modeling of real processes from physics, chemistry or biology,
the nonlocal conditions can be seen as feedback controls by which the "sum” of the
states of the process along its evolution equals the initial state. The mapping F' ex-
pressing the nonlocal condition can be linear or nonlinear, of discrete or continuous
type. For instance, as a linear mapping, it can be given by a finite sum of multi-point
form

(1.3) F(u)=Ycpu(ty),

where 0 < t; < 13 < ... < t,, < a and ¢, are real numbers. More general, it can be
expressed in terms of a Stieltjes integral

F(u):/oau(t)dqb(t).

Nonlocal problems with multi-point conditions and more general with linear and non-
linear nonlocal conditions were discussed in the literature by various approaches. We
refer the reader to the papers [1], [4]-[11], [14], [18], [19], [21], [25], [27] and the refer-
ences therein.

As it was first remarked in [6], it is important to take into consideration the support
of the nonlocal condition, that is the minimal closed subinterval [0, ar] of [0, a] with
the property

(1.4) F (u) = F (v) whenever u =v on [0,ar].

This means that the mapping F' only depends on the restrictions of the functions from
C ([0,a]; X), to the subinterval [0, ar]. The case ap = 0 recovers the classical Cauchy
problem, while the case ar = a corresponds to a global nonlocal condition dissipated
over the entire interval [0, a] of the problem. When 0 < ar < a, we say that the nonlocal
condition is partial. As we shall see, moving ar from 0 to a, we realize a progressive
transition from Volterra to Fredholm nature of the equivalent integral equation.

The support problem is even more interesting in case of a system of equations in
n unknown functions wuq, us, ..., u,, when a nonlocal condition is expressed by a linear
mapping F' = F (uy,ug, ..., u,). In this case, we may speak about the support of F
with respect to each of the variables. The notion is introduced in this paper for the
first time, and together with the vectorial method that is used, allows us to localize
independently each component wu; of a solution (uy, us, ..., uy) .

In addition, as an other original feature of our study, the localization of a solution,
and in case of systems, of each of the solution components, is realized in a tube, i.e. a
set of the form

{(t,u): t€l0,a], ue X, |uf <R},

of a time-depending radius R (¢). In a physical interpretation, this means that the
variation of a quantity w (¢) is allowed to be nonuniformly larger or smaller during the
evolution, as prescribed by function R (t).

We finish this introductory part by some notations and basic results. Throughout
this paper, the norm of a Banach space X is denoted by |.|, the open and closed balls of

X, of radius R centered at the origin, are denoted by B (0, R), B (0, R), respectively;
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the symbol ||,y is used for the norm of a linear continuous mapping from X to
Y, with the understanding that £(X,Y") is the space of all bounded linear operators
from X to Y. Also, the norm on L (b1, by) (1 < p < 00) is denoted by ||}, 4,), and
the symbol ||« 5,y 15 also used for the sup norm on C' [by, by] := C([b1, b2]; R). The
notation L (b, by) stands for the set of all nonnegative functions in L' (b1, by) . The
open and closed balls of C'([0,a]; X) of radius R centered at the origin are denoted by
Beo (0, R), Be (0, R), respectively.

We recall that an operator 7' : A — L(X, X), where A = {(¢,s) : 0 < s <t <a},is
called an evolution operator if T(t,s) : X — X is a bounded linear operator for every
(t,s) € A, and the following conditions are satisfied:

(i) T(s,s) = I (identity of X), T(t,7)T(r,s)=T(t,s) for 0 < s <r <t <a;
(ii) (t,s) — T(t,s) is strongly continuous on A.
Note that, since T is strongly continuous on the compact set A, there exists a constant
M > 0 such that

(1.5) T(t,s)|cx,x) <M, forall (ts)ecA.
By a we shall denote the Kuratowski measure of noncompactness on a Banach space
X, ie.
a (D) =inf {e > 0: D admits a finite cover by sets of diameter < ¢}
for any bounded D C X. The symbol a¢ will stand for the corresponding Kuratowski

measure of noncompactness on C' ([by, ba] ; X) . Recall (see [2], [3], [12], [17]) that for an
equicontinuous set D C C ([b1, bs] ; X) with D (t) bounded for each ¢ € [by, bs], one has

(1.6) ac (D) = max a (D (t)).

te[bl,bg]
Also recall (see [15], [22]) that for a countable set D C L' (b, by; X) with |u (¢)| < n(
for a.a. t € [by,by] and every u € D, where n € L} (b, bs), the function ¢ — o (D (¢
belongs to L! (by,by) and

(1.7) @<{/blb2u(s)ds:ueD}) §2/:2a(D(s))ds.

