ON THE WAVE EQUATION WITH HYPERBOLIC DYNAMICAL
BOUNDARY CONDITIONS, INTERIOR AND BOUNDARY
DAMPING AND SUPERCRITICAL SOURCES

ENZO VITILLARO

ABSTRACT. The aim of this paper is to study the problem

utt — Au+ P(z,ut) = f(x,u) in (0,00) X £,

u=0 on (0,00) x T'o,

ut + 0w — Aru+ Q(z,ut) = g(z,u) on (0,00) x I'y,

u(0,z) = uo(x), u(0,z) = ui(x) in Q,
where Q is a bounded open subset of RY with C! boundary (N > 2), T = 9,
I'; is relatively open on I', Ar denotes the Laplace-Beltrami operator on T,
v is the outward normal to 2, and the terms P and @ represent nonlinear
damping terms, while f and g are nonlinear perturbations.

In the paper we establish local and global existence, uniqueness and Hadamard
well-posedness results when source terms can be supercritical or super-supercritical.

1. INTRODUCTION AND MAIN RESULTS

1.1. Presentation of the problem and literature overview. We deal with
the evolution problem consisting of the wave equation posed in a bounded regular
open subset of RY, supplied with a second order dynamical boundary condition
of hyperbolic type, in presence of interior and/or boundary damping terms and
sources. More precisely we consider the initial —and—boundary value problem

uge — Au+ Pz, up) = f(z,u) in (0,00) x £,
u=0 on (0,00) x Iy,
uge + Oyu — Aru+ Q(x,us) = g(z,u) on (0,00) x Ty,
w(0,2) = uo(x), us(0,2) = uy(2) in Q,

where (2 is a bounded open subset of RY (N > 2) with C'! boundary (see [31]). We
denote I' = 9Q and we assume I' = T'qUT', Iy N Ty = @, T'; being relatively open
on I' (or equivalently Ty = I'g). Moreover, denoting by o the standard Lebesgue
hypersurface measure on I', we assume that o(T'o N Ty) = 0. These properties of
Q, 'y and I'; will be assumed, without further comments, throughout the paper.
Moreover u = u(t,z), t > 0, z € Q, A = A, denotes the Laplace operator with
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respect to the space variable, while Ar denotes the Laplace—Beltrami operator on
I and v is the outward normal to €.

The terms P and @) represent nonlinear damping terms, ie. P(z,v)v > 0,
Q(z,v)v > 0, the cases P = 0 and Q = 0 being specifically allowed, while f
and g represent nonlinear source, or sink, terms. The specific assumptions on them
will be introduced later on.

Problems with kinetic boundary conditions, that is boundary conditions involving
ug on I', or on a part of it, naturally arise in several physical applications. A
one dimensional model was studied by several authors to describe transversal small
oscillations of an elastic rod with a tip mass on one endpoint, while the other one
is pinched. See [3, 17, 18, 32, 38, 37, 41] and also [40] were a piezoelectric stack
actuator is modeled.

A two dimensional model introduced in [28] deals with a vibrating membrane of
surface density u, subject to a tension T, both taken constant and normalized here
for simplicity. If u(t, z), € Q C R? denotes the vertical displacement from the rest
state, then (after a standard linear approximation) u satisfies the wave equation
up—Au =0, (t,x) € RxQ. Now suppose that a part I'g of the boundary is pinched,
while the other part I'y carries a constant linear mass density m > 0 and it is subject
to a linear tension 7. A practical example of this situation is given by a drumhead
with a hole in the interior having a thick border, as common in bass drums. One
linearly approximates the force exerted by the membrane on the boundary with
—0,u. The boundary condition thus reads as muy + Op,u — 7Ap,u = 0. In the
quoted paper the case I'o = ) and 7 = 0 was studied, while here we consider the
more realistic case I'g # @ and 7 > 0, with 7 and m normalized for simplicity. We
would like to mention that this model belongs to a more general class of models of
Lagrangian type involving boundary energies, as introduced for example in [23].

A three dimensional model involving kinetic dynamical boundary conditions comes
out from [26], where a gas undergoing small irrotational perturbations from rest in
a domain Q C R3 is considered. Normalizing the constant speed of propagation,
the velocity potential ¢ of the gas (i.e. —V¢ is the particle velocity) satisfies the
wave equation ¢ — A¢ = 0 in R x . Each point x € 99 is assumed to react
to the excess pressure of the acoustic wave like a resistive harmonic oscillator or
spring, that is the boundary is assumed to be locally reacting (see [42, pp. 259-
264]). The normal displacement ¢ of the boundary into the domain then satisfies
moy + doy + ké + pp = 0, where p > 0 is the fluid density and m,d, k € C(9Q),
m,k > 0, d > 0. When the boundary is nonporous one has §; = J,¢ on R x 99,
so the boundary condition reads as mdy + dd,¢ + kd + p¢py = 0. In the particular
case m = k and d = p (see [26, Theorem 2]) one proves that ¢ = 0, so the
boundary condition reads as may + d0,¢ + k¢ + pp: = 0, on R x 92. Now, if one
consider the case in which the boundary is not locally reacting, as in [9], one adds
a Laplace-Beltrami term so getting a dynamical boundary condition like in (1.1).

Several papers in the literature deal with the wave equation with kinetic boundary
conditions. This fact is even more evident if one takes into account that, plugging
the equation in (1.1) into the boundary condition, we can rewrite it as Au+ 0, u —
Aru+ Q(z,ut) + Pz, ur) = f(x,u) + g(x,u). Such a condition is usually called a
generalized Wentzell boundary condition, at least when nonlinear perturbations are
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not present. We refer to [43], where abstract semigroup techniques are applied to
dissipative wave equations, and to [21, 22, 51, 56, 57, 59].

Here we shall consider this type of kinetic boundary condition in connection with
nonlinear boundary damping and source terms. These terms have been considered
by several authors, but mainly in connection with first order dynamical boundary
conditions. See [4, 5, 10, 11, 12, 14, 15, 16, 24, 35, 53, 60]. The competition between
interior damping and source terms is methodologically related to the competition
between boundary damping and source and it possesses a large literature as well.
See [6, 27, 36, 44, 45, 46, 52].

A linear problem strongly related to (1.1) has also been recently studied in [25, 30],
and another one in the recent paper [58], dealing with holography, a main theme
in theoretical high energy physics and quantum gravity. See also [29].

Problem (1.1) has been studied by the author in the recent paper [55] (see also
[54]) when source/sink terms are subcritical, that is when the Nemitskii operators
associated to f and g ! are locally Lischitz, respectively from H'(Q) to L%(Q)
and from H'(T') to L?(T). In particular, using nonlinear semigroup theory, local
Hadamard well-posedness, and hence also local existence and uniqueness, has been
established in the natural energy space related to the problem. Moreover global ex-
istence and well-posedness have been proved when source terms are either sublinear
or dominated by corresponding damping terms.

The aim of the present paper is to extend the results of [55] to possibly non—
subcritical perturbation terms f and g. As a consequence we do not expect to
get new results when all perturbation terms are subcritical, as in the case N = 2,
but we want to cover the case when one term is subcritical while the other one is
non-subcritical. As a byproduct the results in [55] will be a subcase of the more
general analysis presented in the sequel.

Our main motivation is constituted by the three dimensional case, in which only
the term f can be non—subcritical. Hence our choice to consider also non—subcritical
boundary terms g is only of mathematical interest, but it is motivated as follows.
At first in dimensions higher than 3 both terms can be non—subcritical. At second
this extension is costless, since all estimates used in the paper will be explicitly
proved only for f (in relation with P) and then trivially transposed to g. Finally
to consider terms f and g under the same setting allows to give results in which f
and g play a symmetric role, as they do in dimension N = 4.

1.2. A simplified problem, source classification and main assumptions. To
best illustrate our results we shall consider, in this section, the following simplified
version of problem (1.1)

utr — Au+ a(x)Po(ur) = fo(u) in (0,00) x Q,
(1.2) u=0 on (0,00) x T,
) Ut + O — Aru + B(x)Qo(ur) = go(u) on (0,00) x I'y,
u(0,2) =up(z), w(0,2) =wui(x) in Q,

where o € L*(Q), 8 € L>*(T), a, 8 > 0, and the following assumptions hold:

ldefined on I'1 and trivially extended to I'g.
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(I) Py and Qg are continuous and monotone increasing in R, Py(0) = Q(0) =
0, and there are m, u > 1 such that

0< lim |P0nszi)1| < Tim |P07§zi)1| 0o, lim lPOTEﬂ' >0,
|v|—o0 v v|—o0 [v] [v|—0 |v]

0< lim IQo(ﬁl < Im \Qo(ﬂ\ <o, lim IQo(ﬂ\ - 0.
o] oo [V[# lv|—o0 |v|# lo]—0 [V[¥

(I1) fo,90 € C’IOO’C1 (R) and there are exponents p,q > 2 such that
[fo(w)| = O(lulP~?)  and |gg(u)| = O(|ul?"?) as |u| — oo.

Our model nonlinearities, trivially satisfying assumptions (I-II), are given by

Py(v) =Py (v) := alv|"2v + |v|™ 20, l<m<m, a>0,

Qo(v) =Q1 (v) 1= blof™2v + [} ~2u, I<fi<p b>0,

fo(w) =fi(uw) :==F|uP2u+~uP2u+c, 2<p<p, 7,7,c1 €R,

go(u) =g1(u) := g|u|qN*2u +6luliPu 4, 2<G<gq, g, d,c0 € R.

We introduce the critical exponents 7, and 7. of the Sobolev embeddings of H!(£2)
and H!(T') into the corresponding Lebesgue spaces, that is

2N . 2(N —1)

— if N> = 7 >
r—{N=2 i >3, r = N_3 if N >4,

0o if N =2, oo if N =2,3.

The term fo, or f1, is usually classified as follows in the literature (see [11, 12]):
(i) fo is subcritical if 2 < p < 1+ r,/2, when the Nemitskii operator ﬁ) asso-
ciated to fy is locally Lipschitz from H'(Q) into L?(Q);
(i) fo is supercritical if 1+, /2 < p < r,,, when fq is no longer locally Lipschitz
from H'(Q) into L2(Q2) but it still possesses a potential energy in H!(Q);
(iii) fo is super—supercritical if p > 1., when fo has no potentials in H*().

The analogous classification is made for gg, depending on ¢ and 7.

In [55] the case when (I-II) hold and fy and gy are both subcritical was studied,
while here we are concerned with possibly supercritical and super—supercritical
terms. To deal with them we need two further main assumptions:

(III) essinfqa > 0 when p > 1+ 1,/2, essinfr, § > 0 when ¢ > 1 +1./2, and
(1.4) 2<p<l+4n/m, 2<q¢<l+n/@,

where T = max{2, m} and & = max{2, u};
(IV) if 14+7,/2 <p=1+r,/m' then N <4, fo € C*(R) and lim o (W] o oo

|u]—o0 lufP=2

if1l4+7m./2<q=1+n./u then N <5, go € C*(R) and lim loo W o

|u|—o0 lule=2

Remark 1.1. Clearly assumption (III) can be equally refereed to our model nonlin-
earities in (1.3), while they satisfy (IV) if

N <4andp>3or7=0provided 1 +r,/2<p=1+r,/m/;
N<5andg>3ord=0provided 1 +r./2<qg=1+r./1.
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Source classification when N=3 LEGENDA
m— (i) subcritical region

(ii) supercritical
region

]

(iii) super-supercritical
region

Source classification when N=4

[ q
2 1+ rn/2=3 rn=4 rn+1=5 2 1+ rl_/2=4 re=6 rr+1=7

FIGURE 1. The regions covered by (1.4) in dimensions N = 3,4.

Remark 1.2. The sets in the planes (p,m) and (g, ), for which (1.4) holds, cor-
responding to the classification above, are illustrated in dimensions N = 3,4 in
Figure 1. The subcritical regions were studied in [55], while this paper covers all
regions in the picture. In dimensions N = 3 and N = 4, the first one being of
physical relevance, (IV) is a mild strengthening of (II). When N = 5 assumption
(IV) excludes parameter couples for which 1 +1r,/2 <p=1+4r,/m’, while it is a
strengthening of (II) for the term gop. When N > 6 assumption (IV) simply excludes
parameter couples for which 1+7,/2 <p=1+n,/m' and 14+r./2 <g=1+r./i.

To present our results it is useful to subclassify supercritical terms fy, by distin-
guishing between intercritical ones, when 1+ r,/2 < p < r,, and Sobolev critical
ones when p = r,. Moreover terms fy for which p < 1+ r,/m’ when m > 2 will be
treated in a different way from those for which p = 1+, /m’ when m > 2, accord-
ing to the compactness or non-compactness of fo from HY(Q) to L™ ®=1(Q). In
the latter case we shall say that fy is on the hyperbola. We shall also use the term
bicritical for Sobolev critical terms on the hyperbola, when p = m = r,. The same
terminology will be adopted for gg.

1.3. Add—on assumptions. We now introduce some further assumptions which
will be needed only in some results. In uniqueness and well-posedness results
assumption (IV) will be strengthened to the following one:

(IV) if p>1+1,/2 then N <4, fo € C*(R) and lim ‘lﬁ’l/ﬁ;‘ < 00;

|u|—o00

if g>1+7./2 then N <5, go € C*(R) and lim log (Wl

|u|—o00 a2
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Remark 1.3. The model nonlinearities in (1.3) satisfy assumption (IV)’ if

N <4and p>3or7=0provided p >1+r,/2;
N <5and ¢ >3ord=0provided ¢ >1+r./2.
Remark 1.4. In dimensions N = 3,4 assumption (IV)’ is a mild strengthening of

(IT). When N = 5 it says that fo is subcritical while it is a strengthening of (II) for
go- When N > 6 it simply says that fy and gg are both subcritical.

When dealing with well-posedness, we shall restrict to non—bicritical terms fy, go
and we shall use one between the assumptions:

(V) if p > 7, then eslimint P4 50, if ¢ > 1, then essliminf Bl >0,
(V)" if m > 7, then essliminf 6% > 0, if & > 7, then essliminf 222} > 0.

|[v|—00 |[v]— o0

Remark 1.5. By (1.4), we have m > 1, when p > 1, and p > r,, when ¢ > r,, the
same implications being true for weak inequalities, hence when sources are non—
bicritical we have m > r, when p > r,, and p > r,, when g > r,,. Hence assumption
(V) is stronger than (V).

Remark 1.6. The model nonlinearities in (1.3) trivially satisfy both (V) and (V)'.

When looking for global solutions, as shown in [55], one has to restrict to pertur-
bation terms which source part has at most linear growth at infinity or, roughly, it
is dominated by the corresponding damping term. Hence, denoting

(1.5) Fo(u) = / fo(s) ds, Go(u) = / go(s)ds for all u € R,
0 0
we shall use the following specific global existence assumption:

(VI) there are p; and ¢; satisfying
(1.6) 2 <p; < min{p, max{2,m}} and 2 < ¢ < min{g, max{2,u}}
and such that

(1.7) |lliTn Fo(w)/|ulP* < oo and |l‘iTn Go(u)/|ul™ < oo.
Moreover
(1.8) essinfqg a > 0 if p; > 2 and essinfr, § > 0 if g1 > 2.

Since §o(u) = fol fo(su)uds (similarly for &), (VI) is a weak version 2 of the
following assumption, which is adequate for most purposes and it is easier to verify:

(VI) there are p; and ¢; such that (1.6) holds with (1.8) and

(1.9) | l‘im folw)u/|ulPt < oo and ‘ lllTn go(w)u/|u|™ < oo.
Uu|—r o0 uU|—r o0

Remark 1.7. Assumptions (II) and (VI)" are satified by fo when it belongs to one

among the following classes:

2Actually (VI)’ is more general than (VI). Indeed, when fo(u) = (m + 1)|u|™ Lu cos [u|™+1
and go(u) = (u + V)|ul*~Lucos |u/*T1, (1.9) holds only for p1 > m + 1, ¢1 > p + 1, while (1.7)
does with p1 = q1 = 2.
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(0) fo is constant;

(1) fo satisfies (IT) with p < max{2,m} and essinfqa > 0 if p > 2;

(2) fo satisfies (II) and fo(u)u < 0 in R.
The same remark applies to go, mutatis mutandis. More generally (II) and (VI)’
hold when
(1.10) fo=f3+Fo+ 15 90=190+90+ 95
and f§ and g belong to the class (i) for i = 0,1,2. 3
Remark 1.8. One easily checks that f; in (1.3) satisfies (IT) and (VI) if and only if
one among the following cases (the analogous ones applying to g1) occurs:

(i) v > 0, p < max{2,m} and essinfga > 0 if p > 2;

(ii) v <0, > 0, p < max{2,m} and essinfga > 0 if p > 2;

(i) 7,7 < 0.
1.4. Function spaces and auxiliary exponents. We shall identify L?*(I';) with
its isometric image in L?(T"), that is

(1.11) L*Ty) ={uec L*T):u=0ae. on Iy}

We set, for p € [1,00), the Banach spaces

L3P(@) = {ue (@) : aPu e L)}, |- llzpa = Il |2+ [la?” -],
L3P(Ty) = {u e L3Ty) : BPu € LT} |- oy = |- e + 187 - o,
where || - ||, := || - [[Le(o) and || - [|,,r, == || - [[o(r,)- We denote by ur the trace on
I of u € H'(2). We introduce the Hilbert spaces H° = L?(Q) x L?(T;) and
(1.12) H' = {(u,v) € H' () x H'(T') : v = ujp,v =0 on T},

with the norms inherited from the products. For the sake of simplicity we shall
identify, when useful, H' with its isomorphic counterpart {u € H'(Q) : ur €
HY(I')NL?(I'1)}, through the identification (u,ur) — u, so we shall write, without
further mention, v € H' for functions defined on Q. Moreover we shall drop the
notation wr, when useful, so we shall write ||u|l2,r, . u, and so on, for u € H'.
We also introduce, for p,6 € [1,00), the reflexive spaces *

(1.13) HY5" = H'0[L2P(Q)x L3%(Ty)), H»0 = H{{P" = H'0[LP(Q) x L (I'y)].
Remark 1.9. By assumption (III) we have Hi’,g’e = H%"% when

(1.14) pE [237}2]3 1fp§ ];‘F’I"Q/Q7 and 0 € [2,TF], 1fq§ 1+Tr/2a
[2700)1 1fp>1+7“g/2» [2,00), lfq>1+rr/2'

We introduce the auxiliary exponents s, = s,(p, N) and s, = s.(¢, N) by
(1.15) s, =max{2,7,(p—2)/(r, —2)}, s =max{2,r.(p—2)/(r. —2)},

3Actually all functions verifying (II) and (VI)’ are of the form (1.10), where 1} are g} are
sources (that is f3(u)u > 0 in R). See Remark 7.1.

