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ABSTRACT1

The integration of the governing equations of transients in the frequency domain has the appeal in that spatial2

discretization is not required, but the linearization of the equations is needed for the steady-friction term in turbulent3

flows. In this paper, to investigate the e↵ects of such a linearization, a transient generated by a complete closure in a4

simple reservoir-pipe-valve system is considered, to exclude other linearization e↵ects in the boundary conditions. A5

new approach is proposed to evaluate the linearized friction term, not only taking into account the flow dependency6

of the friction factor, but also changing the operating point where the friction term is evaluated. By means of7

this analysis significant improvements are gained in the frequency domain model performances for both elastic and8

viscoelastic pipes, in terms of their equivalence to the time domain models, which are not a↵ected by the linearization9

error.10

Keywords: Fluid transients, Frequency domain analysis, Time domain analysis, Viscoelasticity, Linear mod-11

eling, Steady-Friction, Linearization error12

1 Introduction13

Modeling pressure transients within pipeline systems has assumed a considerable importance in14

the last decades, since it allows the analysis of the pressure surge behavior in the system (Lee15

et al., 2013a; Zecchin et al., 2009) and to detect anomalies, like leaks (Brunone, 1999; Ferrante16

et al., 2009; Duan et al., 2010b; Gong et al., 2013, 2014; Zecchin et al., 2010), partial blockages17

(Lee et al., 2008; Meniconi et al., 2012b, 2013), illegal branches (Meniconi et al., 2011), and pipe18

wall deterioration (Stephens et al., 2013; Gong et al., 2015a).19
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When a transient is simulated, the governing equations (Wylie and Streeter, 1993; Chaudhry,20

2014) can be solved in the time domain (e.g. with the Method of Characteristics, MOC), or,21

after being linearized, in the frequency domain. The main approaches used to model transients22

in the frequency domain for simple systems are the impedance method (IM) (Wylie, 1965) and23

the transfer matrix method (Chaudhry, 1970), while the impedance matrix method (Kim, 2007)24

and the admittance matrix method (Zecchin et al., 2009, 2010) are used to model more complex25

systems. Frequency-domain models can produce time-domain simulations by an inverse transform26

process, such as the inverse-Fourier transform (Ferrante and Brunone, 2003; Chaudhry, 1970; Suo27

and Wylie, 1989), or the inverse Laplace transform (Zecchin et al., 2012).28

For a relatively simple system, the time domain modeling, by means of the MOC, is very accurate29

and provides a robust solution within a reasonable computational time, taking into account non-30

linearities such as friction. However, this model requires a fixed time-space grid that often implies31

approximations in the simulation of a transient, and, when the system becomes more complex, it32

takes a significant time for computation. The frequency domain models don’t need a time-space33

grid so they can simulate precisely the arrival times of the reflected waves at a chosen measurement34

section (Suo and Wylie, 1989; Covas et al., 2005a). The solution of the Fourier transform of the35

linearized governing equations can be then evaluated in the time domain, so that these models36

map the system behavior from frequency to time and continuously in space. Moreover frequency37

domain models take less time for computation and are characterized by an easier code writing38

with respect to the MOC, especially when an increasingly complex system is considered (Zecchin39

et al., 2009, 2010). The e�ciency of these models have been shown in a number of studies and40

applications (Ferrante and Brunone, 2003; Lee et al., 2006; Kim, 2007; Zecchin et al., 2011, 2013).41

Nevertheless, nonlinearities, like steady-friction, cannot be implemented in these models, as the42

use of the Fourier transform necessitates that the underlying equations be linear (Lee et al., 2005).43

For the frequency-domain solution of the water hammer equations the transient signal is generally44

described as a perturbation about a mean state and then the Fourier transform is applied to45

the perturbed governing equations. Therefore, as outlined in detail in Wylie and Streeter (1993),46

the friction term is linearized about an operating point, that is the initial state of the system,47

so that the linearized term takes into account just the initial value of the flow in determining48

the linear resistance coe�cient of the pipe. This, in case of a closure maneuver, can imply an49

overestimation of the friction term and therefore of the head losses, so that the damping of the50
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pressure signal in the frequency domain models is faster than the true solution to the nonlinear51

equations. The linearization error of the frequency domain modeling with respect to the MOC52

