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Abstract

Many countries are experiencing an increasing need of checking the safety of
existing structures. The assessment of structural capacity of RC structures
strictly depends on the in-situ compressive strength of concrete. The evalu-
ation of this property is typically carried out by means of destructive tests
on concrete cores taken from the structure. The experimental data is then
interpreted using a relevant code to obtain a design strength value according
to a required percentile and confidence. In this paper the principal inter-
national standards that deal with the statistical interpretation of data from
concrete core test are presented. Since it is reasonable to assume that con-
crete strength is a realization of a random field, the assumption of statistical
independence of core test data is questioned. An extension of the classical
theory of tolerance limits in the case of normally distributed correlated sam-

ples is thus proposed. Finally, application examples of this methodology are
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provided to illustrate some important implications of the spatial correlation
of core test values on concrete strength estimations.
Keywords: Existing Structures, In-situ Concrete Strength, Core Testing,

Spatial Correlation, Tolerance Limits

1. Introduction

In the last decades many countries have experienced an increasing need of
assessing the performances of old buildings and infrastructures. The evalua-
tion of existing structures is becoming a prominent priority in many countries
where strong earthquakes are frequent and where a great share of the built
heritage dates back to just after the World War II, when no code prescrip-
tions were available to protect the structures against the seismic action. An
accurate evaluation of the existing structures may allow to plan and execute
strengthening interventions to reduce causalities in case of earthquakes and
to guarantee the functionality of strategic structures, such as hospitals, when
such extreme events occur.

The need of assessing existing structural systems may also be due to
their aging and degradation. As an example, in the United States the var-
ious Departments of Transportation have the duty of periodically checking
the conditions of existing bridges. In case of necessity an evaluation of the
residual load bearing capacity has to be performed either to post the bridge
for load or to plan and execute a repair or strengthening intervention. The
most recent data contained in the National Bridge Inventory Database sug-
gest that about 10% of existing bridges in the United States are structurally

deficient. It is thus clear how the evaluation of the safety of existing bridges
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is a task that is as important and critical as guaranteeing the safety of new
ones.

Finally, in countries were an old built heritage is available, the need of
both preserving and reusing the traditional constructions leads to the neces-
sity of assessing the structural capacity against new load conditions.

The result of all these different needs is that several countries have de-
veloped codes specifically aimed at providing tools and guidelines for the
assessment of existing structures. As an example, in Europe prescriptions
for performing these kind of evaluations have been given in the Eurocode 8
[1], specifically to address the problem of checking the safety of old build-
ings against earthquake-induced actions. In the United States, the American
Concrete Institute released the ACI 562-16 [2] with the intention of providing
minimal guidelines for the evaluation, repair and strengthening of existing
RC structures. Similar indications have been released by AASHTO with the
Manual for Bridge Evaluation [3] to give instructions specifically aimed at
evaluating and rating the structural conditions of existing bridges.

Any kind of in-depth structural evaluation must take into consideration
the properties of structural materials. Compressive strength of concrete is
surely one of the prominent factors which affects the overall safety of a RC
structure. Any assessment begins with a survey of the structural system and
of the existing documentation, which may contain information also on the
materials that had been used for the construction. However oftentimes these
documents have been lost or may be unreliable, so that an experimental
evaluation of the material properties is almost always required.

The assessment of in-situ concrete compressive strength is typically per-
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formed extracting concrete cores from the structure and then by testing them
in compression testing machines. This type of evaluation can be integrated
by the use of non-destructive techniques, like SonReb tests, which however
always require a proper calibration with destructive data to provide mean-
ingful information and are particularly sensitive to external factors such as
concrete carbonation [4, [5] and water content.

Many uncertainties are involved in the evaluation of in-situ concrete core
strength results and thus statistical tools are needed to interpret test data.
This need is even more relevant for old RC structures and infrastructures
built before the eighties, for which is known that the quality of the material
and workmanship were far below the actual practice [6].

Several standards have been published to give details on how a correct
assessment of in-situ strength of concrete should be performed. Neverthe-
less, these codes adopt different ways of interpreting the core strength test
results, and some of them are even scarcely justified. Furthermore all exist-
ing standards implicitly assume that the measured core strength values are
independent one to each other, even though it is reasonable to think that
in-situ concrete strength is actually a realization of a random field with a
certain correlation function.

One of the consequences of the assumption of independence of sample
test values is that codes e.g. ACI 214.4R [7] suggest to choose core locations
at random. In presence of spatial correlation however more rational sam-
pling schemes should be developed to optimally extract cores so to maximize
the amount of information on the field. With regard to this problem, recent

researches [8,[9] are promoting the use of NDT data to select in a more ratio-
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nal and representative way the sampling locations, rather than haphazardly
choosing them.

This work is thus aimed at providing a consistent statistical framework,
within the statistical theory of tolerance limits, to investigate the influence
of spatial correlation of core test values on the confidence of in-situ concrete
strength assessment. In detail the objective has been the generalization of the
tolerance factor method of the ACI 214.4R code to make it applicable to any
correlation function. The advantage of this latter compared to other litera-
ture approaches currently in use is that it is statistically well-supported and
tunable, as the user can select the desired confidence level in the estimates.

This basic framework might be used for the definition of more accurate
assessment procedures which are able to take into account the levels of corre-
lation of the material strength measurements. The proposed approach does
not consider epistemic uncertainties, which may turn out to be not-negligible
[10], but focuses its efforts in the reduction of the effects of aleatory uncer-
tainty in the estimates due to the spatial correlation of strength measure-

ments.

2. Current approaches

In this section the most relevant standards that deal with the assessment
of in-situ strength of concrete using cores are presented. The ACI 562-14
[2] is one of the most widely recognized codes for the assessment of exist-
ing structures. Its prescriptions on the evaluation of core test results are
directly derived from the ACI 214-4R [7] that will be presented in the follow-

ing section. For what it concerns European standards, the EN 13791:2007
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is the main document that deals with the assessment of in-situ concretes,
even though Eurocode 8 [I] gives different prescriptions for what concerns

the seismic evaluation of existing structures.

2.1. ACI 21}-4R

The ACI 214-4R is a set of guidelines for the extraction of cores and
interpretation of the compression test results. This document suggests two
different approaches for the estimation of an equivalent in-situ strength value
to be used for the evaluation of the structural capacity of an existing struc-
ture.