4trivially it is possible to extend the definition of the spaces Hi:%’e and H#:¢ also for p, 0 = oo,
and actually we shall do in Section 2, but we remark that in the statement of our results presented
in this section these values are not allowed.
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extended by continuity when 7,,7r. = co. Trivially one has

(1.16) p§rQ & sggrm qgrr & SFE’I"F;
(1.17) p=ry = p<s,, g=>n = q<s.

Moreover, when (IV)" holds, so r, > 4 when p > 1+ 1,/2 and 7, > 4 when
q¢>1+r./2, by (1.4) we have 5

(1.18) p>r, = 1,<s5,<m, and ¢g>n. = 1n<s <p,

the same implications being true with weak inequalities. We also set

(119) o, = s, ifr, <-p:1+7"9/m’, o = s ifr. <.q:1+rr/,u’,
2 otherwise, 2 otherwise,
sy Ur, <p=1l+ry/m, s ifr.<qg=1+n/u,

(1.20) l,=4qp ifr,<p<l+r,/m, L=9q ifr <g<l+n/u,
2 iftp<r, 2 ifg<m,

so, by (1.13), (1.15), (1.17), (1.19)—(1.20) and assumption (II),

(1.21) 2<0,<l,<s,, 2<0. <L <s,

and

Hl’SQ’SF SN Hl’lﬂ’ll“ SN Hl’gﬂ’gl" N Hl.
When (IV)’ holds, by (1.16), (1.18) and (1.21) we have
(122)  2<0, <, <s, <max{r,,m}, 2<o. <k <s <max{r,u}.

1.5. Local analysis. Our first main result is the following one.

Theorem 1.1 (Local existence and continuation). Let (I-1V) hold. Then:
(i) for any (ug,uy) € HY% v x HY (1.2) has a mazimal weak solution, that is

w= (u,ur) € Li5([0, Tnas): H') N Wi ([0, Tonas): H),

u' = (utvull‘t) € L;Zc([&Tma:E); Lgfm(ﬂ)) X L?oc([OaTmaz)? L%“(Fl))v

which satisfies (1.2) in a distribution sense (to be specified later);
(ii) w enjoys the regularity

(1.24) U = (u,u) € C([0, Trnaz); H%r x HO)
and satisfies, for 0 < s <t < Tpaz, the energy identity °

t ot
st [ und e [ 1var e d [ v+ [ [ apsuu
Q Fl Q Fl s S Q
t t t
+/ BQO(U\Ft)U\Ft:/ /fo(u)ut—i-/ / go(wur;
s JI'y s JQ s JI'y

(iii) MHT;M U @) || g1ix o = 0o provided Tppar < 00.

(1.23)

(1.25)

Sindeed when p > o by (1.4) we have m > r, and, since 1, > 4 we get (1, — 2)m? + (1 —

To)m—+1,2 > 0 or equivalently m > Ts:sﬁ (% - ) so using (1.4) again m > s,. The calculation

can be repeated with weak inequalities and with p, m,r, replaced by q, ump.
6here Vr denotes the Riemannian gradient on I' and | - |p, the norm associated to the Rie-
mannian scalar product on the tangent bundle of I'. See Section 2.
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Finally the property (ii) is enjoyed by any weak maximal solution of (1.2).

Theorem 1.1 sharply extends the local existence statement in [55, Theorem 1.1]
with respect to internal sources/sink when N = 3 and to internal and boundary
sources/sink when N > 4 (see Figure 1). Moreover it sharply generalizes all local
existence results in the broader literature concerning wave equation with inter-
nal/boundary damping and source terms (see [12, 11, 46]).

The proof of Theorem 1.1 presented in the sequel is based on [55, Theorem 1.1]
together with a truncation procedure inspired from [12]. Moreover we use a com-
bination of a compactness argument from [46], when (p,m) and (g, ) are not on
the hyperbola, "with a key estimate, somewhat simplified and extended to higher
dimension, from [11] (see Lemmas 4.1 and 4.3 below) when they are on the hyper-
bola.

The generality of Theorem 1.1 is best illustrated by some of its corollaries, the
first of which concerns data in H' x H° and involves minimal assumptions on
the nonlinearities and no restrictions on N but excludes source/sink terms on the
hyperbola, in the spirit of [46].

Corollary 1.1. Under assumptions (I-I1II) and
(1.26) p<l+r,/m whenm>2,  qg<l+r/u whenpu>2,

for any (ug,uy) € H* x H® problem (1.2) has a mazimal weak solution.

By excluding only super-supercritical sources on the hyperbola but having restric-
tions on N on the supercritical part of it we get

Corollary 1.2. If assumptions (I-1V) are satisfied and
(1.27) p<l+r,/m whenm >r,, q<l+nr/u whenp>r,
for any (ug,u1) € H' x H® problem (1.2) has a mazimal weak solution.
In particular the same conclusion holds true when
(1.28) 2<p<r, and 2<q<rm..
Theorem 1.1 and Corollaries 1.1- 1.2 are stated under minimal regularity (or, more
properly, integrability) assumptions on ug. When wug is more regular solutions are

more regular, as one sees by a trivial time-integration, using (1.23)—(1.24) and
Remark 1.9. We explicitly state this remark since it will be crucial in the sequel.

Corollary 1.3. Under assumptions (I-IV) the conclusions of Theorem 1.1 hold
when HY%°r s replaced by Hi:’é’g, provided p,0 € R satisfy
(1.29) (p,0) € oy, max{r,,m}| x [0, max{r., u}],

and by HY79 | provided p and 0 satisfy (1.14) and (1.29). In particular, by (1.22),
it can be replaced by H' %% when also (IV) holds.

Or second main result asserts also uniqueness when (ug,u;) € HY% % x HO.

Theorem 1.2 (Local existence—uniqueness and continuation). Under as-
sumptions (I-III) and (IV) the following conclusions hold:

"in this case an alternative approach, only using compactness as in [46], is possible.
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(i) for any (uo,u1) € HY% 5 x H® problem (1.2) has a unique mazimal weak
solution u in [0, Traz);
(ii) u enjoys the regularity
(1.30) U = (u,u') € C([0, Tyaz); H %% x HY)
and satisfies, for 0 < s <t < Tyaz, the energy identity (1.25);
(iii) of Trnas < 00 then

(1.31) T (U |gxpo = Em [UE)] 00 g0 = 00

> Lmaz > Lmaz

In particular, when 2 < p <1, and 2 < q <., we have H %% = H'.

The proof of Theorem 1.2 is based on the key estimate recalled above and on
standard arguments. When wug is more regular, as in Corollary 1.3, we have

Corollary 1.4. Under assumptions (I-II1) and (IV)' the main conclusions of The-
orem 1.2 hold when the space HY%>*r is replaced by Hi’fé’e, provided p, 0 € R satisfy

(1.32) (p,0) € [s,, max{r,,m}]| x [s., max{r., u}],
and by HY* provided p and 0 satisfy (1.14) and (1.32).

The sequel of our local analysis concerns local Hadamard well-posedness. Un-
fortunately it is possible to prove this type of result in the same space used in
Theorem 1.2 only when sources are subcritical or intercritical, in this case being

H%r = HY,

When p > r,, we have to restrict to uy € L°*(Q) with s; € (s,, m], while when
q > 1 to ugp € L*2(Ty) with sy € (s, ¢. Since (s,,m] =0 when p = m = r, and
(s., 1] = 0 when g = u = r., we have to exclude these cases by assuming

(1.33) (p,m) # (rg,75)  and (g, p) # (1, 77)-

Consequently we shall consider ug € H"1%2 < H'% % where 8

(134) 51 € (8 7%] ifp<r, o CY ifg<n,
(s,, max{r,,m}] otherwise, (s.,max{r.,u}] otherwise.

Trivially, by (1.16) and (1.18), when (1.33) holds we have the implications
(1.35) P2, = 1, <8 <m, and ¢>r. = 1n.<s <p
After these preliminary considerations we can state

Theorem 1.3 (Local Hadamard well-posedness I). Let assumptions (I-I1I),
(IV)', (V) and (1.33) hold. Then problem (1.2) is locally well-posed in H'*152 x HY
for s1 and so satisfying (1.34).

More explicitly, given (ugn,u1n) — (uo,u1) in HY5152 x HO | respectively denoting
by u™ and u the unique weak mazimal solution of (1.2) in [0,T2..) and [0, Tyaz)
corresponding to initial data (uop,u1n) and (ug,u1), which exist by Theorem 1.2,

U" = (u™,u") and U = (u, 1), the following conclusions hold:

(i) Trae <lim T7 .. and

—n — mar

(ii) U™ — U in C([0,T*]; H»*152 x H°) for any T* € (0, Trnaz)-

8by (1.16) conditions s1 > s, when p < 1, and s2 > s, when g < 7. can be trivially skipped.
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In particular, when 2 < p < 1, and 2 < q < r., since (V) has empty content,
problem (1.2) is locally well-posed in H' x H® under assumptions (I-III), (IV) .

Theorem 1.3 covers the supercritical ranges exactly as in [12]. Moreover it is the
first well-posedness result, in the author’s knowledge, dealing with internal /boundary
super—supercritical term fy, go. The price paid for this generality is to work in a Ba-
nach space smaller than the natural Hilbert energy space H! x HY and assumption
(V). The proof of Theorem 1.3 is based on the key estimate recalled above.

Theorem 1.3 is aimed to get well-posedness in the largest possible space, which
turns out to be as close as one likes to H % x H, not including it is some cases.
The aim of the following variant of Theorem 1.3, is to complete the picture made
in Corollaries 1.3-1.4 by showing in which part of the scale of spaces introduced
there the problem is locally well-posed.

Theorem 1.4 (Local Hadamard well-posedness II). Let assumptions (I-11I),
(IV), (V), (1.33) hold and p,0 € R satisfy

(1.36) (p,0) € (s,, max{r,,m}] x (s, max{r., u}].
Then problem (1.2) is locally well-posed in Hi’fé’e x HO, that is the conclusions

of Theorem 1.3 hold true, when H*°2 is replaced by H;jg’e, In particular it is
locally-—well posed in H**% x H® when p, 0 satisfy (1.14) and (1.36).

1.6. Global analysis. As a main application of the local analysis presented above
we now state the global-in—time versions of Theorems 1.1-1.4 and their corollaries.
When Py(v) = Qo(v) =, fo(u) = |u[P~2u and go(u) = |u|?"2u, p,q > 2, solutions
of (1.2) blow—up in finite time for suitably chosen initial data, as proved in [55,
Theorem 1.5]. Hence in the sequel we shall restrict to terms fy and g satisfying
assumption (VI) presented above, which excludes this case.

Theorem 1.5 (Global analysis). The following conclusions hold true.

(i) (Global existence) Under assumptions (I-IV) and (VI), for any (ug,u1) €
HY% 'l x HO the weak mazimal solution u of problem (1.2) found in Theo-
rem 1.1 is global in time, that is Tpae = 00, and u € C([0, Trag); H 'k ).

In particular, when (1.28) holds, for any (ug,u1) € H' x H° problem
(1.2) has a global weak solution.

(ii) (Global existence—uniqueness) Under assumptions (I-III), (IV) and
(VI), for any (ug,uy) € HY% x H® the unique mazimal solution of
problem (1.2) found in Theorem 1.2 is global in time, that is Tyar = 00,
and u € C([0,00); H % %),

In particular, when (1.28) holds, for any (ug,u1) € H' x H® problem
(1.2) has a unique global weak solution.

(iii) (Global Hadamard well-posedness) Under assumptions (I-II1), (IV),
(V-VI) and (1.33) problem (1.2) is globally well-posed in H*1:°2 x H® for
s1 and sq satisfying (1.34), that is Tyyee = 00 in Theorem 1.35.

Consequently the semi—flow generated by problem (1.2) is a dynamical
system in HYS152 x HO,

In particular, when 2 < p <1, and 2 < q¢ < r. and under assumptions
(I-111), (IV) and (VI), problem (1.2) is globally well-posed in H' x H°,
so0 the semi—flow generated by (1.2) is a dynamical system in H* x H°.
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Remark 1.10. Parts (ii) and (iii) of Theorem 1.5 simply follow by combining The-
orem 1.5—(i) with, respectively, Theorem 1.2 and Theorem 1.3. We include them
in Theorem 1.5 in order to illustrate in parallel the global-in—time counterparts of
Theorems 1.1-1.3.

By excluding source/sink terms on the hyperbola, so having no restriction on N,
we get the global-in—time counterpart of Corollary 1.1.

Corollary 1.5. Under assumptions (I-IIT), (VI) and (1.26) for any (ug,u;) €
HYP9 x HY problem (1.2) has a global weak solution u € C([0,00); HP9).

By excluding only super-supercritical sources on the hyperbola but having restric-
tions on N on the supercritical part of it we get the global-in—time counterpart of
Corollary 1.2.

Corollary 1.6. Under assumptions (I-1V), (VI) and (1.27) for any (ug,u1) €
HYP4 x HY problem (1.2) has a global weak solution u € C([0,00); HP:9).

The main difference between Corollaries 1.1 and 1.5 (and between Corollaries 1.2
and 1.6) is that the former concerns all data ug € H' while the latter restricts
to ug € H"P4. This restriction originates from the use maid, in the proof of
Theorem 1.5—(i), of the potentials of fo and gg. Clearly they are simultaneously
defined only in H'P9. For the same reason Theorem 1.1 concerns uy € H'%r
while Theorem 1.5-(i) concerns ug € HYe'lr = H%%:% 0 {174, Since, by (1.17),
HY%% C HYP49 this restriction do not effects Theorem 1.5—(ii-iii).

We now state, for the reader convenience, the global-in—time version of the more
general local analysis made in Corollaries 1.3-1.4 and Theorem 1.4, simply obtained
by combining them with Theorem 1.5.

Corollary 1.7 (Global analysis in the scale of spaces). The following con-
clusions hold true.

(i) (Global existence) Under assumptions (I-IV) and (VI) the main conclu-
sion of Theorem 1.5-(i) hold when H'ok is replaced by Hi’fé’a, provided
p,0 € R satisfy

(1.37) (p,0) € llo, max{r,, m}] x [l max{r;, u}],
and by HY?% | provided p and 0 satisfy (1.14) and (1.37).

(ii) (Global existence—uniqueness) Under assumptions (I-IIT), (IV) and
(VI) the main conclusion of Theorem 1.5-(ii) holds when the space H'% %
1s replaced by Hi’,’é’a, provided p, 0 € R satisfy (1.32) and by H“? provided
p and 6 satisfy (1.14) and (1.32).

(iii) (Global Hadamard well-posedness) Under assumptions (I 1), (1v),
(V-VI) and (1.33) problem (1.2) is locally well-posed in H1 p’ x H® when

p,0 € R satisfy (1.36), that is the conclusions of Theorem 1. 5- (m) hold true
when HbYs5152 s replaced by Hafée. In particular it is locally—well posed in
HY% x HY when p,0 satisfy (1.14) and (1.36).

Theorems 1.1-1.5, with their corollaries, can be easily extended to more general
second order uniformly elliptic linear operators, both in £ and I', under suitable
regularity assumptions on the coefficients. Here we prefer to deal with the Laplace
and Laplace-Beltrami operators for the sake of clearness.
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1.7. Overall conclusions and paper organization. The presentation of Theo-
rems 1.1-1.3 and 1.5, dealing with results for data in the maximal space, can be
simplified and unified by specifing N and slightly strengthening our assumptions
set, that is by assuming assumptions (I-1I) and the following ones:

1) when essinfo @ > 0 and essinfr, 8 > 0, the following properties are satisfied:
(P1) fo € C*(R) and Timyy) o | £ (u)|/|ul?~ < 0o when p > 1 +1,/2;
(P2) go € C3(R) and limjy| 00 |96 (w)]/|u|?™3 < 0o when ¢ > 1 + 1. /2;
(Ps) essliminf|,_,o Py(v)/|v]™"2 > 0if p > 1,3
(P4) essliminf|,| o Q4(v)/[v[*~2 > 0if ¢ > 1.

2) when essinf @ > 0 = essinfr, 3, properties (P;) and (P3) are satisfied;

3) when essinfo @ = 0 < essinfr, 3, properties (Pz2) and (P4) are satisfied;

4) when essinfg o = essinfr, 8 = 0 no further properties are requested.

Theorems 1.1-1.3 and 1.5 are summarized in Tables 1-4 in the sequel, respectively
dealing with the cases N =3, N =4, N =5 and N > 6, to be read according to
the following conventions:

- boxes separated by continuous lines indicate different cases depending on
p,q,m and u, while dashed lines separate different results in the same case;

- depending on « and S, the following parts of Tables 1-4 apply:

1) when essinfg a > 0 and essinfr, § > 0 all the tables;

2) when essinfg a > 0 = essinfr, § only the first column;

3) when essinfq o = 0 < essinfr, 8 only the first row;

4) when essinfg a = essinfr, 5 = 0 only the first box of the first row;

- by existence, existence—uniqueness and well-posedness in the Banach space
V' we indicate the corresponding result among Theorems 1.1-1.3 and the
corresponding one among parts (i-iii) of Theorem 1.5 which applies for all
(ug,u1) € V x HO the latter only under the additional assumption (VI);
when the space V' is different for Theorem 1.1 and part (i) of Theorem 1.5,
we shall call the former local existence and the latter global existence;

- since well-posedness yields existence—uniqueness, which in turn yields exis-

tence, when two or three results hold in the same space only the strongest

result is explicitly written;

€ denotes a sufficiently small positive number.