have been investigated by Lee (2013) from an energy point of view and a comparison of the energy53

phase diagrams from the MOC and the frequency domain model has been provided for di↵erent54

transient events. Lee and Vı̀tkovsky (2010) have also quantified the linearization error occurring in55

frequency domain modeling due to the linearized steady-friction term and also to the linearization56

of the orifice equation, since the transients considered have been generated by a partial closure of57

the maneuver valve. When the closure is partial, the frequency domain model is expected to have58

a lower error with respect to the case of a complete closure, because the perturbation magnitude59

is smaller, as a percentage of the initial flow, and the part neglected in the linearization of the60

friction term is lower.61

Viscoelasticity is an important e↵ect that can be easily noticed when dealing with transients in62

polymeric pipes, such as polyvinyl chloride (PVC) and high density polyethylene (HDPE) pipes.63

When a viscoelastic pipe is considered, one of the most used ways to simulate the viscoelasticity64

is a generic Kelvin-Voigt model (Pezzinga et al., 2014). It can be implemented in both time and65

frequency domain models, without any linearization needed as the integro-di↵erential operator that66

describes the viscoelastic e↵ect is linear. The e↵ects of the viscoelasticity have been studied and67

shown in both the domains by several authors (Gong et al., 2015b; Lee et al., 2013a; Duan et al.,68

2012; Covas et al., 2004, 2005b; Meniconi et al., 2012a). The viscoelastic e↵ect produces a large69

attenuation of the transient signal, a significant smoothing, as well as a change in the oscillation70

period. It has been also shown that the viscoelasticity has a dominant e↵ect with respect to the71

linearization error so that such error is less evident, giving place to a better reliability of the72

frequency domain model with respect to the elastic case.73

This paper investigates the e↵ect of the linearization of the friction term when transients are74

generated by a fast and complete closure of the downstream maneuver valve in a simple system75

(reservoir-pipe-valve), in both elastic and viscoelastic pipe cases. The fast complete closure in-76

creases the perturbation magnitude because it introduces the maximum disturbance that can be77

operated with respect to the mean state, so it can be considered the limiting worst case scenario for78

the frequency domain modeling: the higher such magnitude the higher the neglected term in the79

linearization. A non-linear boundary condition at the downstream end valve was not considered,80

as the focus of this work is to analyze the error due to the linearized friction term separately from81
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other sources of error (e.g., a partial or a slow closure). The frequency domain model used in this82

analysis is based on the definition of the impedance and in the following is denoted as Impedance83

Methd model or IM (Ferrante and Brunone, 2003; Chaudhry, 1970; Suo and Wylie, 1989). In this84

paper is also introduced a linearization for the steady-friction term that takes into account the flow85

dependency of the friction factor, so that such linearization can be evaluated di↵erently depending86

on the flow regime and the pipe relative roughness. In this work the attention has been focused on87

the smooth pipes. Furthermore, a correction factor is proposed to compensate the overestimation88

of the head losses and so to improve the performances of the frequency domain modeling. A strat-89

egy to find the best value for such correction factor is also presented, together with application90

examples that confirm the improvement in the equivalence between time and frequency domains91

model performance gained with this study.92

2 Background93

2.1 The Impedance Method94

The 1-D water hammer continuity and momentum equations are (Wylie and Streeter, 1993;95

Chaudhry, 2014):96

@H

@t
+

a
2

gA

@Q

@x
+ kV E(H) = 0 (1)

97

@H

@x
+

1

gA

@Q

@t
+ J(Q) = 0 (2)

where H is the piezometric head, Q is the flow, x is the axial coordinate, t is the time, a is the wave98

speed, A is the pipe cross sectional area, g is the acceleration of gravity, kV E is the viscoelasticity99

term and J is the term that takes into account the distributed head losses.100

Eqs. (1) and (2) can be solved in time domain e.g. along a time-space grid with the MOC, or,101

after being linearized, they can be solved in the frequency domain by means of di↵erent methods.102

The approach outlined in Wylie and Streeter (1993) is presented here.103

If the dependent variables in Eqs. (1) and (2) are considered as the sum of two components, e.g.104
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H = H̄ + h
0 and Q = Q̄ + q