The main tool of nonlinear functional analysis that we shall use is the Leray-Schauder
type continuation theorem of Moénch [20] (see also [12], [23]) involving a compactness
condition which in particular holds for condensing operators.

t)
)

Theorem 1.1. Let U be an open subset of a Banach space X, and let N : U — X be
continuous. Assume that for some ug € U the following conditions are satisfied:

(a) N (u) —ug # X (u—ug) on U for all X > 1;

(b) if C C U is countable and C C conv ({ug} U N (C)), then C is compact.

Then N has a fized point in U.

Finally, for the last part of the paper devoted to systems, we recall that for a square
matrix of nonnegative entries H € M,,«,, (R}), the spectral radius p (H) is the maxi-
mum modulus of the eigenvalues, and that the following statements are equivalent:

() p(H) < 1;

(ii) H* — 0 (zero matrix) as k — oo;
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(iii) I — H is nonsingular and the entries of (I — H) ™" are nonnegative (I being the
unit matrix of the same order).
Details can be found in [24].

2. EXISTENCE AND LOCALIZATION OF SOLUTIONS FOR EVOLUTION EQUATIONS

Compared to other papers on the existence of solutions for local or nonlocal problems,
our approach is to find solutions in a ‘ball’ of a time-depending radius. Hence we are
looking for solutions in the bounded closed subset of C ([0, a]; X),

U:={uecC(0,a]; X):|u®)] <R() forall t € [0,a]},
where R € C'[0,a] is a given function with R (t) > 0 for all ¢t € [0, a], and
U:={ueC(0,a];X):|u(t)] <R(t) forall t € [0,a]}.
In this section, the linear part of the equation of problem (1.1) will satisfy the following
property (see, e.g. [10]):

(A): {A(t)}eo,q Is a family of linear not necessarily bounded operators (A(t) :
D(A) C X — X, t €0,a], D(A) is a dense subset of X not depending on ¢)
generating a continuous evolution operator T': A — L(X, X).

We shall assume that

(h1): ®: U — L'(0,a; X) is continuous;

(h2): F:C (]0,a]; X) — X is alinear continuous mapping such that the operator
from X to X, x — o — F (T (.,0) z) has an inverse B.

Note that, by (h2) and the definition of the evolution operator, the operator B is
linear and bounded, i.e. B € L(X,X) (see [13, Corollary 3.2.8]).

Remark 2.1. A sufficient condition for (h2) to hold is that the norm of the operator
FT(.,0) from X to X is less than one. Indeed, in this case, F'T(.,0) is a contrac-
tive mapping and consequently, the operator from X to X, z — = — F (T (.,0) z) is
invertible. In the particular case, where F'is of discrete type, given by (1.3), one has
ap = t,, and the norm of the F'T (.,0) is less than one if

M o] < 1.
k=1

Under conditions (h1) and (h2), a mild solution of the problem (1.1) in U is a function
u € U such that

2.1) w(t) = T(t,0)BF (/O’Tp,s)@(u)(s)ds)

—|—/tT(t,s)<I)(u) (s)ds, forall te€[0,a].

From now on, we shall denote by [0, ar| the support of F. It is important to note
that one has

F(v) = F(Xar (v),
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for all v € C' ([0,a]; X), where the operator x,, : C'([0,a]; X) — C ([0,a]; X) is given
by

Jou@) iftel0,ap]
Xap (V) (1) = { v(ap) ift € (ap,al.
We shall consider the integral operator N : U — C ([0, a] ; X) defined by
(2.2)

N(u)(t) =T (t,0) BF (/0 T(.,s)P (u)(s) ds) —l—/() T(t,s)® (u)(s)ds, t€[0,al.

Thus, any mild solution in U of (1.1) is a fixed point of N. Now Monch’s continuation
theorem, Theorem 1.1, yields the following very general existence principle for the
problem (1.1).
Theorem 2.1. Assume that the conditions (hl) and (h2) hold. In addition assume
(h3%): if u = AN (u) for some u € U and A € (0,1), then |u(t)] < R(t) for all
te0,a]. -
(h4®): if C C U is countable and C' C conv ({0} U N (C)), then C is compact in
C([0,a]; X).
Then (1.1) has a mild solution in U.
To convert the general principle from Theorem 2.1 into applicable existence criteria,

we have to find sufficient conditions for (h3°), (h4%) to hold. To this aim, we consider
the operators Ny, Ny : U — C ([0, a] ; X) given by

(2.3) N, (u) (t) = T (t,0) BF ( /0 T, 8)® (u) (s) ds) ,

t

(2.4) Ny (u) (t) = / T(t,s)P (u)(s)ds,
0

for every t € [0,a] and u € U, and for simplicity, we denote

|BF’ = ‘BF|[,(C([0,a];X),X) :