The case N = 2 is omitted, since in this case, without additional assumptions, we
simply get well-posedness in H'! for all p,q € [2,00).

Tables 1-4 show that when N > 3 and essinfg a > 0 or essinfr, 8 > 0 the analysis
made in the present paper essentially extends the results in [55]. In dimension
N = 3 we get new results only when essinfoa > 0, as it is natural due to the
essential role played by the damping term, which is even more clear in dimensions
N > 4. Moreover Tables 1-4 suggest that, in dimensions N = 3,4 and partially in
dimension N = 5, in presence of a couple of effective damping terms, the standard
source classification presented above is mainly of technical nature, while Sobolev—
criticality and belonging to the hyperbola are essential.

The outcomes of the analysis in the full scale of spaces, contained in Corollar-
ies 1.3-1.4, Theorem 1.4 and Corollary 1.7, are summarized (for simplicity when
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TABLE 1. Main results when N =3

2<g< o0
2<p<4
4<p<6 well-posedness in H*
6=p<m existence-uniqueness in H*
well-posedness in H1:6+¢:2
6=p=m existence—uniqueness in H'
local existence in H*

6<p<l+6/m
global existence in HP2

existence—uniqueness in H13(P—2)/2:2

well-posedness in H1:3(P—2)/2+e.2

existence—uniqueness in H1:3(—2)/2:2

6<p=1+6/m

well-posedness in H1:3(P=2)/2+e.2

TABLE 2. Main results when N =4

2 < qg<4j < q < 6 6=q<pu 6=q=up 6<qg<14+6/u 6<qg=1+6/u
Tocal existence
in H'
2<p<3 global existénce
in H1:2:9
existence existence existence
uniqueness in uniqueness in uniqueness in
3
1 1,2,3(¢g—2)/2 1,2,5(g—2
s<p<4| | g H1,2:3(a=2)/2 gh2ola-2
well-posedness Wwell="posedness Well=posedniess well- posediness
in in in in
1 F12,64¢ 125 @2+ L2 5@—2)+e
Tocal existence
in H'
global
existence in H12:4
existence— existence— existence= existence—
4 =p < m uniqueness in uniqueness in uniqueness in uniqueness in
HY HY H1:2,3(a—2)/2 H1,:2,3(a—2)/2
well—= well— well— well—
posedness in posedness in posedness in posedness in
H1A4+e.2 H14+e .64 H14+e.3(a—2)/24¢ H14+e.3(a—2) /24
Tocal existence
in H'
global
4 = p = m| existence in H1:2:4
existence— existence= existence—
uniqueness in uniqueness in uniqueness in
g1 Hg1:2,3(¢—2)/2 g1:2,3(¢—2)/2
Tocal existence Tocal existence [local existence Tocal existence Tocal existence
in H? in H! in H! in H? in g1,2:3(a—2)/2
global existence global existence |global existence] global existence global existence
4<p< in HLP2 in HL.P2 in HL.P2 in H1:Pd in gLP3(a—2)/2
1+ 4/m' existence— existence— existence— existence— existence—
uniqueness in uniqueness in uniqueness in uniqueness in uniqueness in
1.2(p—2),2 gl2(—-2.2 | glee-2).2 | gl.2(p—2),3(a—2)/2 21.2(p—2),3(a—2)/2
well= well= well= well=
posedness in posedness in posedness in posedness in
gl2(p=2)+e,2  |g1,2(p—2)+e,6+¢ 71,2(p—2)+¢€,3(¢—2)/2+¢|gy1,2(p—2)+¢€,3(q—2)/2+e
Tocal existence
in H1:2(p—2),2
Tocal existence
4<p= in HH2(P—2).q
1+4/m’ existence— existence— existence— existence— existence—
uniqueness in uniqueness in uniqueness in uniqueness in uniqueness in
H1.2(p—2),2 H1.2(p—2),2 H12(p—2),2 H12(p—2),3(¢—2)/2 H1:2(pP—2),3(q—2)/2
well well well well
posedness in posedness in posedness in posedness in
gl.2(p—2)+e,2 |g1,2(p—2)+e,6+¢ 71,2(p—2)+¢€,3(¢—2)/2+e|fy1,2(p—2)+¢€,3(q—2)/2+e
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TABLE 3. Main results when N =5

15

2<qg<4|2<qg< 4

4d=q<p

4=qg=p

4<qg<14+4/u

4<q=1+4/u

well-posedness
in

gl

existence—
uniqueness in
Hl
in

H1:2,4+¢

wloo
A
i
IA
w3

existence
in H!

Tocal existence
in H'

global existence
in H1:2:4

existence™
uniqueness in
H1:2:2(¢—2)

existence—
uniqueness in
H1.2,2(a—-2)

well“posedness

in
H1.2.2(q72)+5

well- posedness

in
H1,2.2(q72)+5

Tocal existence
in H!

global
existence in H12:4

existence

<p<14 10

w5

local

existence

in H!

local existence
in H!

in H1:P:2(a—2)

globa;
in

I"existence
HLP:2

global existence
in H1:P:4

-
o

1+ 52

“]

no results

TABLE 4. Main results when N > 6

2<q<1+m/2

1+7"F/2<q§rF

m<qg<l+m/p

o <g=1+n/u

2<p<1+4r,/2

well-posedness in H!

local existence in H'

14+r/2<p<r

existence in H!

global existence in H2:q

o <p<1+'rﬂ/m/

local existence in H!

local existence in H*'

global existence in H''P:2

global existence in H':P:4

o <p:1+rQ/m'

no results

essinfo o > 0, essinfr, 8 > 0) in Tables 5-8, p. 53-55. In them we follow the same
conventions presented above and we denote x V y = max{z,y, } for z,y € R.

The paper is organized as follows:

- in Sections 2-3 we recall some background material from [55], we state our
assumptions on f, g, P @@ and we give some preliminary results;

- in Section 4 we give a key estimate to be used in the sequel;

- Section 5 is devoted to local existence for problem (1.1), including the proofs
of Theorem 1.1 and Corollaries 1.1-1.3;

- Section 6 deals with uniqueness and local well-posedness, including the
proofs of Theorems 1.2-1.4 and Corollary 1.4;

- Section 7 is devoted to our global analysis, including the proofs of Theo-
rem 1.5 and Corollaries 1.5-1.7;

- in Appendix A we prove a density result used in the paper.

2. BACKGROUND

2.1. Notation. We shall adopt the standard notation for (real) Lebesgue and
Sobolev spaces in Q (see [1]) and T" (see [31]). As usual p’ is the Holder conju-
gate of p, i.e. 1/p+1/p' = 1. Given a Banach space X and its dual X’ we shall
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denote by (-,-)x the duality product between them. Finally, we shall use the stan-
dard notation for vector valued Lebesgue and Sobolev spaces in a real interval, with
the exception that the derivative of u, a time derivative, will be denoted by .

Given a € L*>®(Q), € L*°(T"), a, > 0 and p € [1, o0] we shall respectively denote
by (L), 1,), (LT, [l p.0)s (E(C0), [l )s (E2( M), [-llpc)s (Z2(T5 A),
llp,5,0) and (LP(T'1; Ag), | - ||p,8,r:) the Lebesgue spaces (and norms) with respect to
the following measures: the standard Lebesgue one in 2, the hypersurface measure
o on I' and I'1, Ay in € defined by dA\, = Aqdz, Ag on I' and I'; defined by
dAg = Agdo. The equivalence classes with respect to the measures A\, and Ag will
be respectively denoted by [-], and [-].

We recall some well-known preliminaries on the Riemannian gradient, where only
the fact that T' is a C'' compact manifold endowed with a C° Riemannian met-
ric is used. We refer to [50] for more details and proofs, given there for smooth
manifolds, and to [49] for a general background on differential geometry on C* man-
ifolds. We denote by (-, -)r the metric inherited from R, given in local coordinates
(Y1, yn—1) by (9ij)ij=1,....N—1, | '|# = (-,-)r, by do the natural volume element
on I'; given by \/E dyi A ... ANdyn—_1, where g = det(g;;). We denote by (:|-)r the
Riemannian (real) inner product on 1-forms on I' associated to the metric, given in
local coordinates by (g%) = (gi;) ', by dr the total differential on I and by Vr the
Riemannian gradient, given in local coordinates by Viu = g% Oju 0; for any u €
HY(T). Tt is then clear that (dru|drv)r = (Vru, Vio)r for u,v € HY(T'), so the use
of vectors or forms in the sequel is optional. It is well-known (see [50] in the smooth
setting, and [34] in the C! setting) that the norm Hu||%11(r) = |Jull3r + IVrull
where ||[Vrull3 p := [1[Vrulf, is equivalent in H'(T) to the standard one. In the
sequel, the notation do will be dropped from the boundary integrals.

2.2. Functional setting and weak solutions for a linear problem. We start
by recalling some facts about the spaces L2*() and LZ”) (T'1), refereing to [55] for
more details and proofs. They are reflexive and, making the standard identifications

(2.1) [LP(Q)) ~L°(Q),  and [LP(Iy)]) ~ L' (1),

when p € [2,00) we have the two chains of embedding °

(2.2) [L7(,A)] = [L2(Q)) — L (Q), [L7(T1, Ap)]" = [LE"(11)) = L7 (T').

Next, given p, 0 € [2,00) and —oco < a < b < oo we introduce the reflexive space
L% (a,b) = L(a,b; L2 () x L (a,b; L3 (1)),

with its dual

(2.3) (L35 (a, b)) 2= L7 (a,b; [LZP()]') x L7 (a,b; [LF(T1)]).

By (2.2)—(2.3) we have the embedding

(24) L7 (a,b;[L7(QA))) x L% (a,b5 [L7 (T4, Ag)]) = [L257 (0, b))

The space H' introduced in (1.12) is endowed with the norm

(2.5) ul2 = / Vul? + / e+ [ Juf?,
Q Fl Fl

by (2.1) we can not identify [LP(2, Aa)]” and [LP(T'1, Ag)]" with LP' (2, Aa) and LP' (T'1, Ag).
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equivalent to the one inherited from the product. The definition of the space H_’ ! p g

given in (1.13) can be extended also for p,0 = oo, loosing reflexivity, and clearly
HY2% 5 H' <5 HO and Hlpa — L2P(Q) x Lz"g(f‘l) < HY which are dense

a,p

thanks to [55, Lemma 2.1].
Finally we introduce the phase spaces for problem (1.1), that is

(2.6) H=H'xH" and H*?=H""" x H® forp,0c[2,00).
We consider the linear evolution boundary value problem

Uy — Au = & in (0,7) x Q,
(2.7) u=0 on (0,T) x To,
ugg + Opu — Aru=mn on (0,T) x 'y,

where 0 < T < oo and € = &(t,x), n = n(t, z) are given forcing terms of the form
24 {& =& tab,  LeL(0TLNQ), &« L*”/(o,T; LP'I(Q,A(»)?

n=m+pn,  m€L(0T;LA(T)), m € L7(0,T; L% (I1, ),
where o € L>®(Q), 8 € L*>(T'1), a, 8 > 0 and p, 0 € [2,00).

By a weak solution of (2.7) in [0,T] we mean
(2.9) we L¥(0,T; HYYnWwh>(0,T; H°),  we L2%°(0,T),

such that the distribution identity

(2.10) /OT {(u,q's)Ho+/Qvuv¢+/rl(vpu,vp¢)F/Qw/rl W,] _

0,0
holds for all ¢ € C.((0,7); H') N CL((0,T); H®) N L2%%(0, T).
When dealing with u satisfying (2.9), we shall systematically denote in the paper
u = (ug, ur,) and U = (u,q) € L=([0,T]; H).
We shall also denote A € L(H', (H')") defined by

(2.11) (Au,v)gr = | VuVo —|—/ (Vru, Vro)r, for all u,v € H'.
Q I

We recall the following result (see [55, Lemma 2.2]).

Lemma 2.1. Suppose that (2.8) holds. Then any weak solution u of (2.7) enjoys
the further regularity U € C’([O T]'H) and satisfies the energy identity

//Eut—i—/r nur, dr

for 0 <s<t<T. Moreover (2.10) holds in the generalized form

Vi [+ v - feo f |-

for all ¢ € C([0,T); H') N C*([0,T]; H°) N L2%°(0,T).

*IIUHHO t3 ~(Auu)

('L.L’ ¢)H0
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3. PRELIMINARIES

3.1. Main assumptions. With reference to problem (1.1) we suppose that

(PQ1) P and @ are Carathéodory functions, respectively in 2 x R and I'; x R,
and there are v € L™ (Q), € L>®(I'1), o, > 0, and m, pp > 1, ¢y, ¢ > 0,

such that
(3.1) |P(z,v)| < cpma(x)(1 4 [v|™ 1) for a.a. z € Q, all v € R;
(3.2) 1Q(z,v)| < e B(x)(1+|v]*~!) foraa. x €y, allveR;

(PQ2) P (respectively Q) is monotone increasing in v for a.a. z € Q (v € T'y);
(PQ3) P and Q are coercive, that is there are constants ¢}, , ¢/, > 0 such that

m> Cp
(3.3) P(z,v)v >, a(z)|v]™ for a.a. z € Q, all v € R;
(3.4) Q(z,v)v > ¢, B(x)|v]" for a.a. z €'y, allv € R.

Remark 3.1. Trivially (PQ1-3) yield P(-,0) = 0 and Q(-,0) = 0. Moreover, when
P(z,v) = a(z)Py(v) and Q(z,v) = B(x)Qo(v) with a € L>®(Q) and § € L>(T),
a, B >0, (PQ1-3) reduce to assumption (I), p. 4.

We denote m = max{2, m}, & = max{2, u}, and, for —oo < a < b < o0,
(3.5) Y =LZT(Q) x L3H(Ty), X =HYT" Z(a,b) = L2 (a,b).
By (PQ1) the Nemitskii operators P and Q (respectively) associated to I’3 and @
are continuous from L™(2) to L™ (Q)) =~ [LW(Q))]’/\and from L#(Ty) to L (T'y)) ~
[LF(I'1))])', and they can be uniquely extended to P : L2™(Q) — [L™(Q, \,)]’ and
Q : LYF(T'1) — [LP(T'1, Ag))'. We denote

B=(P,Q):Y — [L™(2 )] x [LF(T1,\g)]'-
We recall (see [55])
Lemma 3.1. Let (PQ1—2) hold and (a,b) C R is bounded. Then

(i) B is continuous and bounded from Y to [L™(2,\a)] X [LF(T'1,\g)] and
hence, by (2.3), to Y';
(ii) B acts boundedly and continuously from Z(a,b) to L™ (a,b; [L™(Q, \a)]') X
L7 (a,b; [LF(T1, Ag)]") and hence, by (2.4), to Z'(a,b);
(iii) B is monotone in'Y and in Z(a,b).

Our main assumption on f and g is the following one:

(FG1) (F1) fisa Carathéodory function in Q x R and there are an exponent p > 2
and constants c,, c; > 0 such that, for a.a. z € Q and all u,v € R,
[f(z,w)] < ep(1+ JulP™h),
(3.7) |f(@,u) = f(z,0)] < cplu—o](1+ [uP 72 + [o]P7);

(G1) g is a Carathéodory function in I'y x R, and there are an exponent

q > 2 and constants cq,cg > 0 such that, for a.a. x € T'; and all



ON THE WAVE EQUATION WITH HYPERBOLIC... 19

u,v € R,
(3.8) l9(a,u)| < cg(1+[ul?™H)
(3.9) l9(z,u) = g(a,v)| < cglu—v[(1+[u|?? + [v]17?)

Remark 3.2. Assumption (FG1) can be equivalently formulated as follows:

(FG1)’ (F1)" fis a Carathéodory function in Q xR, f(z,-) € C2!(R) for a.a. z € €,

loc

and there are an exponent p > 2 and constants ¢, é;;/ > 0 such that
(3.10) |f(z,0)| < &, fora. a. z € Q,
3.11 W) <6 (1 + |ulP~?), for a.a. (z,u) € Q x R,

i
(G1)’ g is a Carathéodory function in Q x I'y, g(z,) € C’IOO’i(R) for a.a.

x € I'1, and there are an exponent g > 2 and constants ¢, é;/ > 0 such

that
3.12 g(x,0)| < ¢, for a. a. v €T'q,

q

(3.13) |gu(z,0)] < &' (14 |u|™2), for a.a. (z,u) € I'y x R,

Indeed by (3.6) we immediately get (3.10) with ¢, = ¢, and by (3.7) we have
flz,) € Cloo’i(R) for a.a. x € Q, hence f, exist a.e. ' and (3.11) follows from
(3.7), with ¢, = 2¢],. In the same way from (G1) we get (G1)" with ¢; = ¢, and
ey = 2¢;. Conversely by (FG1)', integrating (3.11) and (3.13) with respect to the
second variable in the convenient interval, one gets (FG1), with ¢, = ¢, + 26,
cq = Cq+2¢, cp = &' Cy = ¢4 - Consequently when f(z,u) = fo(u) and g(z,u) =
go(u) assumption (FG1) reduces to (II), p. 4. Other relevant examples of functions
f and g satisfying (FG1) are given by

fola,u) =y (@) [uf2u + yo(2)|ulP?u+y3(x), 2<P<p, v €L2(Q),
(3.14) B
2<q<q,

g2(z, 1) = 61 (2)|u|T2u + 0 (2)|u|?%u + 03(z), 0; € L*=(T'y),
and by

(3.15) fs(z,u) =~y(@)fo(u), gs(z,u) =0(z)go(u), ~v€L>(Q), beL>I),
where fo and go satisfy (II).

Beside the structural assumptions (PQ1-3) and (FG1) we introduce the following
assumption relating f with P and g with @

(FGQP1) p, ¢, m, p, @ and B in (PQ1-3) and (FG1) satisfy (III), p. 4.

Remark 3.3. To simplify several estimates in the sequel we remark that, when
p > 1471,/2, 80 o := essinf a > 0, by replacing « with a/ag and consequently ¢,,
with agep, in (3.1) and ¢, with agc], in (3.3) we can normalize o = 1. For the same
reason when ¢ > 1+ r./2 we shall assume without restriction that essinfr, 8 = 1.