Given a set of n core test data x; with i« = 1...n, the ACI 214-4R sug-
gests to correct these values to account for their different testing conditions
(core diameter, length to diameter ratio, moisture content, damage due to
drilling, etc.) multiplying the results by strength correction factors provided
by the code itself. Since these factors have been empirically obtained by
statistical interpretation of experimental results, they are subjected to a cer-
tain statistical variability [11], which must be accounted for in performing
the evaluations. This is accomplished taking into consideration the standard
deviation s, of these correction coefficients, which is given by the code itself.

After having homogenized the test values, the interpretation of the results
can be carried out following two approaches. The first one is termed the
tolerance factor method, as it is based on the statistical theory of tolerance
regions. Following this approach the estimation f, s of a given p' percentile
fp of the in-situ concrete strength distribution with a desired confidence level

is obtained as:

fp7est =Ts — kss (1)

6
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where T is the mean value of the corrected test results, s, is their standard
deviation and k is a coefficient that depends on the desired confidence 1 — «
(where « is the chosen probability of overestimating the given percentile)
and on the number of samples n, under the hypotheses of independent and

normally distributed samples. This coefficient can be evaluated [12] as:

E=k(np.a) =t 4o (51pv/0) /v 2)

where ¢

n_1.1_a(7) is the inverse non-central ¢ distribution with n —1 degrees

of freedom evaluated in 1 — o and with non-centrality parameter x. The
term z, represents the inverse cumulative distribution function of a standard
normal distribution evaluated in x.

If the variability due to the uncertainty in the strength correction factors

is accounted for, the following expression should be used:

Frest = Ts = \/ (kss)? + (Zs)? (3)

where Z is a coefficient provided in the code as a function of the desired
confidence level.

Alongside this approach, the ACI 214.4R defines an alternate method
that is mainly based on the research of Bartlett and MacGregor [13]. These
Authors stated that the tolerance factor approach may be too conservative
mostly for two reasons. First of all, in their opinion the measured core test
values overestimate the actual variability of the in-place concrete strength
[14], furthermore they believe that this approach is too precise for the re-
quirements of actual design practice.

As a consequence, the alternate method is less conservative. It is aimed

at estimating the 10% percentile of concrete strength and it consists in a

7
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two-step approach. First a 90% lower confidence limit for the mean Z; g0 is
estimated using an equation that is formally analogous to Eq.. Then this

value is reduced to obtain the equivalent specified strength as:

feeq = Ts00(1 — 1.28V,,5) (4)

where V5 is the within-structure coefficient of variation of concrete strength
given by the code itself. This latter value has been experimentally obtained
by interpreting literature data. This approach uses core test data only to
obtain an estimation of the average in-place strength, whereas the additional
variation of concrete strength within the structure is modeled using exper-
imentally based literature values. The result is that the alternate method
yields values that in general are significantly higher than those achieved by

the tolerance factor approach.

2.2. EN 13791:2007

The European Standard EN 13791:2007 [15] gives prescriptions on the
assessment of in-situ compressive strength in structures and in precast con-
crete elements either by extraction and testing of concrete cores or by the
use of indirect non-destructive methods.

The assessment of the characteristic (i.e. relative to a 5% percentile) in-
situ concrete strength by core testing is carried out following two different
approaches depending on the number of available cores. Approach A must be
used when at least 15 cores are available. In this case the in-situ characteristic

strength estimation f s 1s given by:

fck,est = min [js - mm(2, SS) . k?a Tmin + 4] (5)
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where ko is a coefficient typically assumed to be equal to 1.48, x,,;, is the
minimum of the measured core strength values. In the previous equation all
the values should be expressed in MPa.

If 3 to 14 cores have been tested, then approach B is required. In this

case the estimation is given by:
fck,est = min (ES - ka Tmin + 4) (6>

where k depends on the number n of cores.

The criteria adopted by the EN 13791:2007 are clearly derived from the
ones suggested in the European Standard EN 206 [16] for checking the com-
pliance of concrete production. The purpose and hypotheses of this latter
code are however different from that of the EN 13791. The philosophy behind
the EN 206 is aimed at addressing and balancing two opposing interests: the
consumer’s risk (erroneous acceptance of a non-compliant concrete lot) and
the concrete producer’s risk (erroneous rejection of a conforming production).
More details on the criteria of EN 206 can be found in the works of Taerwe
[T7] [18]. However, in the case of the assessment of in-situ concrete strength
the objective and boundary conditions are completely different. The aim is
no more that of checking the compliance of concrete production to a given
design requirement, but simply to assess an existing material property. The
figure of the producer doesn’t exists anymore and as such it is not justifi-
able to put the basis of the evaluation on a theory that tries not to unduly

penalize the producer.
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2.3. FEurocode 8

The EN 1998, also named Eurocode 8, is that part of the European
design codes that deals with the seismic design of structures. The part 3
of Eurocode 8 [1] gives prescriptions for the evaluation of existing buildings
subject to seismic actions. According to these guidelines, the evaluation of
structural material properties should be obtained using both original design
data, if available, and experimental tests data.

The design strength value to be used in the structural analysis is simply
given by the average value of test results divided by a confidence factor (CF)
which depends on the knowledge level (KL) of the structure.

Ts
CFro (7)

However, the knowledge level depends not only on the amount of data

fc,est -

relative to material properties, but also on the available information on the
structural geometry and its detailing (size and layout of steel reinforcement).
As a result the confidence factors are rather arbitrary and they range between
1.35 (for the worst knowledge level KLL1) and 1.00 (for the best knowledge
level KL3).

It is clear that this approach is mostly empirical, and it is questionable
to assume, within a semi-probabilistic structural design framework, that the
uncertainties on the knowledge of structural materials are taken into account
using such a scarcely justified approach. Additionally it is not realistic to as-
sume the absence of uncertainties (i.e. CF=1.00) in the case of KL3, since the
state of perfect knowledge is practically unattainable. Research efforts aimed
at benchmarking the appropriateness of the Eurocode confidence factors for

specific case studies can be found in literature [19].

10
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3. Generalization of tolerance factor method to the case of corre-

lated samples

In this section a generalization of the tolerance limit theory to the case

of correlated samples is presented.