Lemma 2.1. Assume that the conditions (hl) and (h2) hold. In addition assume that

(h3): there exist § € L} (0,a) and a continuous nondecreasing functiony : Ry —
R, with ¢ (s) > 0 for all s > 0, such that

(2.5) 1D (u) ()] <5)¢ (Ju(t)]) fora.a. t€0,a] and allu € U,
26) P= AP BELS ()% (R ()i < min A0,
where [0, ar] is the support of F, and
RO dr
(2.7) i G > M |61y forallt €10,d],

where M is given by (1.5).
Then the condition (h3%) is satisfied.
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Proof. Let u = AN (u) for some v € U and A € (0,1). Then, for each t € [0,a], by
(1.5), (2.5) and (2.6), one has

W@ < AN () @)+ 1N (0) (1))
< 3 (MIBF (v Naw) |+ 21 [ 20000501 05)

< A(M|BF|rxaF<N2<u>>rcqo,a];x>+M / 5<s>w<\u<s>|>ds)

< A(MQyBF\ sup |5(.)¢(Iu(-)!)\u<o¢>+M|5(-)¢(IU(-)|)|L1(0¢>>

tel0,ar]
2.5) < A+ MO ) = ().
We show that
(2.9) c(t) < R(t) for every t € [0,al.

First we note that, by (2.6), ¢(0) < R(0). Then, suppose by contradiction that there
exists t* € (0, a] such that ¢(t*) > R(t*); therefore, we may find an interval [0, 0] C [0, a]
with
c(t) < R(t) forevery te[0,b), c(b)=R(b).
By using (2.8) and (h3), we have
() =AM () (Ju (t)]) < AMS () (c(t)), foraa. te]0,0].

This implies

(2.10) /b wclc((ss))) ds < )\M/Obé s) ds

Since ¢ (0) = Ar < r, we have

®)  qr RO qr RO qr
e /cm) o wmz/r o ()

so by (2.10) we deduce

RO qr
. U(7)

Then, if |5|L1(07b) > 0, we obtain
RO qr
P U(T)

which contradicts (2.7). Note that in our case ¢ (b) = R (b), the equality |6],1 ¢, =0

is not possible, since otherwise ¢(b) = Ar < R (b), which is impossible. Therefore
c(t) < R(t) for every t € [0,a], whence |u(t)] < R(t) for all t € [0,a], as desired. O

S AM|O]p1(0p)-

S AM 6] 10,y < M |0] 110 5

Remark 2.2. In particular, if R (t) = R (positive constant) for every ¢ € [0,a], than
U = B¢(0,R) and the conditions (2.6), (2.7) read as follows:

(2.11) r:=M?|BF|¢ (R) 0|, <R,

(0,ar)
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B dr
r U(T)

In order to prove the next result, in correspondence to the function R, we introduce
the undergraph of 2R,

Ve={(t,s) eR*: 0<s<2R(t), 0<t<a}

(2.12)

> M 0|10, -

and we say that a function w : Vz — Ry is L*-Carathéodory on the undergraph Vg if

(wl): w(.,s)ismeasurableon {t € [0,a] : 2R (t) > s} forevery s € [0, 2 |R|L<>o(o,a)] ;

(w2): w(t,.) is continuous on [0,2R (t)], for a.a. t € [0, al;
(w3): there exists n € L1 (0,a) such that w (¢, s) < n(t), for all s € [0,2R (t)] and
a.a. t €[0,qa].

Moreover, we shall assume the following property

(h4): there exists a function w : Vg — Ry which is L'-Carathéodory on the
undergraph Vi and such that for each countable set C' C U,

(2.13) a(®(C)(t) <w(t,a(C(t))), fora.a.tel0,d]
and that the unique solution ¢ € C'[0, a] with graph(y) C Vg of the inequality

(2.14) o) < 2M2]BF\/OaFw(s,g0(s)) ds

t
—|—2M/ w(s,p(s)) ds, forall te]|0,d
0

is ¢ = 0.
Note thit the condition (h4) is well posed; indeed, if C' C U, then
a(C(t) < a(B(0,R(t))) = 2R(t), forall te[0,al.
Hence, (¢,a(C(t))) € Vg, for every t € [0, al.
Remark 2.3 (the Kamke function of a nonlocal problem). In the case of the classical

Cauchy problem, when A (t) = 0 for every ¢t € [0,a] and F = 0 (equivalently, when
ap = 0), the inequality (2.14) reduces to

@ (t) < Q/Otw(s,w(s)) ds, forall t€0,q]

and the condition required in (h4) means that w is a Kamke function of the Cauchy
problem. By analogy, in the case of our nonlocal problem (1.1), the function w in (h4)
can be called a Kamke function of the nonlocal initial value problem.