10the fact that measurable functions in an open set, which are locally absolutely continuous
with respect to a variable, possess a.e. the partial derivative with respect to that variable is clas-
sical, as stated for example in [39, p.297]. However the sceptical reader can prove it by repeating
[20, Proof of Proposition 2.1 p. 173] for Carathéodory functions, so getting the measurability of
the four Dini derivatives. Hence the set where the derivative does not exist is measurable and
finally it has zero measure by Fubini’s theorem.
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Remark 3.4. Trivially, by (FGQP1), m =m > 2 whenp > 1+47,/2 and = > 2
when ¢ > 1+ r./2. Moreover, when p < 1+ 17,/2 and ¢ < 1 + r./2 assumption
(FGQP1) can be skipped.

We now introduce the auxiliary exponents

2 ifp<1 2 2 ifg<1 2
(316) mp:{ 1 pi +Tﬂ/ I /Jq:{ 1 q— +/r1"/ ’

m =m otherwise, W=, otherwise,

so by (1.4) we have
(3.17) m;, <r,/(p—1) and u; <r./(g—1).
Moreover, by (3.5), (3.16) and assumption (FGQP1), for any T > 0

(3.18) [wll Lme 0,7y x @) x L1 (0,1 x11) < [l z0,)  for all w € Z(0,T).
The following lemma points out some easy consequences of (PQ1-3), (FG1), (1.4).

Lemma 3.2. Iff,g satisfy (FG1) with constants cp,¢,’, ¢q,¢4', and p € [p—1,00),
0 €lg—1,00), the Nemitskii operators | : LP(Q) — LY/ P=1(Q) and § : L(T1) —
LO/@=1(Ty) associated to them are locally Lipschitz and bounded, and there are
ki,ko > 0, depending only on ), such that for any R >0

o~

Fll e, < epht(+R7Y, (W) = f0)2r <6k + R ]Ju—wvl,,
@) o, r, < cqk2(1+ R, [[§@) =3Ol o, r, < cg'ka(1+ R [@ = V]or,,

provided ||ull,, |v|l,, |@llo.ry, |0llor, < R. Moreover, if also (PQ1-3) and (1.4)
hold then§ : H'() — L™»(Q) and § : H*(T) N L2(T'y) — L*a(T'y) enjoy the same
properties and there is ks > 0, depending only on €, such that, for any R >0

o~ o~

[F(u)llm; < cpks(L+RP7Y), [[f(uw) = f0)lm, < 'ks(1+ RP7)[Ju— 0]l 1),
18(@) |y vy < cqks(1+RTY), [1§(@) = §(0) a0, < cq'ks(1+ RT72)|1a— 0l gy,
provided ||ul| g1y, |V g1 @), 12l & @y, |0)| gy < R.

3.2. Weak solutions. We note that by Lemma 3.2 and (3.17), for any u satisfying
(2.9), we have

flu) € L=(0,T; L™»(Q)) and  glur) € L0, T; L¥a(I'y)).

Hence, when 2 < p < 1+ r,/2 we get ]?(u) € LY(0,T; L*(2)), while when p >
1+4r,/2 we get f(u) e L™ (0,T; L™ (Q)) and by (FGQP1) we thus have f(u) €
L™ (0,T;[L™(€%; A\s)]'). In conclusion in both cases we can write f(u) in the form
(2.8) with p = m. Similar arguments show that g(u) can be written in the form
(2.8) with # = 7. Moreover, by Lemma 3.1, P(u;) € L™ (0,T; [L™(2, A)]') and
@(u‘pt) € L7 (0,T;[LF(T'1, Aa)]’), so they can be written in the same form. By
previous considerations and Lemma 2.1 the following definition makes sense.

Definition 3.1. Let (PQ1-3), (FG1), (FGQP1) hold and Uy = (ug,u1) € H. A
weak solution of problem (1.1) in [0,7], 0 < T < oo, is a weak solution of (2.7)
with

(3.19) €= flu) = Plw), n=9g(ur)—Qur,), p=m and 0=F7,
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such that «(0) = up and 4(0) = uy. A weak solution of (1.1) in [0,T), 0 < T < oo,
isu e L2, ([0,T); H) which is a weak solution of (1.1) in [0,7”] for any T" € (0,T)).
Such a solution is called maximal if it has no proper extensions.

Weak solutions enjoy good properties, as shown in the next result.

Lemma 3.3. Let u be a weak solution of (1.1) in dom w = [0,T] or dom u = [0,T).
Then

(i) u € C(dom u; HY) N C(dom u; H®), it satisfies the energy identity

(3.20) [/ u? + /1“1 Ulr‘t / |Vu|? + s |VFUF:| / / UL U
" / [ / QU - /Q Fouyug - / 1 g(w)urt} =0

for all s,t € dom u, and the distribution identity

(3.21) {/ Ut¢+/rl uptqé]T/—f—/oT/ [—/ utgzbt—/ “IFt¢\Ft+/ VuV¢

/Fl(Vru Vro)r /P o+ [ Quro- /f W[ ol uw}:

1
for all T' € dom u and ¢ € C([0,T']; H*) N C*([0,T']; H*) N Z(0,T");

(i) if u is a weak solution of (1.1) in [0,T,], v is a weak solution of (1.1) with
ingtial data vo,v1 in [0,Ty] and uw(T,) = vo,u(Ty,) = v1 then w defined by
w(t) = u(t) when t € [0,T,], w(t) =v(t —Ty) whent € [T,, T, + Ty, is a
weak solution of (1.1) in [0,Ty + T,);

(iii) for any (p,0) € [2, max{r,,m}] x [2, max{r., u}] N R?

(3.22) uQEH’p’ :>u€C(d0muH’p’)

(iv) if domu =1[0,T), T < o0 and U € L>=(0,T;H) then u is a weak solution
in [0,T] and U € C([0,T); H).

Proof. Clearly (i) follows from Lemma 2.1 while (ii) follows by (3.21) since (1.1)
is autonomous. To prove (iii) let us take ug € Hi% . When m < 7, then,
by the trivial embedding L?(Q) < L2?(2) and Sobolev embedding we get u €
C(dom u; L%(Q)), while when m > r,, so p < m, as @ € Z(0,T') for all T" €
dom u we get u; € LP(0,7";L%°(2)), and hence u € Wl’p(() T, L%°(Q)) —
C([0,T"]; L%P(£2)) since ug € L%°(Q) and u(t) = ug + fo ug (7, ) dr in L?(Q2). Then
u € C(dom u; Hl’p’Q) Since the same arguments show that u € C(dom u; Hi;e)
and H"%’ 7H1920H1§9 we get (3.22).

To prove (iv), thanks to (i), we just have to prove that if dom v =1[0,T), T < oo
and U € L>=(0,T;H) then @ € Z(0,T). Set S = [|U|| o (0,r;2) < 00. By the energy
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identity (3.20) and assumption (PQ3)

(3.23) /Hmeww/meMML_%%%

+/0 /Qf(u)ut —i—/o /F1 gwur,  fortel0,T).

By Holder and weighted Young inequalities together with Lemma 3.2 we have

t t
(3.24) //7wms/%%a+Wﬂmm%fm/nw#+Kh
0 Q 0

where K1 = (c},) Y™ [c,ks(14 SP~1)]™»T. We now distinguish between the cases
2<p<1l+4r,/2and p>1+r,/2. In the first one, by (3.16), we have m, = 2 so
fo l|ut|[m? < ST, while in the second one mp = m and, by assumption (FGQP1)
and Remark 3.3, we have fot (|t |fm? < fo l[ut]all? . Hence

t
(3.25) / / Fluyu < ﬁ/ luddal™ o + Ko for all £ € [0,7),

0 Ja 0
where Ky = {(¢,,) /™ [cpks(1 + SP~1)]™ + ¢, §2}T. Using the same arguments

t , et
(3.26) / / d(uur, < % / e Js 2 o, + K3 for all £ € [0,T),
0 Iy 0

where K3 = {(c] )Y Rale ks (1 + Sqfl)}“il + ¢,5*}T. Plugging (3.25)-(3.26) in
(3.23) we get

/ ol 7/ N Jol o < S1UJI3, + Ko+ K5 for all ¢ € [0,T),
from which, since @ € L>(0,T : H®), we get @ € Z(0,T), concluding he proof. [

3.3. Additional assumptions. The following properties of f and g will be as-
sumed only in connection with (FG1) and for some values of p, ¢ > 3 to be precised:

(F2) f(x,-) € C*(R) for a.a. x € Q and there is a constant ¢} > 0 such that
(G ) g(z,-

|gu (@, u) = gu(x,v)] < e fu—v](1+]u]?™ 54(v|973) for a.a. x € T'; and all u,v € R.

fu(z,v)| < plu—v|(1+]ulP~ 34 wP73) for a.a. x € Q and all u,v € R;
) € C*(R) for a.a. € T'; and there is a constant ¢ > 0 such that
Remark 3.5. We point out that (F2) and (G2) are respectively equivalent to
(F2) f(=,-) € C*(R) for a.a. € Q and there is a constant ¢,” > 0 such that
| fuu(z,u)| < &"(1+ |uP™3) for a.a. x € Q and all u € R;
(G2)' g(z,-) € C*(R) for a.a. x € I'; and there is a constant ¢,” > 0 such that
|Guu(m,u)| < & (1+ |u|?73) for a.a. x €Ty and all u € R.

Moreover (F2) implies (F2)" with ¢," = 2¢;, (G2) implies (G2)" with e = 2c;]
and conversely (F2)' implies (F2) with ¢,” = ¢y, (G2)" implies (G2) with el =

u

cy- Finally, in the case considered in problem (1.2), that is f(z,u) = fo(u) and

g(x,u) = go(u), (F2) means that fy € F,, while (G2) that go € F,.
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In the sequel we shall use one between the following two assumptions, the latter
being trivially stronger than the former:

(FG2) N <4 and (F2) holds when 1 +1,/2 <p=1+r,/m/,
N <5 and (G2) holds when 1 +r./2 <qg=14r./u/;
(FG2)' N <4 and (F2) holds when p > 1 +1,/2,
N <5 and (G2) holds when ¢ > 1+ 1. /2.

Remark 3.6. By previous remark when f(z,u) = fo(u) and g(x,u) = go(u) clearly
(FG2) and (FG2)' reduce to (IV) and (IV)’, pp. 4-5.

The following properties of P and @ will be assumed only for some values of p, ¢, m
and p to be specified later on:

(P4) there are constants ¢/, M,,, > 0 such that
(3.27) P,(z,v) > ! a(z)[v|™? for a.a. (z,v) € Qx (R\ (=M, My)),
(Q4) there are constants ¢, M, > 0 such that

1
(3.28) Qu(z,v) > ), B(z)|v|#~? for a.a. (z,v) € Ty x (R\ (=M, M,)).

Remark 3.7. Since by (PQ1-2) the partial derivatives P, and @, exist almost
everywhere (see [20]) and are nonnegative, (3.27)—(3.28) always hold if one allows
¢, and ¢, to vanish, and (P4) and (Q4) respectively reduce to ask that there is
M,, > 0 such that one can take ¢/, > 0 in (3.27) and that there is M, > 0 such
that one can take ¢, > 0 in (3.28).

In particular in our well-posedness result we shall use one between the following
two assumptions:

(PQ4) if p > r, then (P4) holds, if ¢ > r. then (Q4) holds;
(PQ4)" if m > r, then (P4) holds, if y > 7. then (Q4) holds.

Clearly, when (1.33) holds, (PQ4)’ is stronger than (PQ4) by (1.35).

Remark 3.8. We remark some trivial consequences of assumptions (PQ1-4) and
(PQ1-3)-(PQ4)". Setting c;;, = 0 when (P4) is not assumed to hold and cj; = 0
when (Q4) is not assumed to hold, since P,, @, > 0 a.e., from (P4) and (Q4) (when
they are assumed) we have

(3.29) P,(z,v) >a() [ch o[ =] for a.a. (z,v) € Q xR,
3.30 Qu(z,v) >B(z) [ |v|=2 =" for a.a. (z,v) €1 xR,
u 1

where ¢/ = ¢! M2 )l = CZM;;_Z. Then, by (PQ2), integrating (3.29) we get,
for a.a. z € Q and all v < w,

u

(3.31) P(z,w)— P(z,v) > a(z) mcrj 7 (Jw|™ 2w — || v) = di(w —v)| .

Consequently, using the elementary inequality
(Jw|™ 2w — [v]™?v) (w — v) > em|w — v|™ for all v,w € R,
where ¢, is a positive constant, setting ¢,,” = ¢ ¢ /(m — 1), from (3.31) we get

(3.32) e a(x) v —w|™ < M a(x)v —w|* + (P(z,w) — P(z,v))(w — v)
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for a.a. z € Q and all v,w € R, with ¢,,” > 0 when p > r,, if (PQ4) is assumed and
when m > r, if (PQ4)" is assumed. Using the same arguments we get from (3.30)
the existence of c]" > 0 such that

(3.33) & Ba)lv —wl” < e Ba)lv — wl* + (Q(z, w) — Q(x,v))(w — v)

for a.a. z € I'y and all v,w € R, with ¢, > 0 when ¢ > 7. if (PQ4) is assumed and
when g > 7. if (PQ4)’ is assumed.

Remark 3.9. When P(z,v) = a(z)Py(v) and Q(z,v) = B(x)Qo(v) with o € L>(9Q),
B e L>Ty),a B >0, (PQ4) and (PQ4)’ reduce to (V) and (V)', p. 6.

Remark 3.10. In the paper we shall introduce several positive constants depending
on ), P, @, f and g, and on the various constants appearing in the assump-
tions. Since they are fixed we shall denote these constants by k;, i € N. We
shall denote positive constants (possibly) depending on other objects Yq,..., T,
by I(z :Ki(Tl,...,Tn), 1€ N.

4. A KEY ESTIMATE
This section is devoted to give the key estimate which will be used when (FG2) or
(FG2)’ hold, the Q — version of which constitutes the content of the following

Lemma 4.1. Suppose that | satisfies (F1) with constants ¢y, ¢,’, that (1.4) holds
and that either 2 <p <1+71,/2 orp>1+71,/2, N <4 and { satisfies (F2) with
constant ¢,”. Let T € (0,1], U = (u,a),V = (v,0) € C([0,T];H), @, € Z(0,T)
and denote W = U -V = (w,w), Uy = U(0) = (ug,u1), Vo = V(0) = (vo,v1),
Wo = Uy — Vo = (wo,w1), €¢p = (cp,¢p’), €p” = (¢p,¢p’,¢p""). Suppose moreover that
ug, vg € L% (Q) and take R > 0 such that

4.1)  NUlleqo,mi0, 1V lleqo,ria lellzom, 19zo,m), luolls,, [[volls, < R
Then given any € > 0 there are

Ky = K4(R, cp) and Ks = Ks(e, R, ug, vo, ¢p”),
independent on § and increasing in R, such that for all t € [0,T)

(42) I(t) = / / (u) — Fw)we < Ka(e + )W)

t
+ K {IIWo% +/ (1 + uellm, + lvellm W ()5 dr | -
0

Moreover, if ug,vo € L°1(Q) for some s; > s, and, in addition to (4.1), we have
(4.3) [uolls»  llvollsy < R,

then K5 is independent on ug and vy, that is Ks(e, R, ug, vo, ¢p’) = Kg(e, R, ¢p/).
To prove Lemma 4.1 we shall use the following well-known abstract version of the
Leibnitz formula, which can be proved as in [19, Theorem 2, p. 477].

Lemma 4.2. LetT > 0, X1, X5 be Banach spaces, X1 — Xo with dense embedding,
u € L?(0,T;X1), v € L*(0,T;X%), w € L?(0,T; X5) and v € L?(0,T;X}). Then
(v,u)x, € WH(0,T) and (v,uYXl = (v, %) x, + {0, u)x, -
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Proof of Lemma 4.1. We distinguish between the cases 2 < p < 1+ r,/2 and
p > 1+71,/2 since the first one is trivial. Indeed, as m, = 2, by Lemma 3.2, Holder
and Young inequalities and (4.1) we immediately get

t N . t
S/ [F(u) = F(v)ll2llwell2 < e k(1 + Rpiz)/ lwll e (o) llwe]2
(4.4) 0 0

t
<5cks(1 —|—R”_2)/0 W ()|13, dr

so getting (4.2) with Ky =1 and K5 = %C;kg(l + RP72).

The case p > 1+41,/2 (so 1, < 00) is much more involved, and assumption N < 4
and property (F2) will be essentially used. We set 5, = max{r,,s,} < oo and we
note that, when p > r,, by (1.15)—(1.16) we have s, = r,(p — 2)/(r, —2) > p
Hence, as r,, > 4, for any value of p we have 3 < p <3,. Since m = by (1.4), we
have

(4.5) min{m, 5,))' = max(m',5,} < S < Fo,
hence we can set [y > 1 by
1 p-2 1
4.6 — = —.
(4.6) Fe e

Moreover we note that, when p > r, then, by (1.18) (which holds when r, > 4),
T, < 8, < m 80, since up, vy € L% (), u(t) = uo + f(f ug, v(t) = vo + fot vy in L2(€2)
and ug, vy € L™(0,7;L™(Q)) by (III), we have u,v € C([0,T]; L*()). Then,
using Sobolev embedding when p <r,, in general we get

(4.7 u,v € C([0,T]; L% (Q2)).

From (FG1)" and (F2)' and well-known continuity results for Nemitskii operators
(see [2, Theorem 2.2, p.16]), we then get

F(u), §(v) € C([0, T); L%/P=D(Q)),  fu(u), fu(v) € C(0,T]; L/ *=2()),
Fua (1), fuu(v) € C([0,T]; L%/ =D (Q)).