0, so that the same equations hold for the mean values H̄ and Q̄, the105

equation in the perturbations h0 and q
0 can be considered:106

@h
0

@t
+

a
2

gA

@q
0

@x
+ kV E(h

0) = 0 (3)

107

@h
0

@x
+

1

gA

@q
0

@t
+ J

0(q0, Q̄) = 0 (4)

Taking the Fourier transform of Eqs. (3) and (4) yields:108

i!h+
a
2

gA

@q

@x
+ kV E(i!)h = 0 (5)

109

@h

@x
+

i!

gA
q + J

0(i!, Q̄)q = 0 (6)

where h and q are the Fourier transforms of the transient components h
0 and q

0, and kV E(i!)110

and J
0(i!, Q̄) are the Fourier transform of the operators kV E(·) and J

0(·, Q̄), respectively. The use111

of the impedance Z(i!) = h(i!)/q(i!) allows analytic solutions of Eqs. (5) and (6) as shown in112

(Wylie, 1965) for a simple pipe system (R-P-V) or for more complex systems. The impedance , Z113

characterizes the resistance of the pipe during transients and its variation across each element of114

the system is described by upstream to downstream functions that relate transformed head and115

flow at di↵erent nodes (Suo and Wylie, 1989). As a consequence, the information pertaining the116

behavior of the system are contained all in one frequency dependent transfer function:117

h(i!) = Z(i!)q(i!) (7)

In time domain, the relationship between input and output signals is given by the convolutional118

integral:119
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h
0(t) =

Z +1

0
q
0(t̂)I(t� t̂)dt̂ (8)

where I is the impulse response function of the system (the inverse Fourier transform of the120

impedance Z) and contains the information about its behavior.121

2.2 Numerical system under consideration122

To assess the e↵ect of the linearization error that occurs in frequency domain modeling, in this123

paper a reservoir-pipe-valve (R-P-V) system is considered and the IM results are compared to124

the MOC results. For di↵erent flow regimes the MOC solution is considered as a “true” solution,125

irrespective of MOC capabilities in representing the actual physical phenomenon, and this is the126

reason the di↵erences between IM and MOC are also referred to as errors.127

To reduce other errors due to the numerical integration and to henance the comparison, the dis-128

cretization step of the MOC, �t, is directly related to the discretization step in the frequency129

domain, �!, with �t = (N�!)�1. The used value of the the number of samples of the discretized130

signal, N = 220, allows to neglect the discretization errors (Lee et al., 2013b).131

To give a more general character to this analysis, the following dimensionless quantities are used:132

h
⇤ =

H �H0

�H
; t

⇤ =
t

T
(9)

where H is the piezometric head at the measurement section (i.e. immediately upstream the valve),133

H0 is the initial value of H and has been fixed at the same value for all the simulations, �H is the134

Allievi-Joukowsky overpressure and T is the characteristic time of the pipe, respectively evaluated135

as:136

�H =
a

g

Q0

A
; T =

2L

a
(10)

with L being the length of the pipe, and Q0 is the initial value of the flow.137
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The steady-friction term of Eq. (2) is evaluated as:138

J = f(Q)
|Q|Q
2gDA2

(11)

where D is the pipe diameter and f is the Darcy-Weisbach friction factor and is evaluated with139

di↵erent formulas. For laminar flows, J(Q) is linear and hence the time and frequency domain140

models coincide. For turbulent flows, f(Q) can depend on the relative roughness of the pipe and141

the flow regime, i.e. the Reynolds number, Re. As highlighted in the introduction, the MOC is able142

to update at each point of the time-space grid the values of the flow, Q and so of J . Since the IM is143

not able to do this, it needs to linearize the friction term about an operating point, that is usually144

the initial state.145

When the perturbation q
0 around the mean value Q̄ � q

0 is introduced, the term |Q̄+ q
0|(Q̄+ q

0)146

can be rewritten as (Q̄+ q
0)2 and J can be expanded by means of a Taylor series:147

J(Q̄+ q
0) = J(Q̄) +

J̇(Q̄)

1!
q
0 +

J̈(Q̄)

2!
q
02 + ... (12)

where the number of dots over the letter indicates the order of the derivative with respect to Q.148