Lemma 2.2. Assume the conditions (hl), (h2), (h4) and

(h3°): there exist § € L (0,a) and a continuous nondecreasing function v :
R — Ry with ¢ (s) > 0 for all s > 0, such that (2.5) holds.

Then the condition (h4°) is satisfied.
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Proof. Let C c U be countable with
(2.15) C cconv ({0} UN (C)),

where N is given by (2.2). First we show that C' is equicontinuous. For this, it is

enough to prove the equicontinuity of the set N (C'). First of all, we have that Ns (C)
is equicontinuous. In fact, for any fixed € > 0, in correspondence to £/6M, there exists
n(e/6M) > 0 such that for every measurable set M with A(M) < n(e/6M) (where
A denotes the Lebesgue measure on [0, a]) one has [, d(s)y(R(s))ds < £/6M, where
S()Y(R(.)) € LL(0,a) (see (h3")). Let us fix v > 0 with v < n(¢/6M). For any u € C
and t,t € [0,a] with 0 < ¢ —t < ~, by using (1.5) and hypothesis (h3’), we have

(216) | Ny (u) (£) — Ny (u) (7)]

t

i T(t,s)P(u)(s) ds+/t T(t,s)P(u)(s) ds—/o T(t,s)®(u)(s)ds

IA

t
/OyT(t,s)—T(%,s)yﬁ(XXﬂcb() |ds+M/ | (u)(s)|ds

/0 T(t,s) —T(t, s){L(X,X) d(s)V(R(s))ds+ M | 6(s)P(R(s))ds

IN

< /_7 T (t,s)—T(t }E *.%) I(s)V(R(s))ds + 2M d(s)Y(R(s))ds

+M/ ds

< A IT(t, ) = T, 5)| ) S((R(s)) ds + /3 + /6.

Let H := [ 6(s)¥(R(s))ds. By the uniform continuity of the evolution operator T,
there exists 77(5/3H) > 0 which can be chosen with n(¢/3H) < =, such that if 0 <
t—t<n(e/3H), s e [0,t], then [T(t,s) — T(t,s)|zx.x) < e/3H. So (2.16) yields

| Na(u)(t) — Na(u) ()] < e/3 + /3 + ¢/6 <e.

Hence Ny(C') is equicontinuous.
To prove that N; (C') is equicontinuous, first observe that by (2.4), the map N; in
(2.3) can be written as

Ni (u) () = T (,0) BF (Na(u)),
for all t € [0,a] and u € U. Denote
(2.17) M = M|BF| [5()%(R(.))| 10

By the continuity of the evolution operator T, we have that for every ¢ > 0, there exists
n(e/M) > 0 such that for every t,t € [0, a] with |t —t| < n(e/M), we have

(2.18) IT(t,0) — T(£,0)| p(x.x) < &/ M.
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Assuming without less of generality that ¢ > ¢, according to (2.4), (h3’), (2.17) and

(2.18), for every u € C, we have the following estimation

| N1 (u)(t) = Ni(u)(®)|
|[T(t’ O) - T(Ev 0)]BF(N2(U)>|

< IT(£.0) — T(E.0) o) | BE| Na() oo
t
< I70.0) = T O)leceoMIBF] swp [ 1900)(e) s
tel0,a] JO
< |T(t,0) = T(E,0)|ceex) M|BF| / 5(s)b(R(s)) ds
0

IT(t,0) — T(Z,0)| cx )M < e.

So N1(C) is equicontinuous. Hence, by (2.2), (2.3) and (2.4), we have the equicontinuity
of N(C). Therefore, by (2.15), the set C' is equicontinuous too. Furthermore, for every
fixed t € [0,a], the set C(¢) is relatively compact in X. Indeed, C' is bounded in

C([0,a]; X) and
(2.19) a(C(t) < a(conv({0tUN(C) (1))

< a(MN(C) (@) +a (N (C)(2)
According to (1.7) and (h4), we have

(2.20) (N (C) (1)) ngE@@gmm@mﬁ

a(N(C) (1))
).

gzMAw@Mmmm&

In addition, using the linearity of the mapping BF' and (1.6), we deduce that
(2.21) a(N(C)(t) < M|BFlac (Xar (N2(C)))
= M|BF| max «a(Ny(C)(t))
te0,ar)
ap
< 2M? |BF|/ w(s,a(C(s))) ds.
0

Now (2.19), (2.20) and (2.21) give

a(C (1)) < 2M?|BF)| /OaF w (s,a(C(s))) ds + QM/O w(s,a(C(s)))ds.