Moreover, being u,v € H((0,T) x Q) we have ﬁ(u)]t =T (u)u and [f(v)]: = Fu(v)vy

a.e. in (0,7T) x Q, so being u¢, vy € L™(0,T; L™(2)) by (4.6) and ( .8) we have
[f(w)]e, [f(v)]: € L™(0,T; L1 (). By (4.5)-(4.6) we have s’ < I, 50 [j(w)]:, [f(v)]: €
L™(0,T; L% (Q)). Hence, setting X; = L% (Q) and Xy = L™} (Q), by (4.5)
we have f(u),f(v) € L2(0,T;X%), w € L*(0,T; X1), [f(w)l, [fv)]e € L™(0,T; X7)
and w; € L2(0,T; X5), so by Lemma 4.2 we can integrate by parts with respect to

tin (4.2) to get, for t € (0,17,
@9 5= [ o i / [ Futww, - / [t ~Tutolwn
Now, since m,s, > 2 we can set l > 1 by
1 1 1
(4.10) S

Il 5, m

Since p <5, and, by (1.4), p <1+73,/m’, we have
(4.11) [min {5, /2,1}]" = max {(5,/2)",I'} <5,/(p — 2).

(4.8)
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Moreover, using (4.5) again, we can set I > 1 by

1 p-3 1
(4.12) 1_p-3,

I 3, m

Since [/f\u(u)]t = ?uu(u)ut and [/f\u(v)]t = ?uu(v)vt a.e. in (0,7) x Q, by (4.8) and
(4.12) we have ﬁu(u)]t, [Fu(v)]: € L™(0,T; L*2(Q)). Since p < 1+75,/m’ we also
have (pf 3)/§n + l/m < (Esz - 2)/§527 hence by (412) we get (§52/2)/ = :z/(gsz - 2) <
Iy and consequently [f,(u)]s, [fu(v)]: € L™(0,T; LGa/2'(Q)). Moreover, by (4.8)
and (4.11) we have J,(u), fu(v) € C([0,T]; Lt™n{%/21D)" (). By Sobolev embed-
ding w? € C([0,T]; L*/%(Q)) and, as us,v; € L"™(0,T; L™(Q)), (w?); = 2ww; €
L™(0,T; LHS)) — L™(0,T; L™™{%/2H(Q)) by (4.10). From previous considera-
tions we can apply Lemma 4.2 with X; = L%/2(Q) and X, = L™™{%/2H(Q) and
integrate by parts with respect to ¢ once again in the second addendum of (4.9) to
get the final form of I;(t) suitable for our estimate, that is, for ¢ € [0,77,

t 1 =R t
Y fu(u)wz
0 2 /Q 0

5 t [ Rty = | t [ Futw) =T,

By (FG1), (FG1)', (F2), (F2)" we then derive the preliminary estimate

(1) = / f(u) — Fw)w

Ij(t) <2¢’ / (1 + Juo "™ + v [P~ )w§ + 2¢y”[w(t)]13
Q

(4.13) e, / (B2 + [o(B)P 2w (1) + ¢ / /Q (lue] + ory?

Q
t
s [ [ Q= o) ]+ o

for t € [0, T]. In the sequel we shall estimate the addenda in the right-hand side of
(4.13), denoting by I; () the i~th among them, for i =1,...,5.

Estimate of If(t). Denoting v = %,/(5, —p+2) > L, s0 v/ =5,/(p —2), by
Hoélder inequality we have [, |ug|P~2w§ < ||u0||§Q_2Hw0||§V. Since 5, = max{r,, s, },
by (1.15) we have v/ > r,/(r, — 2), hence 2v < r, so as r, < oo by Sobolev
embedding and (4.1) [, [uo|P~?w§ < kyRP~2||[Wy||3,. Estimating in the same way
fQ |'U0|p_2w(2)

(4.14) I} (t) < ksey/ (1+ RP%)[Wo 3,

Estimate of Ifz(t). By the trivial estimate

t t
(415) w3 < 2fwol + 2t / ]2 < 2o 2 + 2 / e
0 0

where 0 <t < T <1 was used, we get

(£16) 70 < toey’ (Wl + [ W ar).
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Estimate of I;l(t). Since r,, > 4 so 1, /(r, —2) < 2, by Hélder inequality, Sobolev
embedding and (4.1) we immediately get

t
1n) o <e’ [ ol (ul

Estimate of I,;r’ (t). By Holder inequality with exponents 7, /(p—3), r,/(r, —p+1),
1, /2, and Sobolev embedding, since by (1.4) we have m =m, >, /(r, —p+1),

t
ot ||vt|m) < ke, R [ W ()[R dr
Q2 0

TQ—2

t
5 <c p—3 p—3 - - 2
170 <" [l + 101 (ol + ol _sy )l ar

(4.18) )
Skscp//Rp_3/() (lellm,, + vellm, ) W (T)]13, dr-

Estimate of I?(t). We shall distinguish between the two subcases p < 7, and
p > 1,. In the first one, by Holder inequality with conjugate exponents r,/(p — 2)
and 1, /(r, —p+2) and (4.1) we get

[ P2 @) < WO 20Ol e < BB 1001, 07, i

Since 3 < p < r, we have 2r,/(r, —p+2) € (2,r,) and then, by interpolation and
weighted Young inequalities we get, for any ¢ > 0,

- - 1 —U1 - 1
/Q (O w?(t) < ko RP2 [w (DI ()20 < ko RP~ (€||w<t>|%+e||w<t>||iﬂ),

T —P+2

where 0, € (0,1) is given by <5
Q

= %1 + %, and consequently, using (4.15),

- 1 o (1 1
[ rutep=202) < ok (2ol 2 [ WO ar+ W OIR )

By estimating the term [, [v[P~2w? in the same way we get our estimate for I? (t)
in case 1 +7,/2 <p<r,, that is

: (1 1
419) 1) < koo B2 (LIl + 2 [ IW B dr + WL )
We now consider the subcase p > r,,. Trivially
(4.20) / u(®)[P2w?(t) < 2°73 (/ lu(t) — uo|P2w?(t) +/ |u0|p2w2(t)> .
Q Q Q
We shall estimate separately the two addenda inside brackets in (4.20). For the

first one we use Holder inequality with conjugate exponents r,, /(r,, — 2) and r,, /2
to get, recalling that s, = r,(p — 2)/(r, — 2) in this case,

t p—2
1) = w0l < o) = woll 2 o)1, < ([ huel, ) IO

Consequently, since by (1.18) we have s, < m,

[ ) = wa=2w) < oo t ||ut||m)p_2 W3
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Then using Holder inequality in time, (1.4) and Remark 3.3 we get

t (p—2)/m
/Q ut) — wolP~2w? < kygtP=2(m=1/m ( / ||[ut1a|m,a> WO

Since 0 <t<T<1,p>r, >4and m > 2, by (4.1) we get
(4.21) / [u(t) — ug|P~2w? < k1o RP 2L |[W (1)]|3,.
Q

We now estimate the second addendum inside brackets in (4.20) when uy € L°1(Q),
s1 > s, and (4.3) holds. Using Holder inequality with conjugate exponents s1/(p —
2), s1/(s1 —p+2) and (4.3)

/Qllto\”’zw2 < o872 1w ()13, /(61 —pr2y < BP 2w ()13, /(51— pra)-

Since s1/(p—2) > s,/(p—2) =1,/(r, —2) we have 2s1/(s1 —p+2) € (2,r,), hence
by interpolation and weighted Young inequalities, for € > 0 we get

- - 2 —U2 - 1
[l uRe) < R @I @) < R (L@l + ol ).

where 65 € (0,1) is given by 2t p+2 &4 = 92 . Consequently by (4.15) we get

2
ool <2 |2 (Junl + / Jurl) + <12,
p—2 (1 , L[ 2 2
<hiat ™ (Lol + 2 I Bdr +elW01).

In the general case ug € L% (Q) a different argument is needed. Since L*°(9) is
dense in L% (), in correspondence to ¢ > 0 there is Ty = Wg(e,ug) € L>2()
such that [[dg — uolls, < e!/(P=2) " Then, using Hélder inequality with conjugate
exponents 7, /(r, — ), r,/2 and (4.15) we get

[ o) <2 ( [ o= w2+ [ |uo|“w2<t>)
Q Q

<2~ (5 — w02, -+ 122 (1))
t
<28 [l oI, + ez (2l +2 | fuilp)]

t
<Kr(e,u) (HWOH% + [Iwes dT) kel W)

Comparing (4.22) and (4.23) there are Kg = Ks(e, R,up) and K9 = Kg(R), in-
creasing in R, such that

t
(4.24) /Qlw\””wz(t) < Ks (||WO|§-L +/0 W (r)II3, dT) +eKo|[W(t)I[3,,

with Kg independent on ug when ug € L°1(Q), s1 > s, and (4.3) holds. Plugging
(4.21) and (4.24) in (4.20) and using exactly the same arguments to estimate the
term [, [v[P~?w? we then get our final estimate for If( ) when p > r,, that is

(4.22)

(4.23)

t
(425)  I}(t) < Ko <Woll?{ +/O W (r)II3, dT) + o Ku(e + )W)
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with K19 = Kio(e, R, up,v0), K11 = K11(R) increasing in R, K1 being independent
on ug, Vg when wug,v9 € L1 (), s1 > s, and (4.3) holds. Comparing (4.25) with
(4.19) and possibly changing the values of K1¢ and K77 we get that actually (4.25)
is our final estimate for I;’(t) for any p > 141, /2.

By plugging (4.14)—(4.18) and (4.25) in (4.13) we get (4.2) when p > 1+7,/2. O

A trivial transposition of the arguments used in the proof of Lemma 4.1 allows to
prove the following I' — version of the estimate.

Lemma 4.3. Suppose that g satisfies (G1) with constants ¢q, ¢¢’, that (1.4) holds
and that either 2 < ¢ < 1+4+1./2 orq>1+71./2, N <5 and g satisfies (F2) with
constant ¢,”. Let T € (0,1], U = (u,u),V = (v,0) € C([0,T];H), @,v € Z(0,T)
and denote W = U —V = (w,w), Uy = U(0) = (ug,u1), Vo = V(0) = (vo,v1),
Wo =Uy — Vo = (wo, w1), ¢q = (¢q,¢q"), ¢q" = (¢q,¢q’, ¢q”). Suppose moreover that
ug,vg € L (T'1) and take R > 0 such that
(4.26)  [|Ullcqo,11:20)> 1V leo,m30)s 1l zo,7)5 191 20,7y 1wolls. s [[volls. . ry < R
Then given any € > 0 there are

Ko = Ki2(R, ¢q), and K13 = Ki3(e, R, uo,vo, ¢q'),

independent on g and increasing in R, such that for all t € [0, T
t
@) [ [ e -5, < K+ 0l
1

t
+ K3 [|W0||?-[+/0 X+ e Nl + o ) W (7) 5 dr | -

Moreover, if ug,vg € L?2(T'1) for some s3 > s. and, in addition to (4.26), we have
(4.28) [uorllserss  llvoprllsery < R,

then K3 is independent on ug and vy, that is K13(e, R, ug, vo, ¢q") = K14(e, R, ¢q’).

5. LOCAL EXISTENCE

This section is devoted to our local existence result for problem (1.1), that is

Theorem 5.1 (Local existence). Suppose that (PQ1-3), (FG1-2) and (FGQP1)
hold. Then all conclusions of Theorem 1.1 hold true when problem (1.2) is gener-
alized to problem (1.1), provided the energy identity (1.25) is generalized to (3.20).

To prove Theorem 5.1 we approximate, following a procedure from [12], problem
(1.1) with a sequence of problems involving subcritical sources. We start by intro-
ducing a suitable cut—off sequence. At first we fix '* 7, € C2°(R) such that 7, = 1

Iy, is casily built as follows. Let no € W1 °°(R) be defined by no(r) = 1 for |r| < 5/4,
no(7) = 0 for || > 7/4, linear for 5/4 < |r| < 7/4, and (pn)n the standard mollifying sequence in
R defined at [13, p. 108]. Then 11 = p4 * 1o satisfies the required properties. Indeed ||1]|lcc = 2
s0 |7} ]lec < 2. Moreover ps(x) = 4p1(4m)/fil p1, where p1(z) = el/@=1) i (—1,1), vanishing
outside, [|p]llcc < 2maxy>oy?e~¥ = 8e¢~2 and f_ll p1 > 2f01/\/§p1 > e 2 50 [|p4llec < 27 and
consequently 17 lloo < 6} llocllhl1 = 2116} lloc < 2.
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n [—1,1], supp 71 C [=2,2], 0 <1 < 1, [0} ]loe <2 and ||} ||oc < 28. Then we set

the sequence (1,,), by nn( ) =mni(x/n). For all n € N we have
Mn € O(?O(R)v n = lin [7713 n]a supp 7n C [7271 2”]5
0<m <1, mnlle <2/n0 fInllee < 2%/0%

We then define, for f and g satisfying (FG1) and n € N, the truncated nonlinearities
f™ and ¢g" by setting, for all w € R, a.a. x € Q and y € I'y,

(5.2) [ (@u) = na(u) f(z,u), g™ (y,u) = nn(u)g(y, u).

By (FG1), Remark 3.2 and (5.1) for each n € N we trivially have

FC0) < e f G w)] < 26 (14 [uP™2) + 26, (1 + [ulP~1) /n] xa, (u)
19", 0) < e g (o) < [2¢h (14 [u]97%) + 2¢4(1+ [u|*™") /n] xa, (u)

where x4, denotes the characteristic function of A, = [—2n,2n], hence f™ and
g™ satisfy assumptions (FG1) with exponents p = ¢ = 2 and constants dependent
on n. Then, by [55, Theorem 3.1] for each Uy € H and n € N the approximating
problem

(5.1)

(5.3)

ul — Au™ + P(z,u}) = f™(x,u™) in (0,00) x £,

(5.4) =0 on (0,00) x Ty,
ult + 0pu™ — Apu™ + Q(z,u}) = g™ (z,u™) on (0,00) x I'y,
u(0,2) = uo(x), u(0,2) = us(x) in Q

has a unique weak solution u™ with U™ € C([0,00); H). The strategy of the proof
of Theorem 5.1 is to pass to the limit as n — oo in (5.4). With this aim we point

out the following uniform estimates on f™, ¢g" and the Nemitskii operators ﬁ and
g™ associated with them.

Lemma 5.1. Let (PQI1-3), (FG1) and (FGQP1) hold. Then:
(i) for alln € N the couples (f™, g™) satisfy (FG1) with constants
¢, = (G, @/) = (cp, 4(cp + C;o)) and €4 = (qvq/) = (cq,4(cq + C;))%
(ii) for any p € [p—1,00) and 0 € [¢ — 1,00), 7o LP(Q) — LP/e=1(Q),
Fro HYQ) = L™ (Q), g7« LOTy) — LY@ D(Ty) and g" : HY(T) N

L3(T'y) — L¥a (T'1) are locally Lipschitz and bounded, uniformly in n € N,
and for any R > 0 we have

17 () o1 <ok (1+ RPY),

(5.5) lg(u )||0/(q/\1) r, Sék( + R,
177 () = F2 @) lpyp-1y < ka1 4+ RP2)|fu— ],
g™ (@) — g™ (®)llo(q—1),r4 Siﬁ;’f (1+R*?)|u—72|o.r,

provided |[ull,, |[v]l,, [@llo,ry, [[0llo,r, < R, and
LF7 ()llm, <Ghs(1+ R,
1+ R,

g™ (@)l 1, < ek )
1 + Rp72)||u — ’U”Hl(Q),
)

(w)
1F7 () = Fr @)l < ks
() =

197 (@) — g™ (@) vy < coks(L+ RO — 0l gy,

(
(
(5.6)
(
(
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provided ||ull i), |0l 51 (9 U] 52y [[9]] 5oy < R
(iii) when f and g satisfy also (FG2) or (FG2) then f™ and g™ satisfy the same
assumption with constants

(5.7) 6" =2"%, +16c, +2¢), and ;" =2"%,+ 16¢, + 2],

hence (f™, g") satisfy (FG1-2) or (FG1)-(FG2) with constants €, = (¢,,¢,")
and € = (€4,¢4"), independent on n € N.

Proof. We first note that since x4, (u)|u| < 2n, from (5.3) we also get |f7(-,u)| <
2(cp + &) +4(cp + ¢)|ufP~? and [gi (-, u)] < 2(cq + cf) + 4(cq + ¢)[ul??, and
by combining them with (5.3) and Remark 3.2 we complete the proof of (i). By
combining Lemma 3.2 with (i) we immediately derive (ii). To prove (iii) we note
that, when (F2) holds true we have, by (5.1),

n 8
)] < [Z17C 0+ )]+ (0] xa, ()
and consequently, using (FG1)" and (F2)’, see Remarks 3.2 and 3.5, we get
Fiao] < [Zrep (U o) + S0 [ul™) 4+ 21+ ()] e, ()

and then (F2) follows since x4, (u)|u| < 2n, using Remark 3.5 again. By the same
arguments we get (G2). O

Our first main estimate on the sequence (u™),, is the following one.

Lemma 5.2. If (PQ1-8), (FG1) and (FGQP1) hold there are a decreasing function
Ty : [0,00) = (0,1] and an increasing one & : [0,00) — [0, 00), such that

(5.8) ”UnHC’([O,T1(HU0H1-L)];H) <1+ 2HUO”’H7 for all n € N,
(5.9) 12"z (vollry < &(IUolln), — for allm € N.

Proof. We denote R = 1+ 2||Up||%. Since, as already noted, f™ and g™ satisfy
assumptions (FG1) with exponents p = ¢ = 2 then, by Lemma 3.2, the Nemitskii
operators fm : HY(Q) — L%(Q) and g7 : HYT) N L3(Ty) — L*(T'y) are, possibly
not uniformly in n, locally Lipschitz. Hence we can introduce, as in [12, 16], their
globally Lipschitz truncations E’é : HY(Q) — L*(Q) and 5;1772 : HY(T) N L*(Ty) —
L*(I'y), given by fp = f* g1y r and gi = gn - I (rynz2(ry), kR, Where in any
Hilbert space H we denote by Iy r : H — Br(H) the projection onto the ball
Bgr(H) of radius R centered at 0 in H, given for u € H (see [13, Theorem 5.2]) by

Ty () u if ||ullg < R,
u) =
e Ru/||u|lg  otherwise.