3.1. Fundamentals of tolerance limits

The theory of tolerance limits is a subset of the more general topic of tol-
erance regions, which has been treated in depth, among others, by Guttman
[20]. In very basic terms, if n random variables x;, ¢ = 1...n are defined
so that R is their sample space and U their associated o-Algebra, then a
tolerance region is a statistic that maps the random point (x,...,X,) into
a region S(X,...,X,) defined in U. The boldface notation from now on will
be used to denote random quantities, whereas the uppercase notation is used
for vectors and matrices.

If the region is defined as:
S(x1,. .y Xn) = [L1(X1, ..., Xn), La(x1, ..., X)) (8)

then S is defined a tolerance interval.

If Ly(-) is set to be equal to —oo then the tolerance interval becomes
S(x1,...,Xp) = [—00, La(X1,...,X,)]. In the context of the estimation of
a given p-percentile of concrete strength the random variables xi,...,x,
represent the random outcomes of the test on n concrete cores. What it is
desirable is to obtain a value for L, such that no more than a fraction p of

the population of strengths is greater than L, in 1 — « percent of the cases.

11
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Using a mathematical notation similar to that presented by Guttman [20],

such a condition can be described as:

Pr{Pryg[x < Lo(x1,...,%x,)] <p}=1—-« 9)

The inner probability operator represents the probability that a generic ran-
dom variable x with the same distribution of the sample values but indepen-
dent from these latter is lower than L. Since Ls(+) is a random function of
the sample values, the inner probability is itself a random variable. If the
stated condition holds, then Lo(-) is called lower tolerance limit.

The problem is thus to derive an expression for the lower tolerance limit
Lo(+). Traditionally this has always been expressed by an equation of the

form:

LQ(O&,p, n) = XS - k:(a,p, n)ss (1())

where X, is the sample average and s, is the sample standard deviation. In the
case of normally distributed samples Equation @D can be rewritten, together
with Equation ((10)), in a simpler form by dropping the inner probability

operator:

Pr{xs —k(a,p,n)ss < f,} =1—« (11)

where f, is the p' percentile that should be estimated and x; — k(a, p, n)s;
is the lower tolerance limit estimator.

The problem now is to find a proper expression for k& so that Equation

holds. It is well-known that the exact solution to this problem in the

case of independent samples is represented by Equation . Once k is known,

12
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an estimation of the p'* percentile with the desired confidence 1 — « can thus
be obtained by applying Equation , which is the same of Equation ({1
given in the ACI 214.4R standard.

Even if it can be questioned that a normal distribution is not the best
choice to represent non negative quantities such as concrete compressive
strength, this assumption is well-estabilished in literature and recent inves-
tigations [21] confirmed that its use is acceptable to describe the in-situ
concrete strength variability. Conversely, the assumption of independence of
samples upon which Equation ([2)) relies is questionable. In the following this
hypothesis will be removed to derive a generalization to the case of a known

correlation law.

3.2. Assumptions

In the analyses it will be assumed that concrete strength is distributed
as an homogeneous Gaussian random field with known correlation law.

The assumption of Gaussianity, while representing an approximation as
concrete compressive strength cannot assume negative values, is typically
accepted both in the setting of concrete testing, as previously stated, and
in the field of reliability analyses of concrete structures (see e.g. [22] 23
241, 25, 26]) and as such has been used in the developement of the current
work. However if the use of lognormal fields is deemed to be necessary, the
resulting tools will still be applicable even to this type of fields by a proper
mapping of the data points to the associated normal field and assuming that
the correlation function of this latter is known. An example of correlation
function for the associated normal field has been given, for instance, by the

Probabilistic Model Code [27], but at the present stage there is no agreement

13
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on this aspect of concrete strength distribution, as it will be pointed out next
in this paragraph. Non-Gaussian and non-lognormal random fields are not
covered by the procedure since they are rarely used for modeling the spatial
distribution of concrete strength.

The assumption of homogeneity is again quite common in the context of
reliability analysis of concrete structures [22, 23], 24] 20, 28, 27]. In certain
cases this hypothesis may however turn out to be not appropriate, in par-
ticular if concretes with very different properties are found in a structure or
in the case of vertical structural elements. In particular, if the practitioner
identifies the presence of concrete batches with different properties in the
structure, he should conduct different investigations for each of the various
concrete materials identified, a provision that is already given by e.g. the
ACIT 214.4R standard. The variability in space of the random field properties
may however also be due to the action of gravity induced pressures during
the concreting and hardening phases, a case that is typical of vertical ele-
ments. It is recognized that this may cause a slight reduction of the average
strength of concrete along the height. This aspect is typically ignored even
in current codes for the assessment of concrete strength, and at best is taken
into account by requiring the selection of a random sampling scheme. How-
ever, in the current stage of development, this phenomenon is not taken into
consideration, and it will be the object of future investigations.

Finally, a discussion should be carried out on the assumption of a known
correlation law. No information on this property of concrete strength are
currently known with a satisfactory accuracy. Contradictory data and as-

sumptions can be found in literature, and very few are based on experimen-

14
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tal evidence. Some of the references seem to suggest little to no correlation
at typical minimum inter-core distances (e.g. [22] 29]), whereas other works
hypothesized the presence of more marked correlation functions. One of the
very few experimental study on compressive strength correlation laws is due
to Rackwitz and Miiller [30]. On RC slabs they recorded a spatial correlation
of concrete strength decaying to approximately zero after approximately 10
meters of relative distance between any two test locations, whereas on con-
crete roads they observed a persisting correlation even at hundreds of meters
of distance. Vu and Stewart [22] conversely assumed in one of their papers
a very rapidly decaying linear correlation law with zero correlation after a
relative distance of 0.5m, whereas in other works [23] the same authors mod-
eled concrete compressive strength using a Gaussian correlation law with a
correlation length of 2m. The same assumption has been used by Firouzi
and Rahai [26], whereas Tang et al. [29] modeled concrete strength by mak-
ing use of an exponentially decaying law with scale of fluctuation between
0.4m and 4.0m. Finally, the well-known Probabilistic Model Code models
concrete strength through the use of a lognormal, homogeneous random field
assuming a correlation law for the associated Gaussian field that never de-
cays below 0.5. In figure [1| the different assumptions on the correlation laws
of concrete strength that can be found in literature are depicted. The cor-
relation of the lognormal field assumed by the Probabilistic Model Code for
a standard deviation of 5.25M Pa has been obtained by using the concepts
stated in [3I], to map the correlation of the associated normal field to that
of the lognormal one.