Within the conventional IM, the linearization of J is operated considering f constant and equal149

to its initial value f0 = f(Q0), so that the conventional linearized friction term for turbulent flows,150

hereafter referred as R1, is:151

R1 =
f0Q̄

gDA2
(13)

In Fig. 1 the MOC result is shown for the R-P-V system in comparison with di↵erent IM ap-152

proaches to show the IM performance a↵ected by the linearization error. For the sake of clarity, in153

Fig. 1 are shown simulations in the case of elastic pipes, i.e. the viscoelasticity term, kV E , in Eq.154

(1) is zero. The approach analyzed in this section, i.e. the IM using R1, produces an unsatisfactory155

performance, since the di↵erences with respect to the MOC solution are high. In the left side it156

7
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can be observed that the linearization error causes di↵erences between the two models that evolve157

with time, producing a di↵erent damping than the MOC. Within a short period analysis the error158

of the IM is small, but when an increasingly duration is considered, the di↵erences with respect to159

the MOC increase. The remainder of this paper will investigate the linearization error, and present160

strategies to determine the optimal linear model to minimize this error.161

3 Proposed linear approximation162

In this section two approaches for determining linear resistance functions are introduced, aiming163

to improve the equivalence of the linearized model to the MOC. Firstly, a di↵erent linearization164

for the steady-friction term is proposed, considering the flow dependency of the friction factor.165

Secondly a correction factor is introduced to change the operating point where the friction term is166

linearized, in order to gain a better performance. Within this section, the proposed improvement167

strategies are outlined. Within the following section, these strategies are explored with a detailed168

computational strategy.169

3.1 Linearization of the steady-friction term including the friction factor derivative170

In order to introduce a more accurate linearized steady-friction term, from an analytical and a171

physical point of view, in this paper the linearization is derived considering that the friction factor,172

f , depends on Q and is not constant during the transient event.173

Therefore, the series of Eq. (12) is the product of the two Taylor series, one for the friction factor,174

and one for the velocity head term:175

J(Q̄+ q
0) =

"
f(Q̄) +

ḟ(Q̄)

1!
q
0 +

f̈(Q̄)

2!
q
02 + ...

#
Q̄

2

2gDA2
+

2Q̄

2gDA2
q
0 +

1

2gDA2
q
02 + ...

� (14)

By multiplying the terms, Eq. (14) becomes:176

J(Q̄+ q
0) = f(Q̄)

Q̄
2

2gDA2
+

"
f(Q̄)

2Q̄

2gDA2
+

ḟ(Q̄)

1!

Q̄
2

2gDA2

#
q
0 + ... (15)
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Considering that the first term on the right hand is constant and it relates to the steady-state177

frictional losses that have been removed from the perturbation equations, and neglecting the terms178

of order � 2 in the perturbation, the general form of the linearized steady-friction term, R0, is179

given by the sum of the two terms in the brackets:180

R
0 = f(Q̄)

2Q̄

2gDA2
+ ḟ(Q̄)

Q̄
2

2gDA2
(16)

For fully turbulent flow, since f does not depend on flow, ḟ(Q) = 0 and again R
0 = R1 if Q̄ = Q0.181

In general, it can be noted that, if f is considered constant, as in the conventional use of the IM,182

the second term in Eq. (16) becomes zero and R1 is obtained. In the method presented in this183

paper, such term is no longer neglected and the proposed linearized steady-friction term is given184

by the sum of the two terms.185

The evaluation of the linearized friction term depends on the formula used for f . In this paper186

the attention has been focused on the category of the smooth pipes in the case of turbulent flow,187

for which f is evaluated by means of the Blasius formula:188

f(Q) = 0.316Re
�0.25 = 0.316

✓
QD

⌫A

◆�0.25

(17)

where ⌫ is the kinematic viscosity. Substituting Eq. (17) in Eq. (16), the proposed linearized189

friction term, R2 is obtained:190

191

R2 = 0.316

✓
Q̄D

⌫A

◆�0.25
2Q̄

2gDA2
+ 0.316

✓
D

⌫A

◆�0.25 �
�0.25Q̄�1.25

� Q̄
2

2gDA2
=

= 0.316

✓
D

⌫A

◆�0.25 1

2gDA2
1.75Q̄0.75 = (18)

= 0.875f(Q̄)
Q̄

gDA2
= 0.875R1 (19)