Then the operator couple Fy = (@,5}2) is globally Lipschitz from H' to H°, and
consequently by applying [55, Theorem 3.2] the abstract Cauchy problem

:Fn n M X/
(5.10) /") XY
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has a unique global weak solution v™ € C([0,00); H') N C1([0,00); H?), which (see
[55, Remark 3.6]) satisfies the energy identity

t
.n n t N en
(5.11) 3l [IF0 + 3llv ||?11|0+/ (B(0",0")y
0

t
t c
= e Bely+ [ T // e, te 0.
1

Setting €1 = min{1, ¢}, ¢/,} > 0, by weighted Young 1nequahty we have

m’u

[ [ T <z [ v

and then, using the definition on fﬁ, (5.6), Lemma 5.1 and the fact that m, > 2
and R > 1, we get

t t ’
/0 /Q Fawm ey < o / lop e + kuacy ™ (1 + R%)t,  for all ¢ € [0,00).

m’

Using the same arguments to estimate the term fg fl‘l g/g(v")vlnpt we obtain

oy [ [ o [ [ Fom,

<& / (H'U || + ||v|Ft||uq> + k15(1 + R2(p+q))
0

By Young and Hélder inequality in time we have
t 2 t
2 2 . 2 . 2
s @Oz, < slo" Ol < 5 <||UO||H0 +/O |U”|H0) < ||UO||Ho+t/0 10" (7) || 70 d,
so, plugging it and (5.12) in (5.11) and denoting V™ = (v™, 0™), we get
t t
n 2 AN ) 2 n 2
SV @+ [ By < 0+ [ IVl dr

t
+ %1/ (”Ut Iy + HU|FtHHQ> + k15(1 + R2PF)y ¢ for t € [0,1].

Denoting

I3 (t) =cp, tll[v?]alliﬁ,a+ o (D115 = S llvr (Ol
(5.13) ! /0

ior sl @3, — Flve, @Ik,

) =<, [ ek O

and using assumption (PQ3) in previous formula, we get
t
(5.14) V™)l +Z7 () +Ig(t) < %IIUngmL%/ V™3, dr+ ks (14 R?PH9) ¢
0

for t € [0,1]. Now we remark that, by (3.16), when p < 1+r,/2 we have m, = 2 so,
ase1 < 1, T}(t) > ¢, fot Ivi]allm.o- When p > 1+1,/2 we have m), = m > 2 and,
by assumption (FGQP1) and Remark 3.3, we have ||v7||7 < ||[v}']a and then,

||m Hm,a
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from below I"( ) we then get from (5 14)

since €1 < ¢, Iy (t Crn fo o7 ]a . Using the same arguments to estimate

(5.15) LIVP(0)I2, + be /nvt ||ma+1c’/|| ol sl o
§%||U0||%{+§/ VP2 dr + kis(1 + B#HO) e for t € [0, 1].
0

Disregarding the second and third terms in the left—-hand side of (5.15) and using
Gronwall inequality (see [47, Lemma 4.2, p. 179]) we get

V()2 < 3||Uo|13,e% + 2¢3k15(1 + R*PHD) . for t € [0,1].
Consequently
(5.16) V)5 < 1+ 4llUoll3, < (1+2[Uolln)® = R?,

provided 3e3 < 4 and 2e3k;5(1 + R2PT9)t < 1, that is ¢ € [0, T1], where

Ty = Ta(|Unllze) = min { $log 4, [26%kas (1 + (1 -+ 2{Upl2)7+0] 1),

which is trivially decreasing. By the definitions of ]/”IR%, ;ﬁ and Fg then we have

o~

FR(™)(t) = (ﬁ(v")(t),g"(v")(t)) for t € [0, T3], so v™ is a weak solution of (5.4)
in [0,71]. Since weak solutions of (5.4) are unique we get v™ = ™ in [0,7}], so
(5.8) is nothing but (5.16). To prove (5.9) we note that plugging (5.8) in (5.15),
since v™ = u™ in [0,71] and 2(p + q) > 2, we get

T T
2(p+

617 [N+ [ MRl s, < Eo [1 11
Recalling that m = max{2, m} and 7 = max{2, u} we have

uilallmae < lalloollug (e + ll[uflallm,a:

I[uir,Jsllz.s.0e < IBlloo,ry et ll2.0, + [ufr Islle,m
so by (5.8) and (5.17) we immediately get (5.9), completing the proof. O
To pass to the limit as n — oo we shall use the following density result, which is
proved in Appendix A for the reader’s convenience.

Lemma 5.3. Let0 < T < co. Then CL((0,T); HY°%>) is dense in C.((0,T); H*)N
CL((0,7); H®) N Z(0,T) with the norm of C([0,T); HY) nC*([0,T]; H°) N Z(0,T).

We set

_ if1+2 <p=1+2 if1+T <g=1+5,
(5.18) o = T <p=litan g 2% Hitw g z
2 otherwise, 2 otherwise,

so, by (1.16), we have H%%r = H'% % and consequently H%7r = H%

The following result is a main step in the proof of Theorem 5.1.
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Proposition 5.1. Under the assumptions of Theorem 5.1 there is a decreasing
function Ty : [0,00) — (0,1], To < Ty, such that for any Uy € H%°r problem (1.1)
has a weak solution u in [0, T(||Uo|| ;7.7 )]. Moreover

(5.19) 1Ulleo.ma(1to101:4) < 1+ 2[[Uolla,

(5.20) el zo,mqwoln)y < £UI1Uoll#)-

Proof. By Lemmas 3.1 and 5.2 the sequences (u"),,, (4™),, and (B(u™)),, are bounded,
respectively, in L°°(0,Ty; H'), L>(0,Ty; H)NZ(0,T1) and L™ (0, T1; [L™ (2, Ao)])') X
LF (0, Ty; [LF(T'1, Ag)]’). Moreover by (1.4) we have p < 1 +7, and ¢ < 1 + 175, so
by Rellich-Kondrachov theorem (see [13, Theorem 9.16, p. 285] and [33, Theo-
rem 2.9, p. 39]) the embeddings H*(Q) — LP~Y(Q) and HY(T) — LI Y(T) are
compact. Then, using Simon’s compactness results (see [48, Corollary 5, p. 86]) we
get that, up to a subsequence,

u™ —*u in L=(0,Ty; HY),

" —* 4 in L*(0,T; HY),

(5.21) u" —u  in C([0,Ty]; LP~H(Q) x L H(Ty)),

"= in Z(0,Ty),

B(a™) — x in L™ (0,T1: [L™(Q, A\a)]) x L7 (0, Tv; [LF(T1, Ag)]'),

where —, — and —* respectively stand for strong, weak and weak * convergence.
Hence, by (5.8)—(5.9), estimates (5.19)—(5.20) will be granted for any choice of
Ty < Tj. Since u" is a weak solution of (5.4) in [0,T}], by Definition 3.1 we have

520 [ e+ A gl + (B, )]

T o -
=/ /f”(un)<p+/ g (u")p  forall o € CL((0,Ty); H">).
0 Q Iy

We now pass to the limit in (5.3) as n — oo. By (5.21) we immediately get

T
(5.23) hm/ 4", 9) o + (Au™, @) + (B(4"), ¢)y]

Ty
:/0 [— (1, @) go + (Au, ) g + (X, ©)v] .

To pass to the limit in the first term in right-hand side of (5.22) we note that
by combining (5.21) and (5.5) with p = p — 1 we have J/";(u”) - J/“H(u) — 0 in
C([0,T1); L*(2)), hence a fortiori in L(0,T1; L*(£2)). Next, by (5.1)—(5.2) and
(FG1), we have f"(-,u) — f(-,u) a.e. in (0,71) x Q@ and |f"(-,u) — f(-,u)] <
|l = mn()|(1 + [uP~2) < cp(1+ ulP~t) € L™ ((0,T1) x Q) by (3.17), hence by
Fubini’s and Lebesgue dominated convergence theorem we get

(5.24) Fr(u) = flu) in L™ (0,Ty; L™ ().

A fortiori f”( ) — ( ) in LY(0,T%; L*(2)) which, combined with previous remark,
yields f7(u™) — f(u) in L'(0,Ty; L*(€2)). Then, as ¢ € C1((0,T}); H>),

52 " [ Fme— [* [ 7o
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By similar arguments we get

(5.26) /OTI /F g (u")p — /OTI /F gu)p

Combining (5.22)—(5.26) we obtain

620 [ [+ wdm+ o] = [ [ Fuos . st

for all p € C}((0,Ty); HY°>>°). Using Lemma 5.3 the distribution identity (5.27)
holds for all ¢ € C.((0,T); H') N C}((0,T); H°) N Z(0,T). Moreover, denoting
X = (x1,Xx2), by the form of the Riesz isomorphism between Lml(Q;)\a) and
[L7(%; \y)]’, we have x1 = axs where x3 € L™ (0,Ty; L™ (€ \,)) and by the
same argument xo = ays where x4 € LF (0,T1; L7 (I'1;\3)). By the remarks
made before Definition 3.1 then u is a weak solution of (2.7) with p =m, 0 = 7,
¢ = flu) — x1, n = g(u) — x2 and (2.8) holds. Hence U € C([0,Ty]; ). To com-
plete the proof we then only have to prove that B(u) = x in [0, 73] for a suitable
Ty = T(||Uo |l 7 .7 ) € (0,T1], this one being the main technical point in the proof.

We claim that there is such a T, for which, up to a subsequence,
(5.28) Uur —-U strongly in C([0,T5]; H).

To prove it we introduce w™ = u™ —u, denoting W" = U” U, and we note that by
(5.22) and (5.27) w™ is a weak solution of (2.7) with £ = f"( )ff(u) —P(uM)+x1
and n = ﬁ(u”) —g(u) — @(u&t) + X2. They verify (2.8) with p =™, § = @1, so by
Lemma 2.1 (as W™(0) = 0) the energy identity

5:29) GIW O+ [ (B~ vy = Ol

+/Ot/ﬂ[ﬁ(un)f(u)]wf+/ot /Fl[ﬁ(u")ﬁ(u)]wf’pt,

holds for ¢t € [0,71]. Consequently, by Lemma 3.1—(iii) and the trivial estimate
||w”(t)\|§Fl < ||w"(t)|\§[o < fot Hw”H%{o (where T7 < 1 was used) we have

t T
530 SIW O <5 [ i1+ / (B(@) — x. 0"}y
/ [ Fan = Faer + [ [ @ - g,
0 Iy
By Lemma 3.1 and (5.21)

T
(5.31) an(Up) = /0 [(B(1) — x,w™)y| — 0 as nm — 00.

We are now going to estimate the last two terms in the right—hand side of (5.30)

sa2) = [ [Fe - fawr, o= [ [ 7 gt
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Trivially I (t) = I/ (t) + I02(t) and I9(t) = I3 (t) + I92(t), where

0= [ - Pt 120= | / 7 ),
0= [ [ 1P - for. o= [ [ 1[§H<u>—§<u>}w&t.

To estimate IJ-2(t) we note that by Holder inequality and Fubini’s theorem
I32(t) < ba(U0) = [770) = F)ll g 0.7y 127

By (3.18) the sequence (w}'),, is bounded in L™»((0,77) x Q). Then by (5.24)

(5.33)

L™p ((0,T1) %)+

(5.34) I72(t) < b, (Uy) = 0 as n — 0o.

By transposing previous arguments from €2 to I'y we get that, as n — oo,

(5:35) I9%(t) < cu(Uo) = () — |y 1oy 10T, a0 my <) = 0.
To estimate I/+!(¢) we shall distinguish between two cases:

i) 1+r,/2<p<l+r,/m,
(i) 2<p<1tn/2or 1 +r,/2<p=1+r,/m

In the first one, by Lemmas 5.1 and 5.2, Holder inequality and (5.19) , we get

T . T1
() < dy(Us) = / 177 ™) = 0) o [ e < s / T

where K15 = K15(||Ull%) = gkg(]. + (14 2||Ug|l3)P~2). Since (p — 1)m’ < r, the
embedding H'(Q) < L®=1D"'(Q) is compact hence, using (5.21) and the Simon’s
compactness result recalled above, up to a subsequence we have w™ — 0 strongly
in C([0, Ty]; L®=D™"(Q)) and consequently, being w} bounded in L™ (0, Ty; L™ (£2))
by assumption (FGQP1),

(5.36) Ity <d, =0 as n — oo.

In the second case we are going to apply Lemma 4.1, so let us check its as-
sumptions. By (FG12) and Lemma 5.1 the functions f and f™ satisfy assump-
tions (FG12) with constants ¢," independent on n € N. Hence (F2) holds when
14+1r,/2 <p=1+r,/m'. Moreover, setting Ry : [0,00) — [0,00) by Ry(7) =
max{1 + 27, k(7)}, we note that R; is increasing and consequently 1 + 2| 0ol <
Ri(|Uoll) < Ra ([IUoll5,7 . ). Then, since in this case o, = s, by (5.18), setting
R = Ry (10|77 ), by Lemma 5.2 and (5.19)(5.20) we have

(5.37) MU leo,rms Ul 14" 1zo.m), lillzomr), luolls, < R.

Then, fOI' any € > O, denoting K16 = K16(||U0H7.[ Ca F) = K4(R1 (“UoH,H 55 F) Cp)

Ki7 = Ki7(e,Up) = K5 (g, Ry (|Uoll 7.7 ) » w0, w0, G'), by (4.2) we get

t
(5.38) I1H(t) < K16(8+t)||W"(t)II%+K17/O (Ll lm + e lln) W7 (7)1,



ON THE WAVE EQUATION WITH HYPERBOLIC... 37
Now, by setting d,,(Up) = 0 in case (ii) and K1 = Kis([|Uoll;,7.74) = Kir =
K17(¢,Up) =1 in case (i), we combine (5.36) and (5.38) to get

(5.39) IDY(t) < dn(Up) + Kigle + ) |[W"(1)]13,+
t
K”/o (L Nuf Iy + lwellm, ) W™ ()3, dr,

where d,,(Up) — 0 as n — oco. Transposing previous arguments to I'y, distinguishing
between the two cases

(i) 1+r/2<q<l4r./u, and
(i) 2<qg<14nr/2orl14+r/2<qg=1+r./y,

using Lemma 4.3 instead of Lemma 4.1 we estimate IJ'!(¢) as

(5.40) I8 (t) < en(Up) + Kis(e + )W (1)]1%,

t
T R T P P PR N

where e,(Up) — 0 as n — oo and we denote Kis = Kis([|Uollyyo.5) = K19 =

T = — : .
Kig(e,Up) = 1 and en(Uo) =[5 llg" (") = g™ (@)l .1, (]t )ellr, in case (i),
while e,,(Up) = 0, K1s = Ku1s([|Uollyyo 7 ) = Ki2(R1 ([[Uoll .5 ) - Eq) and Kig =
Kig(e,Up) = Ki3(e, R, ug, uo, €5’ ) in case (ii).

Hence, denoting h,,(Ug) = bn(Uo) + ¢n(Uo) + d,,(Uo) + €, (Up),
K20 = Koo(|Uoll ) = Ki6([|Uollyyo ) + EKas (1ol ye.5)

and K21 = Kgl(i:', Uo) = K17(E, U0)+K19(E, Uo), by (532)*(535), (538) and (540)
we get that h, (Uy) — 0 as n — oo and

(5.41) 1] (t) + I4(t) < hn(Uo) + Kaole + ) [W™ ()13,
t
Al G T o e P o e VL T

for all ¢ € [0,T7]. Plugging it with (5.31) in (5.30) we finally get
1 n n
(5:42) IO < 1n(Uo) + Kaole + )W (1) 3+

t
Koz [ (1 16 o, + el oy el ) [ () el
0

where K22 = KQQ({':, Uo) =1+ K21(E, U()) and
(543) ln(Uo) = an(Uo) + hn(UQ) —0 asn — oo.

We now set the function T3 : [0,00) — (0,1] by To(7) = min{T1(7),1/8K2(7)}.
Hence Ty, < Ty, KooTe < 1/8 and Ty is decreasing. We also choose € = ey :=
1/8K20(||Uoll 7.7 ) so that, denoting Koz = Ka3(Up) = Kaz(e2, Up), by (5.42)

1 n ! n
(544) IOV O <1 00) + Koo [ (14 [0, + e,

o e g s e g ) W0 1, 7
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for all ¢ € [0, T2([|Uo|,,7 7 )], so by the already recalled Gronwall inequality

T>
(5:45) IW" (1) < 4l (Uo) exp [ 4Ky / (2 + Nl + el
0

+ ||U|nFt||;tq,F1 + Hu\Ft”uq,Fl) dT]

for all ¢ € [0, T5(||Uo||yo5 o )]- Since, by (3.18), the sequences (uy), and ujp, are
respectively bounded in L™»((0,71) x ) and in L*((0,71) x I'1), by (5.43) we get
that (5.28) holds, proving our claim.

Using (5.28), (5.41), the just used boundedness of (u} ), U, and lim,, h, (Up) =0
we get I7(Ty) + I9(Ty) — 0 as n — oo. Consequently, using (5.28) again in
the energy identity (5.29) we get that lim, fo ") — x,w™)y = 0. Since by
Lemma 3.1 and [7, Theorem 1.3, p.40] the operator B is maximal monotone in

Z(0,T5) this fact yields, by the classical monotonicity argument (see for example
[8, Lemma 1.3, p.49]), that B(a) = x in (0, T%), concluding the proof. O

Proof of Theorem 5.1. By Proposition 5.1 we get the existence of a weak solu-
tion in [0,7%] when Uy € H% . The existence of a maximal weak solution u
in [0, Thax) follows by a standard application of Zorn’s lemma. By (1.22) and
Lemma 3.3—(i)—(iii) we get (1.24) and the energy identity (3.20), completing the
proof of (i-ii). To prove (iii) we suppose by contradiction that Tia.x < oo and
EHTI;M U)o < oo, which by (1.24) implies U € L*®(0, Tinax; H). By
Lemma 3.3-(iii-iv) then u is a weak solution in [0, Tinax] and U € C([0, Tiax]; H%r).
Then, applying Proposition 5.1, problem (1.1) with initial data U(Ty,ax) has a weak
solution v in [0, T]. By Lemma 3.3—(ii), @ defined by u(t) = u(t) for ¢ € [0, Tinax],
w(t) = v(t — Tmax) for t € [Tmax, Tmax + To] is a weak solution in [0, Trax + T3],
contradicting the maximality of u. |

We now state and prove, for the sake of clearness, some corollaries of Theorem 5.1
which generalize Corollaries 1.1-1.3 in the introduction. The discussion made there
applies here as well.