Hence the function
e(t)=a(C(t)), forall te]l0,d

solves (2.14). In addition ¢ is continuous on [0,a] and its graph is contained in V.
Consequently, ¢ = 0, that is o (C (t)) = 0 for all t € [0,a]. Thus C (¢) is relatively

compact in X for each ¢ € [0,a], as desired.

g

Now Theorem 2.1 and Lemmas 2.1 and 2.2 yield the main existence result for (1.1).

Theorem 2.2. Assume that the conditions (hl)-(h4) are satisfied. Then (1.1) has a

mild solution in U.
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In the setting of Remark 2.2, from Theorem 2.2 we deduce the following result.

Corollary 2.1 (case of time-independent radius). Assume that the conditions (hl),
(h2) and (h4) hold, where U = Bo(0,R), R >0 and Vy = {(t,s) e R* : 0 < s < 2R,
0 <t <a}. In addition assume that
(h3*): there exist 6 € L. (0,a) and a continuous nondecreasing map function
¥Ry — Ry with ¢ (s) >0 for all s > 0, such that
|®(u)(t)] < 5(t)Y (Ju(t)]), for a.a. t €[0,a] and all u € Bo(0, R),

R
(222) m Z M2 |BF| |6|L1(O,ap) + M |5|L1(0,a) )
where M is from (1.5).

Then (1.1) has a mild solution in Bo(0, R).

Proof. First of all, we show that under conditions (h1), (h2) and (h3*), the condition
(h3) is satisfied in the case of time-independent radius. It is easy to see that (2.11)
follows from (2.22) if [d];1 g,y > 0; otherwise (2.11) is trivially satisfied. Furthermore,
since the function ¢ is nondecreasing, we have
B odr R—r
>
P (1) T U (R)
and thus, by (2.22) and the definition of r (see (2.11)), condition (2.12) holds. Ac-

cording to Lemma 2.1 and Remark 2.2, in the case of time-independent radius, the
condition (h3°) is satisfied. Now Theorem 2.2 finishes the proof. O

Note that the condition (2.22) guarantees even more, namely that N (U) cU.
A much more applicable result can be derived from Theorem 2.2.

Theorem 2.3. Assume that (hl), (h2) and (h3) hold. In addition assume that the
following condition is satisfied:

(h4*): ® = U+ 0O, where © (U) (t) C K for a.at € [0,a], K being a compact set
i X, and there exists v € Ll+ (0,a) such that for each countable set C C U,
(2.23) a(W(C)1) <~v({t)a(C(t), fora.a. tel0,a
and

(2.24) (2M? |BF| 4 2M) ||
Then (1.1) has a mild solution in U.

Proof. We shall check (h4). Since © (U) (t) C K for a.a t € [0,a], K being a compact
set in X, from (2.23) we see that (2.13) holds with w (t,s) = v (¢) s, (t,s) € Vg. Now
let ¢ € C'[0,a] with graph(yp) C Vg, be any solution of (2.14), that is

(2.25) ¢ (t) <2M? |BF| 170l 1 (0.ap + 2M 79l 110y, t €10, 0]

First we show that ¢ (¢) = 0 for all t € [0, ar|. Indeed, from (2.25), since ¢ is nonneg-
ative, we deduce

(226> ’90’[/00(0,(1}7) S |SO‘L°°(0,G,F) (2M2 ’BF‘ + 2M) "‘Y|L1(0,ap) )

y <L

O,ap
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which in view of (2.24) gives |¢| w4, = 0. Then from the continuity of ¢, we deduce
o (t) =0for all t € [0,ap|, as claimed. As a consequence, (2.25) reduces to

t
o(t) < 2M/ v(s)e(s)ds, forall te€ ap,al,

and the remaining conclusion ¢ (t) = 0 for ¢ € (ap, a] follows from Gronwall’s inequal-
ity. Then (h4) holds. By Theorem 2.2 the thesis is reached. d

Remark 2.4. In particular, the condition (2.23) holds if ¥ satisfies the Lipschitz
inequality

(W (u) (8) =W (v) ()] <7 () |ut) —v(t)
for all u,v € U and a.a. t € [0,a].

In the case of the superposition nonlinearity, namely if ¢ is given by (1.2), from
Theorem 2.3, we can deduce the following result.