By observing the figure, it is clear how at the present stage of knowl-

15
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Figure 1: Comparison of several correlation functions associated to the spatial distribution
of concrete compressive strength that can be found in literature. The dashed line represents

data obtained from experimental campaigns.
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edge no conclusions on the nature and intensity of the correlation of concrete
strength can be made. Thus it seems arguable the a-priori assumption of
negligible correlation. Within this setting, the proposed methodology gener-
alizes the tolerance factor approach of the ACI 214.4R [7] making it useful to
be applied to potentially any correlation function. Even though the knowl-
edge of the correlation law is still required, this weakness is similar to that
occurring with current approaches which implicitly assume uncorrelated sam-
ples (i.e. they assume a white-noise correlation function). The method thus

offers more flexibility than current approaches with no further requirements.

3.3. Notation

Some notation needs to be introduced. It is assumed that n experimen-
tal values x; with + =1...n are collected from an homogeneous Gaussian
random field at locations r; with ¢ = 1...n. The mean of the field is de-
noted by p whereas its standard deviation is indicated with . Both these
two latter values are assumed to be unknown. The random column vector of

observations is denoted by X:
X = (x1,...,%,)" (12)

A 1xn row vector of weights W is defined as W = (n™!,... ,n~!). The sample

mean is thus given by:
xs=n""! le =WX (13)

The sample standard deviation can be expressed as:

S, = Z(Xz - is)2 _ \/XT(IN — ]-W)X (14)
V n—1 n—1
17
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where I,, is the nxn identity matrix and 1 = (1,...,1)T is a nx1 column
vector of ones.

Since it is assumed that the random field is homogeneous, the correlation
law, assumed to be known, is expressed as a function of the relative distance

between any two points of the field:

p(risri) = p(ri = ;) (15)
The sample correlation matrix is thus given by:
plri—=r1) -+ p(ri—ry)
C= : : (16)
plr—r1) o plra =)

and the sum of its entries is denoted by ¢*:
=Y plri—r) (17)
4,3

Finally, the term p,, is used to represent the average of the out-of-diagonal

terms of the C matrix:

g plri—r) =
pm = nin—1)  n(n—1) (18)

3.4. Theoretical derivation

Equation can be equivalently rewritten as:

pr{XS_M_@SM}:l_a (19)

o o o

Exploiting the properties of the normal distribution, the preceding is

equivalent to:

%~k
Pr{XS g Ssgz,,}:1—a (20)

o o

18
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where it is recalled that z, is the p'" percentile of the standard normal dis-

tribution. A normal random variable z is now defined as:

= 21
2= (21)
Equation can then be rewritten as:
Pr{mgk‘}zl—a (22)
Ss/o

It is well-known [32] that the random vector X can be expressed by means of
another vector Y of independent standard normal random variables using a
proper decomposition of the correlation matrix. If the principal square root

matrix decomposition is chosen, then X is given by:

X =oCY?Y +1p (23)

If Equation is replaced in Equation and in Equation the fol-

lowings are obtained:

Xy = oWCY?Y + Wiy = oWCY?Y +p (24)
Yicvz(r, -1 /2y Y'BY
Ss = a\/ St W) =0 (25)
n—1 n—1

In the latter equation the B matrix has been defined as:
B = CY*(I, —1W)C"? (26)
The spectral decomposition of the B matrix is given by:

B=QTAQ (27)
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where A is the diagonal matrix of the eigenvalues \; of B and @ is the

eigenvector matrix. It results that:

It is useful to remark that by definition, B and (I, — 1W) are congruent,
thus due to the Sylvester’s theorem of inertia they share the same number
of zero eigenvalues. Since (I,, — 1W) is not a full rank matrix then at least
one of the eigenvalues \; of B will be equal to zero, let’s say A, = 0.

Furthermore, is easy to show (see Appendix A) that the random variables
of the vector QY are independent and normally distributed with zero mean
and variance equal to one. This observation allows to derive the known
result that the sample variance is distributed as a linear combination of n —1

independent 1-dof Chi-Squared random variables X%,i:

s:=o
5 n—1 n—1~4

Y)TAQY  o? -
i=1

Recalling Equation , the random variable z defined in Equation (21
is expressed as:

z =WCY?Y (30)

Replacing Equations and in Equation , the following is

obtained:

WCY2Y + 2, k L
Pr{ JQVITAQY — Vi 1} =l-e (81)

Now an important result has been obtained. Equation does not

depend anymore on the unknown parameters of the field u and o, thus pivotal
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quantities have been derived. It is convenient to express this latter equation

in a slightly more complex but equivalent form:

Pr{(W01/2Y+Zl ) \/nQ/c } e ()
Jaovmgy . S e-oe

Since the only unknown quantity in this expression is k, this can be

obtained by solving the equation for it. To do so, a new random variable u

is defined as:
u (WCY2Y + 21_,) \/n?/c* (33)
(QY)TAQY

Its inverse cumulative distribution function evaluated at a generic value z is

given by F!. Recalling Equation , the desired expression for k is thus
finally given by:

- k(n P, a, C) 1 \/(n — 1)[(” — 1)pm + 1] (34)

e n

Unfortunately a closed form solution for F ! is, in general, not available,
so that it must be numerically evaluated. Equation (34)) also allows to intu-
itively understand the primary role that the average level of correlation p,,
has on k. As the samples becomes more correlated (i.e. p,, increases), all
other things being equal, k tends to grow, reaching in the limit +oo if all
the samples are completely correlated (a situation in which there is simply
not enough information to make any kind of estimation on the variance of
the field). Nonetheless, it is important to remark that the effect of corre-
lation on the estimates cannot be completely described just in terms of the
synthetic parameter p,,, as F;;' depends on the whole decomposition C*/2 of

the correlation matrix.
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It can further be shown that the presented theory is a generalization of the
well-known Equation ([2)), which is obtained if C' = I,,, as shown in Appendix
B.