Corollary 5.1. Under assumptions (PQ1-3), (FG1), (FGQP1) and (1.26) the
conclusions of Theorem 5.1 hold and H %2 = H'.

Proof. Since (1.26) can be written also as p # 1+ r,/m’ when p > 1+ r,/2
and ¢ # 14 ./ when ¢ > 1+ 1./2, clearly assumption (FG2) can be skipped.
Moreover, by (1.19), when (1.26) holds we have H':% % = H* O

Remark 5.1. Clearly when (1.26) holds the proof of Proposition 5.1 can be simplified
since Lemmas 4.1 and 4.3 are not needed.

Corollary 5.2. If assumptions (PQ1-3), (FG1-2), (FGQP1) are satisfied and
(1.27) holds, hence in particular when 2 < p <7, and 2 < q < r., the conclusions
of Theorem 5.1 hold and H'%r = H,

Proof. When (1.27) holds by (1.19) we have o, = 0, = 2, hence H"%%r = H. [

Corollary 5.3. Under assumptions (PQ1-3), (FG1-2), (FGQP1) the conclusions
of Theorem 5.1 hold when the space H':%2°r is replaced by
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(i) the space Hi’)g’g, provided (1.29) holds;
(ii) the space H“*? provided (1.14) and (1.29) holds;
(iii) the space HY% % | provided also assumption (FG2) holds.

Proof. The statement (i) follows by combining Theorem 5.1 with Lemma 3.3—(iii),
(ii) follows by combining (i) with Remark 1.9, while (iii), by (1.18)—(1.22), is a
particular case of (ii) when (FG2)" holds. O

Proof of Theorem 1.1 and Corollaries 1.1-1.3 in Section 1. When

P(x’v) :Oz(.’L‘)Po(U), Q(.T,U) :6(1‘)@0(’0), f(x,u) :fO(u)’ g(‘r7u) :go(u)a
by Remarks 3.1-3.3 assumptions (PQ1-3), (FG1), (FGQP1) reduce to (I-1II), while

by Remark 3.6 (FG2) and (FG2)’ reduce to (IV) and (IV)’, hence Theorem 1.1 and
Corollaries 1.1-1.3 are particular cases of Theorem 5.1 and Corollaries 5.1-5.3. [

6. UNIQUENESS AND LOCAL WELL—POSEDNESS

This section is devoted to our uniqueness and well-posedness results for problem
(1.1). To get uniqueness of solutions we need to restrict to sources satisfying (FG2)’
and ug € H%%r | as in the last statement of Corollary 5.3.

Theorem 6.1 (Uniqueness). Suppose that (PQ1-3), (FG1), (FGQP1) and (FG2)
hold, let Uy € H%°r and u, v are mazimal solutions of (1.1). Then u = v.

Proof. We fix u,v, so constants K; introduced in this proof will depend also on
them. We denote dom u = [0,T%,,) and dom v = [0,T2,,). By Lemma 3.3 and

? max Y max

(1. 18) (1.22) we have U € C([0,T%,..); H%°t) and V € C([0,T2,.); H% ). We
set Tipax = min{T% ., T2 .}

We claim that there is a (possibly small) T < Tpax such that u = v in [0, T]. To
prove our claim we set 77 = min{1, Tipax/2}, Re = Ra(u,v) by

(6.1) Ry =max {||U|lco, 0% ) 1VIcqo,rmce s lilzo,r, 10200}

and we denote w =u —v, W =U — V. Clearly w is a weak solution of (2.7) with

¢ = f(u) = f(v) = Plue) + P(ve), n = §(u) = §v) = Qur) + Q(vr), & satisfying
(2.8) with p =m, 0 = w and W(0) = 0. Hence, by Lemma 2.1, the energy identity

W2, + /<B<u>—B<'> )y

=t e, + [ [T~ Fwes [ [ 600 -0,
Iy

holds for t € [O,T’] Consequently, by Lemma 3.1-(iii) and the trivial estimate
w3, < llwt)]Fe < fo |20 (where T” < 1 was used) we have, for ¢ € [0,7"],

Swik <3 [ ol + [ [ 1F = Fta [ [ - g,

By assumption (FG2)' we can apply Lemmas 4.1 and 4.3 with R given by (6.1),
hence for any € > 0, denoting Koy = K4(Rz2, ¢p) + K12(Rs2), ¢y),

Kys = Kas(€) = Ks(e, Ra, uo, o, ¢,) + Ki3(e, Ra, ug, uo, ¢;) + 1,
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(6.2) cp = (cp, ), €q=(cq,Cy), c; = (¢p, ¢, ), c; = (cq s &),

plugging (4.1) and (4.26) in previous estimate we get

t
SIW O, < Kasle +DIW O+ Koo [ (14l + 0l

+ lwr gy + Hv|rt|\uq,rl)||W(T)||% dr.

Choosing € = €3 := 1/8Ks4 and denoting Ko = Ka5(¢3) we have

t
HIW O < Ko [ (14 Tl + 01l +

oy s )1V (7)1

for t € [0,T] where T := min{T",1/8Ky,}. Since by (3.18) we have 1 + l|we|lm, +
vllm, + llur g, e + el € LY(0,T), by the already recalled Gronwall
inequality we get ||[W (¢)[|3, < 0 for ¢ € [0, T), proving our claim.

The statement now follows in a standard way, which is described in the sequel for
the reader’s convenience. We set T* = sup{t € [0, Thax) : u = v in [0,¢]}. Clearly
T* < Thax and U = V in [0,7*). Supposing by contradiction that T < T We
then have U,V € C([0,T*]; H%°r), so U(T*) = V(T™*) € H%r. Then, since (1.1)
is autonomous, @(t) := u(t +7T*) and 0(¢) := v(t + T™*) are weak solutions of (1.1),
with initial data w(T*),%(T*), in [0, Tmax — T), so by our claim & = @ in [0, 7)
for some 7 > 0, i.e. u = in [0,7* + 7) contradicting the definition of T*. Hence
T* = Tyax and U = V in [0, Tinax). Finally T, = T?,since if T%, < T2, then
v is a proper extension of u, a contradiction. (I

Essentially by combining Corollary 5.3 and Theorem 6.1 we get

Theorem 6.2 (Local existence—uniqueness). Suppose that (PQ1-3), (FG1),
(FGQP1) and (FG2) hold. Then all conclusions of Theorem 1.2 hold true when
problem (1.2) is generalized to problem (1.1), provided the energy identity (1.25) is
generalized to (3.20).

Proof. By combining Corollary 5.3 and Theorem 6.1 we immediately get statements
(i-ii) and Ht%Ttﬁax U ()| gt x o = 00 when Thax < 00, so we have only to prove
that lim, ,;— [[U(¢)|| g1, 5 » o = o0 in this case. This fact follows from Propo-
sition 5.1 and a standard procedure, described in the sequel. Since H':%a-r
H%“% % = H%“%% we shall prove that lim, o (U@ 1.5 o = 0. Sup-
pose by contradiction that M := sup, {[|U(ts)| oo } < oo for some t,, — T,
Then by Proposition 5.1 for each n € N problem (1.1) with initial data U(ty)
has a weak solution v, in [0,7%(M)]. Hence, by Lemma 3.3—(ii), w, defined by
wp(t) = u(t) for ¢ € [0,¢,] and wy(t) = vu(t — t,) for ¢ € [tn,tn, + To(M)] is a
weak solution of (1.1) in [0, ¢, + T2(M)] and, by Theorem 6.1, w,, = u so, being u
maximal, t, + To(M) < T, Which, when n — oo, gives a contradiction. O

max

Remark 6.1. From the proof of the case (ii) in Proposition 5.1 it is clear that one
can give an alternative proof of Theorem 6.2 without using compactness arguments.
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We now give a consequence of Theorem 6.2 which generalizes Corollary 1.4 in the
introduction, the discussion made there applying as well.

Corollary 6.1. Under assumptions (PQ1-3), (FG1), (FGQP1) and (FG2) the
conclusions of Theorem 6.2 hold when the space HY% % is replaced by

(i) the space H;:g’e, provided (1.32) holds, and

(ii) the space H*? provided (1.14) and (1.32) hold.

We now give our main local Hadamard well-posedness result for problem (1.1),
restricting to damping terms satisfying also assumption (PQ4), to non—bicritical
nonlinearities and to ug € H2%2 with sy, s satisfying (1.32).

Theorem 6.3 (Local Hadamard well-posedness I). Suppose that (PQ1-4),
(FG1), (FGQP1), (FG2), (1.33) hold and let s1,s2 satisfy (1.34). Then all con-
clusions of Theorem 1.3 hold true when problem (1.2) is generalized to (1.1).

In particular (1.1) is locally well-posed in H, under assumptions (PQ1-3), (FG1),
(FGQP1) and (FG2), when 2 <p<r, and2 <q <, .

Proof. Let Upy, := (ton, u1n) — Uy := (ug,u1) in H?%2 and U™ € C([0, T, ); H®52),

’ max

U € C([0, Timax); H5°2), 51 and so be fixed as in the statement. 12 Since H51:52 —
HbY8a% <y H1:90:0r = H1’5;75;’

63)  M(t) = max{[Ullcqommes o Ul eqoman o 10 logoem )}
defines an increasing function M : [0, Tinax) — [0, 00). Hence

(6.4) Ty(t) = To(1 + M(1),

where 75 is the function defined in Proposition 5.1, defines a decreasing function
Ty ¢ [0, Tax) — [0,1), with T3(t) < Ti(1 + M(t)). Now let T* € (0, Tiax). By
(6.3) we have [|Uo||3g=1.52, [|Uo |35 +r s |Uoll 375 < M(T™) and consequently, since
Uon — Up in H31%2 there is ny = ny(T*) € N, such that for all n > nq(T*),

[Uon ll2¢s1:52 [Uon ll 305050, [Uon ll 37 o <1+ M(T™),

[Uoll#122, [1Uoll3s0-r s [Uollyegae < 14 M(TY).

Since u,, and u are unique maximal solutions by (6.4)—(6.5) and Proposition 5.1
(6.6) T5(T*) < Ty, T3(T7) <

1T lcqo,ms 00 NUlleqomsom < 1+ 2|Uoll,

(6.5)

4)-
T’ﬂ

max?

(6.7) .n |
2 HZ(O,Tg(T*))v Hu||z(0,T3(T>) < &(IU0oll#)

for all n > ny(T*). Hence, as ||Upll3 < [|Uoll,7 = » setting the increasing function
R3 : [0, Tmax) — [0,00) by R3(7) = max{3 + 2M(7),x(1 + M(7))}, by (6.5) and
(6.7) we have

(6.8) 10U lcqo,msmys 1Ulleqoms@ym < Rs(T),

™| 20,75 (7+) lallzomsrey) < Rs(T7)

for all n > ny(T*). Since by (FG2)’ the property (F2) holds when p > 1+ r,/2,
by (1.34) we have s, < s1, s, < sg and 1+ M(T*) < R3(T*), we can apply the
final parts of Lemmas 4.1 and 4.3. Consequently, keeping the notation (6.2) and

2functions and constants K; introduced in this proof will depend also on them.
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denoting w" = u" — u, wnr =U" — U, WOn = UOn — Uo, K27 = K27(T*) =
K4(R3(T*),Cp) + Klz(Rg(T*)7Cq) and

Kog = KQg(&,T*) = KG(E,Rg,(T*),C;) + K14(€,R3(T*),Cg),

we have the estimate

oo [ o~ [ [ soer-as

t
< Kor(e + 8)[|W" (1|3, + Kos HWOTL”%{_"/ (1+||u?||mp+\|ut||mp
0

Wﬂmm+wﬂmeWJ for all ¢ € [0, T5(T7)].

Since w™ is a weak solution of (2.7) with £ = f(u”) — f(u) — ﬁ(u?) + ﬁ(ut) and
n = gu") — §lu) — Q(ulnl“t) + Q(ujr,) verifying (2.8) with p = m, 6 = @, by
Lemma 2.1 the energy identity

1. s Ay om
(6.10) W (t)II%Jr/ (B(a") — B(a),v")y = 5|[Wonll3 — 5llwonll3 r,

e, + [ 1) - Folar + [ [ ) - g,

holds for all ¢t € [0,75(T™)]. By (PQ4) and (3.32)—(3.33) we have

(6.11) (B(@") = B(@),w")y = & [[[wilallm. = chlllloollwf 13

m

+¢ ||[w\Ft}B||M/3F1 m”ﬁ”oo F1||(w\1“1) I5
—~1 ~ /!

> e | [wilallm o + & N wiey 16l 5.0, — Koz W13,

" "

with ¢,,” > 0 when p > r, and ¢,” > 0 when ¢ > .. Hence, setting Koy =

Kag(e, T*) = 2 + Kog(e,T*) and plugging (6.9), (6.11) and the trivial estimate
n n t n *

L (), < S0 O30 < [Would+ J7 [0 (where To(T*) < 1 was used)

in (6.10) we get

1 n t’—"’ g n
(6.12) W (t)ll?ﬂr/ Cm' lwilallim o + & Iy 1611} 5.1,
0

t
< Kor(e + )W ()3, + Kao HWOnII%ﬁ/ <1+IIU?IImP+HutIImp
0

Wﬂﬁm+MﬂWMWWJ for all ¢ € [0, T5(T7)].

We now set T4(T*) = mln{Tg(T*)71/8K27(T*)}, so that T4 S T3 and K27T4
1/8. We also choose € = €4 := 1/8K7(T*) so that, setting K3 = K3z0(T™)

I IA
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4K29(€4,T*), by (612) we have
t
(6.13) W™ (1)lI3, +/0 Cm' lwilallm o + & lwiry sl 5.r,

t
< Kao [nan%ﬁ / (1+||u?||m,,+ut|mp+||unrt||uq,rl+||u|rt||uq,r1)||wn|4
0

for all t € [0,T4(T*)]. By disregarding the second term in the left-hand side of
(6.13) and applying Gronwall inequality we get

T3(T")
WP ()13, < Kao|WonlFyexp leo [ (0 Il + o,

+ [l gy + HU\rtHuq,Fl) dT} :

Consequently, by Holder inequality in time, (3.18) and (6.8),

(6.14) W™ (1)]|2, < Ksol|[Wop||2,ee0 2RI for all ¢ € [0, T4 (T*)],
from which we immediately get

(6.15) W" =0 in C([0,T4(T*)];H) asn — oc.

To get the stronger (when p > 7, or ¢ > r.) convergence in C([0, Ty(T*)]; H552)
we now plug (6.14) into (6.13) and use (3.18), (6.8) and Holder inequality to get

Ta(T™) .
L @ M et e, < Kgonw(mn%{1+K306K30[1+2R3<T )

T3(T)
[ (U 1+ Wl e s + L ) 7}
< K30||W0n||3{{1 + Kzgefooll2Rs(Tl [ 233(T*)]},

from which it immediately follows that
(6.16) e N0y el Zmo,ru ey @) G N0} Vo ey, = 0

as n — oo. When p > r,, we have ¢, > 0 so by (6.16) and (FGQP1) it follows
wy — 0in L™(0, T4 (T™*); L™(£2)). Since by (1.18) and (1.34) in this case we have
s1 < m, we derive wl — 0 in L (0, Ty (T*); L' (). As wg, — 0 in L5 () we get
by a trivial integration in time that w™ — 0in C([0, T4 (T™)]; L**(2)). Using similar
arguments we get wip. — 0 in C([0, Ty(T™)}; L*2(I'1)) when ¢ > .. Consequently,
using (6.15), Sobolev embeddings and (1.34) when p < r,, and ¢ < r,. we derive

(6.17) W" =0 in C([0,Ty(T™)]; H**2) as n — oo.

We then complete the proof by repeating previous arguments a finite number of
times. More explicitly we set the function k1 : (0,Tmax) — No, by k1 (T*) =
min{k € Ny : T*/T,(T*) < k + 1}, so that

(6.18) k1 (TTY(T*) < T* < [0 (T*) + 1)Tu(T*).
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If k1 (T*) = 0, that is if T* < Ty(T™), by (6.17) we have W™ — 0in C([0, T*]; H*%2),
that is the conclusion (ii) in the statement of Theorem 1.3. Moreover in this case
by (6.6) we have

T <Ty(T*) <T5(T") < T}t s for all n > ny (T7).