Corollary 2.2 (case of superposition operator). Assume that the condition (h2) holds.
Let f:]0,a] x B(0,|R|s) — X be a mapping such that
(h1;): f(.,x) is measurable on [0, a] for each x € B(0,|R|s);

f(t,.) is continuous on the ball B(0, R(t)) for a.a. t € [0,a];

|f(t,z)] <n(t) for all x € B(0, R(t)) and a.a. t € [0,a], where n € L% (0,a);
(h3;): there exist § € L. (0,a) and a continuous nondecreasing function 1 :
R, — R, with ¢ (s) >0 for all s > 0, such that

|f(t,2)] <50 (|z)]), for a.a. t€[0,a] and all x € B(0,R(t)),

and (2.6), (2.7) are satisfied;
(h4*¢): f = g+h, where h(D) is relatively compact in X for D := {(t,x) : |z] <
R(t), t € 10,a]}, and there exists v € L% (0,a) such that for each countable set
C C B(0, R(t)),
a(g(t,C) <~y({t)a(C), foraa tel0,a
and (2.24) holds.
Then the problem

L

has a mild solution in U.

At)u(t) + f(t,u(t)), for a.a.t€0,a]
F(u)

3. EXISTENCE AND LOCALIZATION OF SOLUTIONS FOR EVOLUTION SYSTEMS

Consider n Banach spaces (X, |.|,), the product space X = X7 x X5 x ... x X, and
the Cauchy problem for an n-dimensional system, with nonlocal conditions
{ w, (t) = A; () u; (1) + D (ug, ug, ..., up) (t), foraa te|0,a

7

(3.1) u; (0) = Fy (uy, s, ..., ) ,
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i=1,2,...,n. Here, for each i, { 4; (t>}t€[0,a] is a family of linear operators in the Banach
space X; generating an evolution operator T;, ®; is a nonlinear mapping, and F; is
linear.

On the linear part of the i-equation we require the condition:

(Ai): {Ai(t)}icp,q) s a family of linear not necessarily bounded operators (A;(t) :
D(A;) € X; — X;, t € [0,a], D(A;) is a dense subset of X; not depending on
t) generating a continuous evolution operator T; : A — L(X;, X;).

Consider the vector-valued mappings, represented as column matrices, & and F
acting from C' ([0, a]; X) into X,

(3.2) O = [By,Dy,...,D,]", F=[F,F,.. F]"

and the family {A <t>}t€[0,a] of linear operators in X, where, for each ¢ € [0, a], the op-
ertator A(t) : D(A) =[]\, D(A;) — X is represented as diagonal matrix of operators,

A .. 0
AW = . A ..
0 . A

Clearly, A(t)r = [Ai(t)z1, As(t)za, ..., An(t)x,]", © € D(A). Then looking at the
elements of the product space X as column matrices, the system (3.1) can be written
as

u(t)=At)u(t)+ P (u)(t), fora.a. te]|0,d

u(0) = F(u),

which is exactly problem (1.1), this time, in a vectorial form, in the product space
X = X1 x Xy x ... x X,,. Thus, all previous results are applicable and yield existence
theorems for the system (3.1). However, like in [5], we can take advantage from the
splitting of this vectorial equation into n equations and obtain more refined results
under conditions allowing the operators F; and ®; to behave independently as much
as possible. This will be possible by exploiting the vectorial nature of the system and
by using matrix conditions instead of scalar ones. For instance, instead of speaking
globally about the support of the operator F, as shown by (1.4), we shall consider the
support of F with respect to each variable u;, i = 1,2, ...,n, as being the minimal closed
subinterval [0, a;] of [0, a] with the property

F(uh"‘7ui—17uivui+17"‘7un) = F(uh"'7ui—1avi7ui+17"‘7un)

whenever u; = wv; on [0,a,].

Also, we are interested not only on the existence of a mild solution u = (uy, ug, ..., u,)
of the problem (3.1), but also on the localization of each component u; individually.
Thus, the solutions are sought in a bounded closed subset U of C ([0,a]; X), of the
form U = U1 X U2 X ... X Un with

U;:={veC(0,d;X;):|vt), <Ri(t) for all t € [0,a]},

where R; € C'[0,a] are given functions with R; (t) > 0 for all £ € [0,a], i =1,2,...,n.
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Let us define the family {T'(t, s)}, yca Of linear operators from X to X, where, for
each (t,s) € A, T'(t, s) is represented as diagonal matrix

T1 (t, S) 0
T (t,s) = Ty (t,s) ,
0 T, (t,s)
and so
T (t,s)x = [Ty (t,s)xy, Ty (t,8) 0, ... T, (t,8) 2,]" , z€X.
We shall assume the analogue conditions to (h1) and (h2):

(H1): ®; : U — L'(0,a; X;) is continuous, i = 1,2, ..., n;
(H2): F; : C ([0,a]; X) — X, is a linear and continuous mapping, i = 1,2, ...,n,
and the operator from X to X, x +— o — F (T (.,0) ) has an inverse B.

Note that, using the vectorial notations ® and F' given in (3.2), the conditions (H1),
(H2) appear identical to (h1), (h2), respectively.