192

From an analytical point of view, the evaluation of R2 is more correct since it considers the193

9
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perturbation of the flow also within f and it does not neglect the second term of Eq. (16), while194

from a physical point of view, R2 carries a coe�cient that decreases the overestimation of the head195

losses with respect to R1. It is worth of noting that such coe�cient is less than 1, when the second196

term of Eq. (16) is no longer neglected. In Fig. 1 it is possible to observe that the signal simulated197

with the IM using R2 presents a better performance than the one simulated using R1 because the198

head losses are less overestimated, the damping is slower and so the di↵erences with respect to the199

MOC are lower.200
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Figure 1 Dimensionless pressure signals obtained in a simple pipe system for kV E = 0 by means of the MOC (dashed line)
and three IM approaches (solid lines), using R1, R2 and R3, where R3 is evaluated with the correction factor F = 0.5. The
MOC line and the IM line using R3 are almost indistinguishable.

The improvement gained with the use of R2 appears to be not enough to compensate the overes-201

timation of the head losses with respect to the MOC. In fact, although a more equivalent form for202

the linearization has been developed, there is still a considerable overestimation of the head losses203

because the linearized friction term is still evaluated using the initial value of the flow Q̄ = Q0 as204

the operating point.205

3.2 Correction factor206

Since during a transient generated by a full closure maneuver the flow at the valve varies from the207

initial value, Q0, to 0, it can be presumed that a better improvement of the IM could be obtained208
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using an average value of the flow to evaluate the linearized steady-friction term of Eq. (19). That209

is, the term J should in fact decrease with the flow, as maintaining it at a constant value based on210

the initial flow yields an overestimation of the frictional losses. Such average value is given by:211

Q̄(t) = Ct⇤Q0 (20)

where C 2 [0, 1] is a coe�cient that can assume di↵erent values depending on the duration of212

the simulation considered and that multiplies the initial value of the flow, Q0. Introducing this213

expression in Eq. (19):214

R2 = C
0.75
t⇤ R2|Q̄=Q0

(21)

For simplicity, the correction factor F = C
0.75
t⇤ 2 [0, 1] is used hereafter to further decrease the215

e↵ect of the linearization error. For the sake of clarity, the linearized friction term evaluated with216

F is referred as:217

R3 = FR2 (22)

In Fig. 1 a simulation carried out with the IM using R3 with F = 0.5 is shown. It can be observed218

that the performance of this simulation is clearly better than the ones carried out using R1 or R2.219

Therefore, although it is not possible to update the value of the flow during the simulation, it is220

possible to evaluate a constant value of the friction term shifting the operating point by using not221

the initial value of the flow, that corresponds to F = 1, but a fraction of it. The issue of which is222

the optimal value of F to be used to gain the best performance in terms of the equivalence of the223

IM to MOC, depending on the transient conditions, is investigated in the next sections.224

11
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4 Numerical study of R2225

In order to have an indication of which range of F improves at best the performances of the IM, a226

numerical study is conducted for elastic and viscoelastic smooth pipes, considering that the optimal227

value (indicated with the superscript “⇤”) of F depends on the flow regime, i.e. the initial Reynolds228

number, Re0, and the duration of the simulation, t⇤:229

F
⇤ = f(Re0, t

⇤) (23)

Signals are simulated for di↵erent values of Q0 in order to have a set of tests within a range of230

Re0 from 6.82 e03 to 1.36 e05. The flow regime, in fact, plays an important role in the assessment231

of the linearization error when a complete closure maneuver is operated, because the larger the232

Q0, the larger the perturbation magnitude, the larger the error caused by the linearization of the233

steady-friction term. This is confirmed by Fig. 2 and Fig. 3, where simulations for elastic and234

viscoelastic pipes, respectively, are shown, comparing the MOC results with the signals carried out235

with the IM using R2 (i.e. F = 1). So that, F ⇤ is expected to be higher for the lowest values of Re0236

and lower as Re0 increases. Comparing Fig. 2 and Fig. 3 the e↵ect of viscoelasticity on the pressure237

signal and its e↵ect on the analysis of the linearization error can be noted. The viscoelasticity term,238

kV E , of Eq. (1) is represented by the linear Kelvin-Voigt (K-V) model (Pezzinga and Scandura,239