3.5. Approximate expression for the lower tolerance limat

Practical difficulties may arise evaluating k using the aforementioned ex-
pression. In particular the necessity of numerical procedures for the eval-
uation of the spectral decomposition of B and of the inverse CDF of u is
certainly not convenient and may potentially limit the usefulness of the pro-
cedure for practical applications. It is thus desirable to obtain approximate
but simple expressions for £ to overcome these complex computations. Re-
calling Equation , the aim is to express the distribution of the sample
variance as that of a single Chi-Squared random variable. This can be ac-
complished by making use of the Welch-Satterthwaite approximation [33],34],

that for this special case takes the following form:

n—1
> dixi ~ax; (35)
=1

where the scaling factor a and the degrees of freedom b of the single Chi-

Squared distribution can be evaluated as:

PP ()

a = and b= 36
DY DT 0

Making use of the approximation (35)) it is obtained that:
(QY)"AQY =~ ax; (37)
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Using the previous result within the definition of u given by Equation

and noting that WCY2Y y/n2/c* ~ N(0, 1), the following is obtained:

. 1 N(0,1) + zy_py/n?/c* (38)
Vab X; /b

It is however necessary to note that the normal standard distribution at
nominator is, in general, not independent from the Chi-Squared distribution
at the denominator because if the samples are correlated their mean and
variance are, in general, not independent. However numerical simulations
have shown that typically the degree of dependency is very modest and can
be reasonably neglected (see Appendix C). If this assumption is made, then

by definition of non-central ¢ distribution Equation becomes:

u ~ ;tb(zl_p\/nQ/c*) (39)
VI N

where t,(y) is the non-central ¢ distribution with x degrees of freedom and

non-centrality parameter y. An approximate expression for k is finally given

by:

O 7=\ [ —=Dln—1)py +1]
k=~ tb,l—a (Zlfp n /C ) \/ nz?:—ll >\Z (4O>
If the matrix C is defined as:
C =tr{C(I, —1W)} (41)

then the explicit calculation of the spectral decomposition of B is not neces-

sary and can be replaced with the more simple evaluation of the trace of C

and of C?:

> A = tx(B) = te{CVX(I, — 1W)C"?} = t{C (I, — 1W)} = tx(C) (42)
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"Z—l M = tr(B?) = tr{C(I, — 1IW)C(I, — 1W)} = tr(C?) (43)

i=1
4. Examples of application of the proposed methodology

In this section two simple case-studies will be presented to investigate the
different effects that a spatial correlation of samples may have on experimen-
tal investigations.

In the first case study the achieved confidence of estimation in presence of
spatially correlated core strength values using the approaches of current stan-
dards is investigated and compared to the aforementioned methods. Quanti-
fying the loss of confidence versus the target one is not a trivial task, because
it essentially depends on the nature of each single problem (the spatial config-
uration of the cores, the specific distribution properties of concrete, etc.) and
on the correlation properties of in-situ concrete, so that a single case study
cannot cover all the possible situations. Despite these difficulties, the analy-
sis of a simplified scenario still results to be helpful to identify the potential
risks of neglecting the correlation of core test values.

In the second case study it is shown how the presence of a spatial correla-
tion may result in situations in which there is an hard limit on the accuracy
of estimates regardless of the number of samples extracted. In such cases it
results that there is no benefit whatsoever in further increasing the number

of cores above a certain limit.

4.1. Case study 1

The first case study consists in the evaluation of a given percentile of

concrete strength for a rectangular RC slab with a plan dimensions of 8x24m.
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As a common practice in reliability analysis of RC structures, in-situ con-
crete compressive strength is assumed to be a realization of a homogeneous
Gaussian random field with squared exponential correlation law of the type
p(z) = e~ @/’ where d is a parameter that has been assumed to vary be-
tween 0.5m and 7.5m. The average concrete strength is set to be equal to
35M Pa and the coefficient of variation is 0.15. It is also assumed that 12
cores are extracted in a grid layout with row and column spacing of 4m, as

depicted in Figure

24 m

e
—

Figure 2: Case study 1 - Position of the concrete cores.

Correlated samples have been obtained using a very simple covariance de-

composition method, and for each sample set an estimate has been obtained
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applying the criteria of the different codes and the approaches proposed in
the previous sections.

Repeating the simulation 400000 times, a dataset of estimates has been
obtained and applying a Monte-Carlo approach the confidence (as probability
of underestimation of the actual percentile) has then been evaluated. The
number of simulations has been estimated using the binomial proportion
confidence intervals [35], i.e. by requiring the actual estimated percentile to
be within 0.1% from the desired one with 95% confidence.

For the ACI 214.4R the influence of the strength correction factors has
been neglected by assuming s, = 0 and for the application of the alternate
method it has been assumed that concrete samples were coming from a single
batch. The chosen target confidence has been set to 90%.

In Figure [3] is depicted the confidence achieved by applying the ACI
214.4R code requirements in comparison with that of proposed theory and
the approximate expression of Eq..

Analyzing the results it is clear how the alternate approach of ACI 214.4R
consistently yields low confidence results regardless of the actual level of spa-
tial correlation. This was expected as this method has been developed to
produce less conservative results, but the drop in the theoretical achieved
confidence appears to be so marked that it is Authors’ opinion that its ap-
propriateness should at least be further investigated.

The classic tolerance factor method instead produces exact or very good
results when no correlation or a low level of spatial correlation among samples
is present. Nevertheless, if the spatial correlation is consistent, its confidence

can drop down to values significantly lower than the desired one.
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Confidence (%)

d (m)
—>—— Proposed theory
——— Approximate formulation
—O— ACI 214.4R - Tol. Fact. Met.
—+— ACI 214.4R - Alt. appr.

Figure 3: Case study 1 - Actual confidence achieved in the estimation of the 10% per-
centile of concrete strength as a function of the correlation length d using the ACI 214.4R

approaches and the proposed exact and approximate theoretical formulations.
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The proposed theory as expected always produces a confidence equal to
the target one regardless of the level of spatial correlation, if the correlation
law is known. The approximate formulation, that allows avoiding complex
numerical computations, still yields very good results that are on the safe
side as the achieved confidence values are slightly higher than the target one.

In Figure 4] the confidence in the estimation of the 5% percentile of con-
crete strength achieved by the approach of EN13791 is depicted in comparison

to the proposed theoretical formulations.

100 e
90 BeK—K Xk Nk
80} : : : :
70t
60}
50
40}
30t
20}t

-““-3

Confidence (%)

d (m)
—>— Proposed theory

—+—— Approximate formulation
—6— EN 13791

Figure 4: Case study 1 - Actual confidence in the estimation of the 5% percentile as a
function of the correlation length d achieved by the approach of EN 13791 and the proposed

exact and approximate theoretical formulations.