Like F, the linear operator B from X to X can be naturaly looked as a column
matrix

B =[By,Bs,... B,)",

where B; € L (X, X;) . Moreover, thanks to the linearity of the operators B; and F;, B
and F' can be identified to a matrix

B = [Bij]lgi,j§n7 F= [Fijhgi,jgn>
whose entries B;; € L(X;,X;), Fij € L(C([0,4a];X;),X;) are given by
Bz’j (l']) = Bz (07 0, ...,ZEj, 0, ceey O)
E' (UJ) = FZ (O, 0, ey Uy, O, vy O) s

with z; € X, u; € C([0,a]; X;) on the j-th position. Then

B; (z) = Z Bij (z;), forevery z € X,
j=1

F; (u) = ZFU (uj), forevery ue C([0,a];X).

Jj=1

Let G denote the linear mapping BF from C' ([0, a]; X ) to X. According to the above
explanations,

G W) =[G1 (W), Ca(®), -, Cu (W], G =[Culigiyen
where G; € L(C ([0,a]; X),X;), Gij € L(C([0,a]; X;), X;) and
Gz] (Uj) = Gz (0, 0, ..,Uj, 0, ceey 0)
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with u; on the j-th position. Thanks again to the linearity of the operators, we have

Gi(u) = ZBm (£ (u ZBm (ZFM u])
= ZBik (s (u;))

k,j=1

and
zg u] E szij u]

Using the above notations, letting MZ- be such that |Ti(t,s)|z(x,,x,) < M; for all
(t,s) € A, and denoting for simplicity

1Gisl = 1G] ceqo.axx

we can state our next assumption:

(H3): for each i = 1,2,...,n, there exist §; € L (0,a) and a continuous nonde-
creasing function ¢; : Ry — R with 4; (s) > 0 for all s > 0, such that

(3.3) 1D; (w) (8)] <8 (&) (Ju; (t)];) for a.a. t €[0,a] and all u € U,
(3.4) rii= MY |Gl M; 165 () ¢ (R; (Dler(0,ay) < tlg[lgf;] R; (1),
i=1 ’

where [0, a;] is the support of F' with respect the variable u;, and

Rt gr
(3.5) / S5 2 Ml forallt € [0.0].

Note that the support of F' in this case is given by ar = max;j<;<, ;.
Finally, if we denote by «; the Kuratowski measure of noncompactness on X;, then
we can state the vectorial analogue of the condition (h4*):

(H4): foreachi=1,2,....n, &; = V;+0,, where O, (U) (t) C K;fora.at e |0,qd],
K; being a compact set in X;, and there exist v;; € L} (0,a) (1 <j <n), such
that for each countable set C' C U,

1)) < Z%j (t) oy (C; (1)), foraa.tel0,d,

and
(3.6) p(H) <1

for the matrix

H =2 (161 Bl 13 0.0r) + it 0m)
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Here p (H) is the spectral radius of H and |G|, [V|11(.ap)» V1104, are the

matrices
gl = [M; |Gij|]1gi,j§n )
’,}/’LI(O,CLF) = [MZ |’7’L'j‘L1(07aF) 1§i,j§n ’ |:)//|L1(0,(ZF) = MZ ’:\Y/l']"Ll(O,ap)] 1§i,j§n )

where 7;; (t) = v;; (¢) for t € [0,a;], 7i; (t) =0 for t € (a;, al.
Theorem 3.1. Under the conditions (H1)-(H4), the problem (3.1) has a mild solution
in U.
Proof. The problem (3.1) is equivalent to the fixed point equation for the nonlinear
operator (2.2) in C'([0,a]; X), N = Ny + Ny, where for each i = 1,2,....,n

(3.7) Ny (u) (t) = /0 Ti(t, s)®; (u) (s)ds
and
(3.8) N (u) (1) = Ti(1,0) G; (Na(u))
= Tz‘(taO)Zsz (N2j(u))
= T:(t,0) Z Gij (Xa; (Noj (w))) -

Here x4, : C'([0,a]; X;) — C([0,a]; X;) is given by
v(t) ifte|0,q
Xa; (U) (t) = { UEGJ)]') ifte an ]]7

for all v € C ([0, qa]; Xj;) .
We shall apply Ménch’s continuation theorem in the Banach space C ([0,al]; X), to
the open bounded set U = U; X Uy X ... xU,, where

U={veC(0,a]l;X;): |u(t)], <R;(t) for t € [0,a]} (1<i<n)

and to the element ug = 0. Let u = AN (u) for some u € U and A € (0,1). From (3.3),
(3.7), we have

(3.9) | Nai (u) ()]; < M/ |©; () (s)] ds < M;[6; () i (lui (1) a0
Also, from (3.8) and (3.9),
(3.10) [ Vi (u) ()]; < Mz’Z’Gzﬂ [Xa; (Naj ()| 60,015
< MG s (v, (5 1),
< 7
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Then, since u = AN (u), for each t € [0,a], one has

s (1) < A (124 M 16 O (s O s 0y ) = 0.
Next we follow the same argument as in the proof of Lemma 2.1 in order to show that
ci(t) < Ri(t) for every t € 0,al.