1995) and is introduced in the frequency domain model as shown in Duan et al. (2012). The same240

ranges of Re0 of the elastic case are used, but a shorter period is considered for the simulations,241

since the damping is faster when the viscoelasticity is introduced. It can be observed that the242

introduction of the viscoelasticity implies not only a faster damping and a smoothing e↵ect, as243

already shown by Lee et al. (2013a), but also a reduction of the di↵erences between the MOC and244

the IM signals. Viscoelasticity, in fact, for polymeric pipes, is a dominant e↵ect with respect to the245

steady-friction and so the linearization error appears to be reduced, so that a better performance of246

the IM is expected in general. Nevertheless, in this paper, the introduction of the linearized friction247

term, R3, is analyzed also for the viscoelastic pipes to improve the IM performance also in this248

case. Moreover, Duan et al. (2010a) have also shown that viscoelasticity is dominant with respect249

to unsteady friction when the quantity P = (2DAa)/(fQ0L) is greater than 1 (Ghidaoui et al.,250

2002). For the transients analyzed in this paper P ranges from a minimum of 17 to a maximum of251

12
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99 and so it allows to neglect the e↵ect of the unsteady friction.252
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Figure 2 Comparison between dimensionless pressure signals obtained by means of the MOC and the IM approach using R2

for 4 values of Re0 in the case of elastic pipe.

The duration of the simulation influences the choice of F ⇤ because the overestimation of the253

head losses evolves in time. So that, if only the first characteristic time lengths are considered, the254

linearization error is not so weighty and a relatively high F
⇤ is expected. On the other hand, when255

an increasingly number of periods in considered, F ⇤ has to compensate a higher overestimation256

of the head losses and so it is expected to be decreasing with the increase of the duration of the257

simulation.258

When the di↵erences between the IM and the MOC results are compared, the Nash-Sutcli↵e259

coe�cient, NS, is used as a goodness-of-fit index (Nash and Sutcli↵e, 1970):260

NS = 1�
P

n(h⇤
MOC

� h
⇤
IM

)2P
(h⇤

MOC
� h̄

⇤
MOC

)2
(24)

in which h
⇤
MOC

is the dimensionless pressure signal resulted from the MOC, h̄⇤
MOC

is its mean261

value, h⇤
IM

is the dimensionless pressure signal resulted from the IM, and n is the sample size. The262

NS coe�cient can range from �1 to 1 and the closer the index is to 1, the more accurate the263

model is.264

13



March 11, 2022 Journal of Hydraulic Research Linearization˙error

0 5 10 15 20
−1

−0.5

0

0.5

1

Re
0
 = 6.82 e03

0 5 10 15 20
−1

−0.5

0

0.5

1

Re
0
 = 1.36 e04

0 5 10 15 20
−1

−0.5

0

0.5

1

Re
0
 = 6.82 e04h

*

0 5 10 15 20
−1

−0.5

0

0.5

1

Re
0
 = 1.36 e05

t*

 

 
MoC
IM using R

2

Figure 3 Comparison between dimensionless pressure signals obtained by means of the MOC and the IM approach using R2

for 4 values of Re0 in the case of viscoelastic pipe.

5 Optimal correction factor265

5.1 Parameter analysis: elastic pipes266

For di↵erent flow regimes (i.e. Re0) and for di↵erent values of the duration, t⇤ 2 [0, 80], simulations267

are carried out using R3, varying the value of the correction factor, F , and evaluating the NS268

coe�cient to assess the goodness of the performance of the frequency domain model with respect269

to the MOC. In order to have a clear view of the trend of such performance, surface plots of NS270

(F , t⇤) are given (Figs. 4 and 5). Since, the lighter the color of the surface, the higher the value271

of NS, it can be observed that for a short duration of the simulation (t⇤ ' 4), high values of NS272

are obtained for a large range of F , and this is true for all the flow regimes, so that F does not273

influences significantly the IM performance within approximately the first 4 characteristic times.274

When an increasing number of periods is considered, NS considerably decreases for the highest275

values of F , so it can be deduced that the conventional practice of using the 100 % of the linearized276

friction term (i.e. F = 1) will lead to a sub-optimal performance. This trend is more significant277

when Re0 increases (Fig. 5).278

To have a detailed view of the trend of NS when F is varied, slices of the 3D plots of Figs. 4 and279