The theoretical formulation produces again a confidence exactly equal
to the target one, while the approximate approach produces results that

are very close to the desired confidence. However, the confidence in the
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EN13791 estimates constantly remains below the 20% mark regardless of the
investigated correlation length d. It is Authors’ opinion that the approach of
the EN standard should be revised since such low confidences may produce
concrete strength evaluations (and ultimately structural assessments) that
are not consistent with the acceptable probability of failure that is behind
the calibration of currently used Limit State approach.

Different conclusions are drawn if the approach of Eurocode 8 is used.
This code deals with the evaluation of the average strength and, as it has
been stated, the actual estimation depends on the knowledge level. Since
this latter depends on a variety of factors not all related to the experimen-
tal testing of material properties, the outcomes corresponding to the three
different knowledge levels have been investigated.

From Figure[5it is clear that if the best knowledge level (KL3) is reached,
then the confidence actually drops because the corresponding confidence fac-
tor is 1.00, which assumes that there are no uncertainties on the knowledge
of the structure, a state that can never be achieved. If the knowledge level
is lower, than the estimation of the average concrete strength is highly con-
servative because the sample mean is divided by a factor 1.20 or 1.35 re-
spectively for K L2 and K L3. This results in estimates that reach levels of
confidence very close to 100%. Nevertheless, this result is still misleading
since these very high confidence levels, that correspond to very low strength
values, have the duty of taking into account also the uncertainties not re-
lated to the knowledge of structural material. It is thus clear that for the
case of EC8 and KL2 or KL3 is very hard to make any kind of judgment

on the appropriateness of the empirical formulation. For what concerns the
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Figure 5: Case study 1 - Actual confidence in the estimation of the average concrete
strength as a function of the correlation length d achieved by the approach of EC8 and

the proposed exact and approximate theoretical formulations.
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influence of spatial correlation, this latter is practically absent, and the level

of confidence depends almost only on the chosen confidence factors.

4.2. Case study 2

In this second case study the attention is focused on the number of cores
to be drilled. In particular it is desired to find whether it exists a maximum
number of cores above which it is pointless to go, and if so how this value is
affected by spatial correlation. The analysis will be carried out on an ideal
monodimensional structure of 50m of length, which may ideally represent,
for example, an old multi-span RC slab bridge.

It is supposed that n cores are collected along the longitudinal direction of
the bridge at equal intervals determined in order to maximize the inter-core
distance. This means that if 6 samples are collected they are spaced 10m
apart one from each other, whereas if 11 cores are extracted their mutual
distance is bm.

The number of samples may vary between 5 and 25, i.e. their spacing
ranges from 8.3m to roughly 2.0m. It is also assumed that the in-situ concrete

—2*/d* with the parameter d

strength follows a Gaussian correlation law e
starting from a very low value of 0.05m and then ranging between 0.5m and
8.0m, so that the influence of the degree of correlation on the problem can
be investigated.

The mechanical properties of concrete strength are the same as those of
case study 1, i.e. an average compressive strength of 35M Pa and a coefficient
of variation of 0.15.

The analysis consist in simulating, for each considered number n of cores,

2 millions of different correlated samples draws.
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553 For the i* sampling with correlation length d, the average strength of
sss  samples is denoted by Z;4 whereas their standard deviation is given by
s55 Ssiq. Lhe associated estimation figesiq Of the 10% percentile fiy is then

ss6 carried out using the aforementioned method:

fro.estid = Tsid — KSsid (44)

ss7 - with k evaluated using equation and fixing a confidence of 90%. Using
s a Monte-Carlo approach the average overestimation fio of fio is estimated

559 by:
106

23:110 fro.est.idl fro.estia > fiol
Z?;lfs 1 fro,est,ia > fiol

sco whereas the dispersion (i.e. the standard deviation) of the overestimating

— f10 (45)

f10,+ -

ss1  values is given by:

.106 -
212:1{) (fro.estia — Jio — firo+)?[f1o.estia > fio]
. 6
212:110 1 f10,estiia > fio] — 1

s2 'Lhe average percentile underestimation fjp_ and the standard deviation of

(46)

510+ =

563 the estimations lower than fio are similarly defined as:

.106
S Froestidl froestia < fiol

flO,— = 106
2?2110 1 f10.estia < fio]

— f10 (47)

564

2106 . p
S10.— = Yic1 (froestia = Jio = fro—)?[fro.estia < fiol (48)

.106
S 1 froestia < fro] — 1

ses In the four aforementioned equations the square brackets represent the Iver-

566 son notation.
567 In Figures [6] and [7] are respectively depicted the average overestimation

ses  e1Tor fi04 and the standard deviation sy 1 of the overestimating values.
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Figure 6: Case study 2 - Average overestimation fio 4 of the 10" percentile as a function

of the number of samples n and the correlation length d.

2 T T T
1.8 i
1.6 —

d=8.00
éi? 14 F - 6,50
% 12k 5.00 —
&
L 3.50—
0.8 - 2.00—
0.05—

5~ 050—_|

1 1 1
5 10 15 20 25

Figure 7: Case study 2 - Standard deviation s1o 4 of the estimations above the actual 10"

percentile as a function of the number of samples n and the correlation length d.
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From these figures it is clear that, as the sample spacing decreases (n
increases) it becomes less convenient to increase the number of samples to
reduce the amount of overestimation. If even a modest spatial correlation
is present, it can be clearly seen from Figure [6] that there exists a number
of cores (as a function of d) above which the average overestimation error
(which is realized in 10% of cases) does not decrease anymore. At the same
time even the dispersion of the overestimating values around their mean does
not improve.

Similar conclusions can be drawn if the attention is focused towards the
underestimating values. In this case it is desirable that the underestimation
is as close as possible to zero, so not to risk ending up using too conservative
values. As shown in Figures[§and [0} the results suggest that as the degree of
correlation of samples increases, it is less and less useful to increase the num-
ber of cores with a decreasing inter-distance, since below a certain spacing
there is practically no advantage both in terms of average underestimation
and dispersion of the underestimating values.

As a result this second case study induces to believe that if even a mod-
est degree of correlation is recorded then there is an ideal number of cores
(and a linked inter-core distance) above which no useful improvements of the

accuracy of estimations can be further achieved.