To check condition (b) of Theorem 1.1, let C' C U be countable and C' C conv ({0} U N (C)) .
Then, for each 1,

(3.11) pi(t) = ai(Ci(t)) = i (N; (O) (1))
< @i (N (C) (1) + o (N2i (C) (2), € [0,a].
Using (1.7), (H4) and (3.11) we obtain for a.e. t € [0, a]

(3.12) @ (Nor (C) (1) <2 | Mias (®:(C) () ds

This, in view of (3.8), yields

a; (N (O) () < Moy (ZGU (Xa, (N2j(0)))>

=1
< M, Z Gijl ac, (Xaj (N (C))) ;
=1

where a¢; is the Kuratowski measure of noncompactness on C ([0, a|; X;). Further-
more, by (3.12) and (H4), we get

ac, (Xa, (N2; (C))) = max a; (xa, (N2 (C)) (1)) = max a; ((No (C)) (1))

te[0,a] t€[0,a,]

a; M ap M
2M, / D vk () r () ds = 2M, / D> ik () i (5) ds
—— 0 k=1

IA

Then

ap T

B13) o (MelC)(0) < MG 205 [ Y A (o) (o) s

Now from (3.11)-(3.13) we find

<QZM |GZ]|/ Z ’yjk d3+2/ ZM’%k )d
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If we denote

() = [Mi%'j (t)]lgi,jgnv 7 (t) = [szy/” (t)hgi,jgnv
(3.14)
p(t) = ler(t), o2 (t),on (],
then the above inequalities for ¢ = 1,2, ...,n, can be put under the vectorial form as
ar t
313 w29l [ T@eedst2 [ 1eds el
0 0

Finally we follow the same argument as in the proof of Theorem 2.3, in order to show
that ¢ = 0 on [0,a]. The only one difference is that for ¢ € [0,ar|, from (3.15), we
have

@ (1) <2 (161 Al 0ur) + Mo 0am) 19l 0ar) = H 1#lie0ar)

whence

(3.16) ol 0ar) < H 1l roeoam) »

where by [¢]u(g,q,) We mean the column matrix of entries ;|7 (g, - Then (3.16) is
equivalent to the matrix inequality

(3.17) (I = H) [l 0.0r) <0

By (3.6), the entries of the matrix (I — H)" are nonnegative, so in (3.17) we can
multiply to the left by (I — H)™' without changing the inequality, to obtain |¢| Loo(0.ap)
< 0. Hence ¢ (t) =0 for all t € [0, ar|. The Gronwall’s inequality implies that ¢(t) = 0
for all t € [ap,a]. Taking into account of (3.16) and (3.14) we can say that for each
i=1,2,...,n and for all t € [0, a,

pi(t) = ai(Ci(t)) = 0,
so Cy(t) is relatively compact in X; and C(t) =[]}, Ci(t) is relatively compact in X.
Following the same argument of the proof of Lemma 2.2 we have that C is equicon-
tinuous, so we can say that the condition (h4°) is satisfied. On the other hand, by
using (H1)-(H3), as in the proof of Lemma 2.1 we can deduce (h3®). Therefore The-
orem 2.1 provides the existence of at least one mild solution u = (uy, us, ..., u,) where

weU,i=1,2,..n. O
Remark 3.1. In general, we have the matrix inequality |A7'|L1(07GF) < |'y|L1(07aF). In
particular, if ay = ay = ... = a, (= ar), i.e. [0,ap|is the support of F' with respect to

all variables, one has 7 (t) =7 (t) for all ¢ € [0, ar], which gives [7]1q 4,0 = [V[11(0,0p)
and H=2(|G|+ 1) |7|L1(0,ap) .

To conclude, let us underline the combined contribution of the functions ¢;, v;, R;,
7i; and numbers M; and a; to the conditions of Theorem 3.1. In particular, note the
different contribution of the support intervals [0,a;], i = 1,2,...,n, in realizing the
assumptions (3.4) and (3.6). As smaller a; are, more chance for (3.4), (3.6) exists. In
the limit case, where a; = 0 for all 7, that is for the classical Cauchy problem, the
conditions (3.4) and (3.6) are trivially satisfied.
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