5 for t⇤ = 4, 20, 40 and 80 are given in Fig. 6. Such detailed view confirms that for t⇤ = 4 (Fig. 6a)280
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Figure 4 Surface plots for Re0= 6.82 e03 and 1.36 e04, where NS is plotted against F and t
⇤, in the case of elastic pipe.
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Figure 5 Surface plots for Re0= 6.82 e04 and 1.36 e05, where NS is plotted against F and t
⇤, in the case of elastic pipe.

the influence of Re0 is not significant, as each value of F provides a high NS. When an increasingly281

longer period is considered (Fig. 6b,c,d), it is more clear the e↵ect of the overestimation of the282

head losses and the benefits gained using the correction factor. Particularly for the high values283

of Re0, for which it is evident that the usual practice of taking into account the 100 % of the284
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linearized friction term (i.e. F = 1) is disadvantageous, it is clear that a value of F between 0.4285

and 0.6 provides a better performance. When the highest values of Re0 are considered, the use286

of the correction factor becomes more important. In fact, if a higher value of F is used, the NS287

decreases dramatically and this is as true as it increases the period. For such values of Re0 the288

optimal value of F is around 0.5, but it can decrease up to 0.4 if t⇤ becomes 40 or more. It can be289

also observed that even if a high value of Re0 and t
⇤ is considered, the optimal value of F is not290

smaller than 0.4.291
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Figure 6 Variation of NS in function of F , for 4 values of Re0 and for 4 values of t⇤, for the case of elastic pipe.

To synthesize these observations in order to have a general indication of which is the optimal292

value of F to be used depending on the transient conditions, the diagram of Fig. 7 is shown. This293

figure shows which is the optimal value, F ⇤, to be used to obtain the highest NS depending on294

t⇤ and on the value of the initial Reynolds number. Therefore, when transients in elastic smooth295

pipes are modeled in the frequency domain, the linearized friction term, R3, can be used. It can be296

evaluated using a value of F deduced from Fig. 7 that improves at best the model performance.297

This figure can be used as a “lookup” chart for F depending on the R-P-V system properties of298

interest.299

To show the e↵ects of this study in time domain, simulations for t⇤ = 20 and 80 using the found300

optimal values F
⇤ are shown in Figs. 8, and 9. It is clear that the use of the optimal values of301
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Figure 7 Diagram of the best values of the correction factor, F ⇤, to be chosen depending on Re0 and t
⇤ in order to have the

maximum NS, for the case of elastic pipe.

F highly improves the IM performances and drastically reduce the linearization error occurring302

in frequency domain modeling. Comparing Fig. 9 with Fig. 2, that show the signals for the same303

duration (t⇤ = 80), it can be better noted that using the proposed linearized friction term, R3, with304

the optimal value of F the IM provides a damping of the signal more similar to the one simulated305

with the MOC.306

5.2 Parameter analysis: viscoelastic pipes307

As in section 5.1, simulations are carried out using R3, varying the value of the correction factor,308

F , and evaluating the NS coe�cient for di↵erent flow regimes (i.e. Re0) and for di↵erent values of309

the duration, t⇤ 2 [0, 40]. Similarly to Figs. 4 and 5, the surfaces of Figs. 10 and 11 are obtained.310

Comparing the values of NS it can be noted that in general its values for the viscoelastic case are311

higher than the elastic one, as expected. For the lowest values of Re0 (Fig. 10), NS has very high312

values and undergoes few changes, regardless of the value of the correction factor used, but from313

a numerical point of view it has been found that the optimal values of F for this flow conditions314

are around 0.65 for the shortest durations and can decrease to 0.35 for the longest ones. For the315

highest values of Re0 considered (Fig. 11), the surfaces trend is very similar to Fig. 5, although316

NS varies in a narrower range and assumes higher values.317
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Figure 8 Comparison between dimensionless pressure signals for the case of elastic pipe, obtained by means of the MOC
(dashed line) and by means of the IM approach using R3 (solid line) with the best values F

⇤ found in Fig. 7, for 4 values of
Re0 and for the duration t

⇤ = 20.