5. Conclusions

The analysis of some of the principal international approaches currently
in use for the statistical interpretation of in-situ concrete core strength high-

lighted the lack of a universally accepted method for the evaluation of this
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Figure 8: Case study 2 - Average underestimation f107, of the 10t" percentile as a function

of the number of samples n and the correlation length d.
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Figure 9: Case study 2 - Standard deviation s1o,— of the estimations below the actual 10"

percentile as a function of the number of samples n and the correlation length d.
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property. Most of these are based on empirical criteria generally not sup-
ported by a solid theoretical background, and all of them rely on assumptions
on concrete strength distribution which, even though commonly accepted, are
not supported or universally accepted by current scientific literature. In par-
ticular, the assumption of independence of in-situ concrete strength is not
supported with sufficient evidence by the existing literature. Many authors
and even well-known references such as the Probabilistic Model Code are
currently modeling the spatial strength distribution of this material using
widely different assumptions on the levels of spatial correlation.

Given this state of the art, it has been considered useful to set up a
sound statistical framework to perform evaluations of concrete strength valid
regardless of the assumed level of correlation. The developed approach is a
generalization of the well-known tolerance factors method used by the ACI
214.4R to make it suitable to be applied to any level of correlation. At this
stage the theory relies on the hypothesis of concrete strength distributed
as an homogeneous Gaussian random field with known correlation function,
which are usually accepted in the context of structural reliability. As the
theoretical formulation is quite complex in the case of a generic correlation
function, simpler approximate expressions have been derived.

The approach allows to properly take into consideration the reduction in
the level of information on the underlying field that occurs when the strength
values are spatially correlated. However further experimental studies are re-
quired to carefully evaluate the actual spatial stochastic properties of concrete
strength distribution before a practical application of these formulas can be

made. Nonetheless, this evaluation is highly desirable regardless of the ac-
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tual approach to the interpretation of core test data that is being used, as it
cannot be a-priori assumed that the correlation is negligible as it is currently
done.

In the second part of the work some case studies have been presented
to highlight some of the potential implications that might occur in the case
the levels of correlation turn out to be not-negligible. A first case study
suggested that if a significant spatial correlation is present then the use of
current approaches may result in very high probability of overestimation of
the desired percentile, thus exposing the consequent structural evaluations
to reliability issues. The proposed theoretical formulations instead allowed
to obtain evaluations matching or very close to the desired confidence levels.
The second case study investigated the influence of the number of cores
(and the consequent inter-core distance) on the accuracy of the evaluations
on a mono-dimensional structure if a spatial correlation of in-situ concrete
strength is present. The results seem suggesting that in presence of even a
modest correlation there exist a minimum core inter-distance, depending on
the degree of correlation, below which the accuracy cannot improve anymore.
This observation may have practical consequences on the estimation of the

desired number of cores to extract in real-world scenarios.
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Appendices

Appendixz A

From the definition of covariance, the covariance matrix Rgy of the ran-

dom vector QY is given by:

Roy = E|(QY — B[QY)) (QY - EQY))"] (49)

Since the random variables in Y are independent standard normals their
mean E[Y] is the nx1 null vector, and their covariance matrix is the identity

matrix [,,. It results that:
Roy = E[QYY'Q"| =QE[YY'Q" = QL,Q" =QQ" =1,  (50)

In the last equation the orthogonality of the eigenvector matrix () has been
exploited. As a result it is thus clearly shown that the random variables of

the QY vector are independent standard normal random variables.

Appendiz B

If the samples are uncorrelated then C' = [,,, and consequently it results

that:

WCY2Y \/n2/ct = WY \/n ~ N(0,1) (51)

Furthermore B = I,, — 1W is a circulant matrix with n — 1 eigenvalues equal

to 1 and one eigenvalue equal to zero. Thus:

VIQYTAQY ~ /3 i, = /x (52)
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Replacing Equations and in Equation it results:

N(O, 1) ‘:21—13\/5 S k\/ﬁ =1—« (53)

Xn—l
n—1

Since in the case of independent samples the sample mean and standard

Pr

deviation are independent, the distributions at nominator and denominator
are independent one to each other and thus the first term of the inequality
of Equation follows a non-central ¢-distribution with n — 1 degrees of

freedom and non-centrality parameter z;_,/n.

Pr{tn_1(z1-pv/n) <kvn}=1-a (54)

Using the properties of the inverse cumulative distribution function for the
non-central t-distribution the probability operator can be dropped and it

results that:

k= tr_Lil,lfa(Zl—P\/ﬁ)/\/ﬁ (55)

This latter expression is exactly the same of Equation ([2)).

Appendiz C

By making use of Equation and noting that WCY2Y \/n2/c* ~
N(0,1), Equation (33 can be rewritten in the following form:

(WC2Y + 21,) /e

u= - (56)
\/ 2?51 )‘z'X%,i

The previous form is analogous to the one of Equation , but it should be

noted that the linear combination of x? distributions at denominator is, in

general, not independent from the normal distribution at nominator, as they
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are function of the sample mean and variance which, in the case of correlated
samples, are typically not independent. The degree of dependency however
appears to be very weak, and this can qualitatively be observed for instance
by plotting and comparing the CDFs associated with the random variable
of Equation and with that of having assumed in this latter the
independence between distributions at nominator and denominator.

As the distribution of u depends on the number of samples, on their
relative position, on the required percentile and on the correlation function
several analyses have been carried out. However, as examples, only two
of these will be presented here, the first one related to a scenario with 3
samples and a required percentile p = 0.5 and the second one regarding a
case with 15 samples and p = 0.1. In figure [10| the empirical CDFs for the
two aforementioned cases are plotted. They have been obtained by using 10
millions samples, a value estimated using the same criteria stated in section
[4.1] so to that the empirical percentile is approximately within 0.03% from
the actual one with 95% confidence.

From the charts it can be seen how the assumption of the independence
between the sample mean and variance has a negligible effect on the distribu-
tion of the random variable u. Consequently this hypothesis has been judged

acceptable in the setting of the approximate method presented in section [3.5]
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Figure 10: Comparisons between the actual CDF of u and the one obtained assuming the

independence between the sample mean and variance for the two analyzed examples.

41



689

690

691

692

693

694

695

696

697

698

699

700

701

702

703

704

705

706

707

708

709

710

711

2]

ACI American Concrete Institute, ACI 562-16 - Code requirements for
assessment, repair, and rehabilitation of existing concrete structures and

commentary, ACI, Farmington Hills (2016).

AASHTO American Association of State Highway, T. Officials, Manual
for bridge evaluation, ACI, Farmington Hills (2016).

M. Breccolotti, M. F. Bonfigli, A. L. Materazzi, Influence of carbona-
tion depth on concrete strength evaluation carried out using the sonreb

method, NDT&E International 59 (2013) 96-104.

M. Breccolotti, M. F. Bonfigli, I-sonreb: an improved ndt method to
evaluate the in situ strength of carbonated concrete, Nondestructive

Testing and Evaluation 30 (4) (2015) 327-346.

A. Nowak, A. Rakoczy, E. Szeliga, Revised statistical resistance models
for r/c structural components, ACI Special Publication 284 SP (2011)
61-76.

ACT American Concrete Institute, ACI 214.4R-10 - Guide for obtaining
cores and interpreting compressive strength results, ACI, Farmington

Hills (2010).

V. Pfister, A. Tundo, V. A. M. Luprano, Evaluation of concrete strength
by means of ultrasonic waves: A method for the selection of coring

position, Construction and Building Materials 61 (2014) 278-284.

A. Masi, L. Chiauzzi, V. Manfredi, Criteria for identifying concrete ho-
mogeneous areas for the estimation of in-situ strength in RC buildings,

Construction and Building Materials 121 (2016) 576-587.

42



712

713

714

715

716

717

718

719

720

721

722

723

724

725

726

727

728

729

730

731

732

[10]

[11]

[12]

[13]

[14]

[15]

A. Kiureghian, O. Ditlevsen, Aleatory or epistemic? does it matter?,

Structural Safety 31 (2009) 105-112.

F. M. Bartlett, Precision of in-place concrete strenghts predicted using
core strength correction factors obtained by weighted regression analysis,

Structural Safety 19 (4) (1997) 397 — 410.

K. Krishnamoorthy, T. Mathew, Statistical tolerance regions: theory,

applications, and computation, Wiley, 2009.

F. M. Bartlett, J. G. Macgregor, Statistical analysis of the compressive
strength of concrete in structures, ACI Materials Journal 93 (2) (1996)
158-168.

F. M. Bartlett, J. G. Macgregor, Equivalent specified concrete strength
from core test data, Concrete International 17 (3) (1995) 52-58.

CEN European Committee for Standardization, EN 13791 - Assessment
of in-situ compressive strength in structures and precast concrete com-

ponents, CEN, Brussels (2007).

CEN FEuropean Committee for Standardization, EN 1998 - Concrete.
specification, performance, production and conformity, C’EN, Brussels

(2013).

L. Taerwe, A general basis for the selection of compliance criteria,

TABSE proceedings P-102/86 10 (1986) 113-127.

L. Taerwe, Evaluation of compound compliance criteria for concrete

strength, Materials and Structures 21 (1988) 13-20.

43



734

735

736

737

738

739

740

741

742

743

744

745

746

747

748

749

750

751

752

753

754

755

[19]

[20]

[21]

[23]

[24]

[25]

F. Jalayer, 1. Iervolino, G. Manfredi, Structural modeling uncertain-
ties and their influence on seismic assessment of existing RC structures,

Structural Safety 32 (3) (2010) 220-228.

I. Guttman, Statistical tolerance regions: classical and bayesian, Charles

Griffin & company limited, 1970.

D. F. Wigniewski, P. Cruz, A. Henriques, R. Simooes, Probabilistic
models for mechanical properties of concrete, reinforcing steel and pre-

stressing steel, Structure and Infrastructure Engineering: Maintenance,

Management, Life-Cycle Design and Performance 8 (2) (2012) 111-123.

K. A. T. Vu, M. G. Stewart, Service life prediction of reinforced con-
crete structures exposed to aggressive environments, in: 9th Interna-
tional Conference on Durability of Building Materials and Components,

CSIRO BCE, 2002.

K. A. T. Vu, M. G. Stewart, Predicting the likelihood and extent of re-
inforced concrete corrosion-induced cracking, Journal of Structural En-

gineering 131 (11) (2005) 1681-1689.

M. G. Stewart, Q. Suo, Extent of spatially variable corrosion damage
as an indicator of strength and time-dependent reliability of rc¢ beams,

Engineering Structures 31 (2009) 198-207.

M. G. Stewart, J. A. Mullard, Spatial time-dependent reliability analysis
of corrosion damage and the timing of first repair for rc structures,

Engineering Structures 29 (2007) 1457-1464.

44



756

757

758

759

760

761

762

763

764

765

767

768

769

770

771

772

773

774

775

776

T

778

[26]

[29]

[30]

[31]

[32]

[33]

A. Firouzi, A. Rahai, Prediction of extent and likelihood of corrosion-
induced cracking in reinforced concrete bridge decks, International Jour-

nal of Civil Engineering 9 (3) (2011) 183-192.

T. Vrouwenvelder, The JCSS probabilistic model code, Structural Safety
19 (3) (1997) 245-251.

Y. Li, G. Vrouwenvelder, J. Walraven, Spatial variability of concrete
deterioration and repair strategies, Structural Concrete 5 (2004) 121-

129.

X. Tang, et al., Study on the heterogeneity of concrete and its failure
behavior using the equivalent probabilistic model, Journal of Materials

in Civil Engineering 23 (4) (2011) 402-413.

R. Rackwitz, K. F. Miiller, On the correlation and autocorrelation of in
situ strength and standard strength test results, in: Quality control of

concrete structures - Volume 1, Vol. 21, RILEM, 1979, pp. 159-164.

G. Zerovnik, et al., Transformation of correlation coefficients between
normal and lognormal distribution and implications for nuclear appli-
cations, Nuclear Instruments and Methods in Physics Research A 727
(2013) 33-39.

G. Lord, C. Powell, T. Shardlow, An Introduction to Computational
Stochastic PDEs, Cambridge University Press, 2014.

B. L. Welch, The significance of the difference between two means when
the population variances are unequal, Biometrika 29 (3/4) (1938) 350—
362.

45



779

780

781

782

[34] F. E. Satterthwaite, Synthesis of variance, Psychometrika 6 (5) (1941)
309-316.

[35] P. Mathews, Sample Size Calculations: Practical Methods for Engineers
and Scientists, Mathews Malnar & Bailey Inc, 2010.

46



	Introduction
	Current approaches
	ACI 214-4R
	EN 13791:2007
	Eurocode 8

	Generalization of tolerance factor method to the case of correlated samples
	Fundamentals of tolerance limits
	Assumptions
	Notation
	Theoretical derivation
	Approximate expression for the lower tolerance limit

	Examples of application of the proposed methodology
	Case study 1
	Case study 2

	Conclusions
	References