At four values of t⇤ the surfaces of Figs. 10 and 11 are sliced in order to have a detailed view of318

the NS trend when F is varied (Fig. 12). Such trend is very similar to the elastic case (Fig. 6): the319

higher the Re0 the more significant is the variation of NS with F .320

To have a general indication of which is the optimal value F
⇤ to be used depending on the321

transient conditions for the case of viscoelastic smooth pipes, the diagram of Fig. 13 is shown.322

Comparing this diagram with the one related to the elastic case (Fig. 7), it can be observed that323

the surface shape is di↵erent compared to the elastic case. In the viscoelastic case, in fact, the choice324

of the optimal F loses the strong dependance on Re0, while the dependance on t
⇤ is strengthened.325

From the color bar at the right side of Fig. 13 it can be observed that the F
⇤ values are in the326

range 0.41 to 0.65, which is narrower than in the elastic case (0.38 to 0.98).327

For one value of Re0 and for two values of t⇤, the optimal value F
⇤ found with this analysis are328

used in the IM approach to carry out the two simulations for viscoelastic pipes that are presented329

in Fig. 14. Comparing these results with the simulation of Fig. 3 with Re0 = 6.82e04, it can be330

noted that using the linearized friction term proposed in this paper, with the optimal value of F331

found by means of this analysis, a good improvement in the IM performance can be gained not332

only for the elastic pipes, but also for the viscoelastic ones. In fact, the value of NS increases when333
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Figure 9 Comparison between dimensionless pressure signals for the case of elastic pipe, obtained by means of the MOC
(dashed line) and by means of the IM approach using R3 (solid line) with the best values F

⇤ found in Fig. 7, for 4 values of
Re0 and for the duration t

⇤ = 80.

the optimal F is used and the IM simulation is almost equivalent to the MOC one.334

6 Conclusions335

In this paper a R-P-V system subjected to transients generated by complete closure maneuvers has336

been considered in order to study the linearized steady-friction term separately from other sources337

of linearization error. Further studies are needed to study the linearization error e↵ects in complex338

systems. Even if unsteady friction can be described using a linear model so that no linearization is339

needed in the frequency domain, for simplicity, it is not considered in this numerical study, but can340

be examined in further development of the method proposed in this paper. A more correct form341

for the linearized friction term has been proposed in order to involve the flow dependency of the342

friction factor in the linearization. Despite such new form, the linearization error has still produced343

a significant overestimation of the head losses during the transient event, because the operating344

point at which the linearized friction term is usually evaluated is the initial state, that corresponds345

to the maximum flow value that can be registered in transients generated by this type of maneuver.346

Given this, a correction factor has been introduced to change the operating point about which the347

linear resistance function is computed and so to use a fraction of the flow in the evaluation of348
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Figure 10 Surface plots for two low values of Re0, where NS is plotted against F and t
⇤, in the case of viscoelastic pipe.
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Figure 11 Surface plots for two high values of Re0, where NS is plotted against F and t
⇤, in the case of viscoelastic pipe.

the linearized friction term to reduce the overestimation of the head losses with respect to the349

MOC results. Focusing the attention on the category of the smooth pipes, for both elastic and350

viscoelastic cases, and using the impedance method to present the frequency modeling results, a351

parameter analysis has been conducted to study the dependency of the correction factor on the352
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Figure 12 Variation of NS in function of F , for 4 values of Re0 and for 4 values of t⇤, for the case of viscoelastic pipe.
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⇤ in order to have the

maximum NS, for the case of viscoelastic pipe.

flow conditions and the duration of the simulation. Diagrams for elastic and viscoelastic cases have353

been produced to bring out the optimal values of the correction factor to be used depending on354

the system properties of interest. When the optimal value of F is used, the performance of the355

frequency domain modeling improves, in the sense that is almost equivalent to the MOC simulation,356
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Figure 14 Comparison between dimensionless pressure signals for the case of elastic pipe, obtained by means of the MOC and
by means of the IM approach using R3 with the best values F

⇤ found in Fig. 7, for 1 value of Re0 and for the durations t
⇤ =

6 (left side) and t
⇤ = 20 (right side).

as shown in this paper for some transient conditions. These diagrams can be used in the practice as357

design charts to pick the optimal value for the correction factor in order to obtain a IM simulation358

as similar as possible to the MOC one.359
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