Now let k1 (T*) > 1, that is Ty(T*) < T*. By (6.3) we have || U(T4(T™))||s1 52,
10T mr, 10TT e < M(T*), and consequently, by (6.17).
there is ng = na(T™) € N such that for all n > ngo(T™)

1O lasrezs (10T b s NUT gy o <1+ M(T™),
1U]

wveny lloe Ul <14 M(T?),

where we denote U7 = U™(T4(T*)) and Uy = U(T4(T*)). Since problem (1.1) is
autonomous, by applying Lemma 3.3—(ii) and Theorem 6.1, starting from (6.19) we
can repeat all arguments from (6.5) to (6.17), getting in this way that

(620) 2T4(T*) < Tg(T*) +T4(T*) < Thax, 2T4(T*) < Tg(T*) +T4(T*) <Tr

for all n > no(T*), and

(6.19)

— ~
e N lallZm vy orareyzp @y & M0 iy ey oy reyyszsen) = 0

8
W™ =0 in C([Tu(T"),2T4(T)]; H**%?) as n — o0,
which by (6.17) implies

— ~
e i lallZm o 2 royinm@y G M0y omyeryyizswy = 0

W™ =0 in C([0,2T4(T*)]; H*+°2)  as n — oo.
If k1 (T*) =1, that is if T* < 2T, (T™*), by (6.21) we have

(6.21)

Cm' l[wi'lal

Lm0,y + G M0V o oy = 05
U™ 5 U in C(0, T H**2),

that is the conclusion (ii) in the statement of Theorem 1.3. Moreover, in this case
by (6.20) we have

(6.22) T* < T"

max

for all n > no(T).
If k1(T*) > 1 we repeat the procedure above x1(7T™) — 1 times to get
T < (k1 (T*) + 1)Ta(T*) < T}

max

for all n > n,, (p=)41(T7),

-~ n m
e wiallzm o, 00y (1) 4 1) Tu (1) )s2m () = O

6.23
( ) — 0,

~ 1 n

Cu ”[w\rt]Z”(O,(nl(T*)+1)T4(T*));Lg(1‘1)
W™ =0 in C([0, (k1 (T*) + D)Ty(T*)]; H?*%2)  as n — oo.
By (6.23) and (6.18) we then get

e Nwr ol Eon o reyiezp e G N0 oo sy = O

(6.24)
W" =0 in C([0,T*]; H*°2) asn — oo,
and, being T € (0, Tinax) arbitrary, Tiyax < lim, 7). . U

The aim of our final main result is to get well-posedness for spaces in Corollary 5.3.
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Theorem 6.4 (Local Hadamard well-posedness II). Suppose that (PQ1-3),
(PQ4),(FG1), (FGQP1), (FG2), (1.33) hold and p, 8 satisfy (1.36). Then problem

(1.1) is locally well-posed in Hiig’a x H®, i.e. the conclusions of Theorem 1.3 hold
true with H%5152 replaced by H(i,%,e and problem (1.2) is generalized to problem

(1.1). In particular it is locally-well posed in HP® when p,0 satisfy (1.36), p <,
ifp<l+r,/2andd<r.ifq<1+r./2.

Proof. At first we remark that, for any p, 8 satisfying (1.36), setting

2, %fp<rn, 5(0) = 2, %fq<rr,
p ifp>r,, 0 ifg>r,

(6.25) s51(p) = {

when p > r,, we have p > r, so, by (FGQP1), L%(Q) = L*(2), while by the same
arguments when ¢ > 7. we have LZ’p(Fl) = LP(I'1). Hence Héig’e s H51(P)52(0)

Consequently, given a sequence Uy, — Up in H;”;g’e x H°, we have Uy, — Up in
HZ1(P):52(0) hence, since (37(p),5z(6)) satisfies (1.34), by (6.24) we get

—~ 1

Cm ||[w?]a”?m(O,T*);Lgl(Q)? C~MH||[w\F?]ﬁlliu(o,T*);Lg(rl) -0,

(6.26)
W" -0 inC([0,T*];H) asn — oo,

so to prove that W™ — 0 in C([0, T™]; Hi’f[;e x H?), by Sobolev embeddings, reduces
to prove the following two facts: if p > r, then w,, — 0 in C[0,T*]; L2*()), and,
if @ > r., then w,, — 0 in C[0,T*]; Lé’p(l’l)). We prove the first one. When p > 7,
by (1.36) we also have m > 7. Then, by (PQ4)’, see Remark 3.8, we have ¢,,,” > 0,
so by (6.26) we get w* — 0 in L™(0,T*; L2™(9)). Consequently, since p < m by
(1.36), w — 0 in LP(0,T*; L%*(Q)). Since wg, — 0 in L2*(Q) then w, — 0 in
C[0,T*]; L2*(£2)). The proof of the second fact uses similar arguments and it is
omitted. Finally, when (p, ) satisfy (1.36), p <r, if p <1+ 1r,/2 and 0 < r. if

q¢ < 1+1./2, by Remark 1.9 we have H*¢ = H;’g’e' H

Proof of Theorems 1.2—1.4 and Corollary 1.4 in Section 1. When

P(z,v) = a(z)P(v), Qz,v) =B(x)Qo(v), [(z,u)= fo(u), g(z,u)=go(u),
by Remarks 3.1-3.3 assumptions (PQ1-3), (FG1), (FGQP1) reduce to (I-III).
Moreover by Remark 3.6 (FG2) and (FG2)' reduce to (IV) and (IV)’, while by
Remark 3.9 (PQ4) and (PQ4)" reduce to (V) and (V). Hence Theorems 1.2-1.4
and Corollary 1.4 are particular cases of Theorem 6.2—6.4 and Corollary 6.1. (]

7. GLOBAL EXISTENCE

In this section we shall prove that when the source parts of the perturbation terms
f and ¢ has at most linear growth at infinity, uniformly in the space variable, or,
roughly, it is dominated by the corresponding damping term, then weak solutions
of (1.1) found in Theorem 5.1 are global in time provided uy € HP4.

To precise our statement we introduce, the assumption (FG1) being in force, the
primitives of the functions f and g by

(7.1) Sz, u) = /Ou f(z,s)ds, and ®(y,u) = /Oug(y, s)ds,
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for a.a. x € Q, y € I'1 and all u € R. Moreover we shall make the following specific
assumption:

(FGQP2) there are p; and ¢; verifying (1.6) and constants C,,,, Cy, > 0 such that
S(z,u) < Cpy [L+u” + a(@)|ul], &y, u) < Cq [L+u® + By)|ul”]
fora.a. z €O,y €'y and all u € R.

Since §(-,u) = fol f(-,su)uds (and similarly &), assumption (FGQP2) is a weak
version of of the following one:

(FGQP2)" there are p; and q; verifying (1.6) and constants C, ,
fla,wyu < Oy [lul +u® + a(@)|ul'], gy, wu < Cf [lul +u? + B(y)|ul”]

for a.a. z € Q,y €'y and all u € R.
Remark 7.1. Assumptions (FG1) and (FGQP2)’ hold provided
(7.2) F=r+ 4 g=4"+g +4%

where f?, ¢* satisfy the following assumptions:

C(’h > ( such that

(i) f° and ¢° are a.e. bounded and independent on w;
(i) f! and g! satisfy (FG1) with exponents p; and ¢ satisfying (1.6), and
(a) when p; > 2 and essinfg a = 0 there is a constant ¢,, > 0 such '3 that

|1 (@ w)] <G [1+ Jul + a@)uf™ ]
for a.a. z € Q and all u € R;
(b) when ¢; > 2 and essinfr, 8 = 0 there is a constant ¢;; > 0 such that
9" ()| <@g [1+ [ul + Bly)ul® ]

for a.a. y € I'; and all u € R;
(iii) f? and g¢* satisfy (FG1), f?(z,u)u < 0 and ¢*(y,u)u < 0 for a.a. z € Q,
y €7 and all u € R.

Conversely any couple of functions f and g satisfying (FG1) and (FGQP2)" admits
a decomposition of the form (7.2)—(i-ii) with f! and g' being source terms. Indeed
one can set f0 = f(-,0),

[fCow) = 1Y ifu>0, =[fCu) =07 ifu>0,
feu) = 0 if u=0, and f2(-,u) 0 if u=0,
—[fCu) = 27 ifu <0, [f(ou) = fO1F ifu<0,

and define ¢°, ¢!, g% in the analogous way.

Remark 7.2. When dealing with problem (1.2) assumption (FGQP2) reduces to
(VI). The function f = f> defined in (3.14) satisfies (FGQP2) provided one among
the following cases occurs:

(i) % =% =0,
(ii) v =0, v #0, p < max{2,m} and y; < cja a.e. in Q when p > 2
(iil) v #0, 75 #0, p < max{2,m}, v1 < cja when p > 2 and v, < cha when
p> 2, ae. in Q,

13that is HM_N,O [f1( )| /|u|Pr—t < epya a.e. uniformly in Q.
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where ¢}, ¢4 > 0 denote suitable constants. The analogous cases (j—jjj) occurs when
g = g2, so that (fo, g2) satisfies (FGQP2) provided any combination between the
cases (i-ii) and (j—jjj) occurs. In particular then a damping term can be localized
provided the corresponding source is equally localized.

Finally when f = f3 and g = g3 as in (3.15), assumption (FGQP2) holds provided
fo and g satisfy assumption (VI) (where we conventionally take fo = 0 when v =0
and go = 0 when § =0), v < a when p; > 2 and § < 8 when ¢; > 2.

We can now state the main result of this section.
Theorem 7.1 (Global analysis). The following conclusions hold true.

(i) (Global existence) Suppose that (PQ1-3), (FG1-2) and (FGQP1-2)
hold. Then for any (ug,u1) € H'alr the weak mazimal solution u of prob-
lem (1.1) found in Theorem 5.1 is global in time, that is Tpaw = 00, and
u € O([0, Trnaz); Hb 'k ).

In particular, when (1.28) holds, for any (ug,u1) € H problem (1.1) has
a global weak solution.

(ii) (Global existence—uniqueness) Suppose that (PQ1-3), (FG1), (FG2)
and (FGQP1-2) hold. Then for any (ug,u1) € H%%*r x H® the unique
maximal solution of problem (1.1) found in Theorem 6.2 is global in time,
that is Tinaz = 00, and u € C ([0, 00); H % %),

In particular, when (1.28) holds, for any (ug,u1) € H' x H® problem
(1.1) has a unique global weak solution.

(iii) (Global Hadamard well-posedness) Suppose that (PQ1-4), (FG1),
(FG2), (FGQP1-2) and (1.33) hold. Then problem (1.1) is globally well-
posed in H*1:52 x HO for sy and sy satisfying (1.34), that is Typez = 00 in
Theorem 6.3.

Consequently the semi—flow generated by problem (1.2) is a dynamical
system in HY51:52 x HO,

In particular, when 2 < p <71, and 2 < q < 1. and under assumptions
(PQ1-3), (FG1), (FG2), (FGQP1-2), problem (1.1) is globally well-posed
in H' x HY, so the semi—flow generated by (1.1) is a dynamical system in
H' x H.

To prove Theorem 7.1 we shall use following abstract version of the classical chain
rule, which proof is given for the reader’s convenience.

Lemma 7.1. Let X1 and Y7 be real Banach spaces such that X1 — Y7 with dense
embedding, so that Y{ — X1, and let I be a bounded real interval.

Then for any Ji € C'(Xy) having Fréchet derivative J; € C(X1;Y{) and any
w e WHHI; Y1) N C(I; X1) we have Jy -w € WHL(T) and (Jy - w)' = (J] - w,w')y,

almost everywhere in I, where - denotes the composition product.

Proof. We first note that, when w € C1(R; X;), by the chain rule for the Frechet
derivative (see [2, Proposition 1.4, p. 12]), we have J; - w € C*(R) and

(J1-w) = {J] -w,w)x, = (J] - w,w)x, in R.

When w € WH(I;Y1)NC(I; X;) we first extend it by reflexion to w € W11(R; Y;)N
C(R; X1) as in [13, Theorem 8.6, p. 209]). Then, denoting by (p,)n a standard
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sequence of mollifiers and by * the standard convolution product in R, we set
Wy = pp * W, 50 w, € CY(R; X1) and, as in [13, Proposition 4.21, p. 108 and proof
of Theorem 8.7, p. 211]), we have wy|; — w in WY (I; Y1) NC(I; X;). By previous
remark

(7.3) /IJl cwpe’ = — /I(J{ W, W)y, ¢ for all p € CH(I) and n € N.

We now claim that Cy := J;o,wg, (I) (where we denoted wy = w) is compact
in X;. Indeed, given any sequence (x,), in Cp, either there is Ny € N such that
Ty € UfV:OO wy, (1) for all n € N, and hence (z,,), has a convergent subsequence since
this set is compact, or there are sequences (t,), in I and (k,), in Ny such that
T, = wg, (t,) for all n € N and k,, — co. Then t,, — £ € I, up to a subsequence,
and consequently

lzn —w(®)llx, < llwk, (tn) = w(tn)llx, + lw(tn) — w(®)llx, =0,

proving our claim.

We now pass to the limit in (7.3). By the continuity of J; and our claim we get
that Jy - w, — J1 -w in I and that J;(Cp) is compact, and hence bounded, in X;.
Consequently (J; - wy, )y, is uniformly bounded in I and we get lim,, f] J1 - wep’ =
J; J1-w ¢’ Moreover, up to a subsequence, there is ¢ € LY(I) such that w!, — w’
and |w)|ly, < ¢ ae. in I. By the continuity of J| and our claim we get that
Ji - w, = Ji - win I and that J{(Cp) is compact in Y{. Consequently

M = sup{||J] - wn(t)|ly;,n € N,t € I} < oco.

It follows that (J1-wp, wy,)y;, — (J1-w,w')y, a.ein I and that (J]-wn,w;,)y, < M1,
so lim,, fI<J{ W, Wy )y, = fI<J{ cw, W)y, -

Proof of Theorem 7.1. We first remark that, since H%*r C He'r, parts (ii) and
(iii) simply follow by combining Theorems 6.2-6.3 with part (i), hence in the sequel
we are just going to prove it. Since H'e'lr € H% % by Theorem 5.1 problem (1.1)
has a maximal weak solution u in [0, Tinax) and
(7.4) Hm - [Ju() ]| + ([0 ()] o = oo

t—Timax
provided Tiax < 0o. Moreover, by (1.20) and (1.22), the couple (i,,}.) satisfies
(1.14) and (1.29), so u € C([0, Trax); H ' i) by Corollary 5.3. We no suppose by
contradiction that Tiax < 00, so (7.4) holds.

By (FG1) and Sobolev embedding theorem we can set the potential operator J :
H'P4 R by

(7.5) J(v) = / 3(o0) + / (o) forallve P,
Q I,
and, using standard results on Nemitskii operators (see [2, pp. 16-22]) one eas-

ily gets that J € C'(H'P9), with Fréchet derivative J' = (f,3). Moreover, by
Lemma 3.2, f € C(LP(2); LV (9)), € C(H!(2); L™ (2)), § € C(LI(Ty); LY (')



ON THE WAVE EQUATION WITH HYPERBOLIC... 49

and § € C(H' () N L2(T'y); L (T';)). Hence, setting the auxiliary exponents

mp=2 ifp<1l4r,/2, pe=2 ifqg<1l+4+mr/2
my = my =m if p>max{m,1+7,/2}, tig = § tg = p if ¢ > max{p, 1+ r./2},
P ifl1+7r,/2<p<m, q ifl+n/2<qg<up,

we have J' = (f, §) € C(HYPa; L' (Q) x LF4' (I')). We also introduce the func-
tional Z : HP4 — R given by

(7.6) I(0) = Gy, / alol? +Cy / Blulo.
Q I

Since by (1.6) we have p; < p and ¢; < g, the functions
(7.7) f(z,u) = p1Cya(@)|uf” Pu and  g(w,u) = q1Cq, B(x)u|"*u

satisfy assumption (FG1) with exponents p and ¢, hence by repeating previous ar-
guments Z € C'(H"%), with Frechet derivative 7' = (f,g) € C(HY4; L' (Q) x
LFa'(Ty)).

We are now going to apply Lemma 7.1, with X; = H"9 and Y; = L™ (Q) x
LF4(T), to the potential operators J; = J and J; = Z, to w = u and to I = [s,t] C
[0, Trax). By the definition of m,, u, and [55, Lemma 2.1] we have H'P4 —
L™ (Q) x LMa(T';) with dense embedding. Moreover, since HVe'k « HLP4 we
have u € C([0, Tyax); HP'?). Next, since by definition m, < m, and i, < pg, by
(3.18) we have v’ € L ([0, Trmax); L7 () x L¥a(Ty)).

loc

Then, by Lemma 7.1, we have J - u, Z - u € W, ([0, Tiax)) and
w8 o) - J) = [ | [ st [ ateun) )]
19 Tt) - Ts) - [ t [ [ it + [ | g<~,u|r><ur>t} ,

for all s,t € [0, Tiax), where f and g are given by (7.7).
We also introduce the energy functional & € Ct(HP) defined for (v, w) € HP+? by

1
(7.10) E(v,w) = Fllwllo + 3 /Q [Vol? + %/F Vol — J(v),

and the energy function associated to u by
(7.11) Eu(t) = E(ult),u'(t)), for all ¢ € [0, Tinax)-
By (7.8) and (7.10) the energy identity (3.20) can be rewritten as

¢
(712)  Eu(t) — Euls) + / (B(), ')y =0 for all 5, € [0, Tona).
Consequently, by (2.5), (7.10) and (7.11), for ¢ € [0, Tiyax) We have

(7.13) gl OllFr0 + 5llu®)F < €u(0) + 3lu®)Fro + J(ult)) — /O (B(u'),u')y.

The proof can then be completed, starting from (7.13), as in [55, Proof of Theorem
6.2], since (7.13) is nothing but (the correct form of) formula [55, (6.18)]. For the
reader’s convenience we repeat in the sequel the arguments used there.
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We introduce an auxiliary function associated to u by
(7.14)  Y(t) = 3o O)Fp0 + lu®)F +Z(u(t),  for all t € [0, Trnax)-
By (7.13) and (7.14) we have

(7.15) T(t) < €u(0) + 3llult) 70 + J(u(t)) + Z(u(t)) — /O (B(u),u)w

By (7.6) and assumption (FGQP1) we get
(7.16) J(v) < [Cp, | + Coo(D)] (1 + ||v]I30) + Z(v) for all v € H'.

By (7.15)— (7.16) we thus obtain
(TAT)  T(8) < Ea(0) + kus + Fas|lu()| %o + 2T (u(t)) — /0 (BO), '

where kis = Cp, [Q| + Cy,0(T) 4+ 1/2. Writing [|u(t)||%e = [uoll%0 + 2fg(u’,u)Ho
in (7.17) and using (7.6) and (7.9) we get

¢

T(t) §K31 +/ [2k1g(u’,u)Ho — (B(u'%u')w

(7.18) 0

+ 2p1Cp1/a|u\p1_2uut+2(J1qu/ ﬁ|u‘“_2u(u|p)t] ,
Q INY

where K31 = K31 (uo, u1) = €,(0) +2Z(uo) +kis(1+ [[uol|70). Consequently, by as-
sumption (PQ3), Cauchy—Schwartz and Young inequalities, we get the preliminary
estimate

t
Y(t) <Ks +/O [—c;lll[Ut]aH%,a— ulll(ur)dslly g+ ks (e 130 + llullFo)
(7.19)

+iCy, / el 0P~ ur] + 201 Co, / Blult (el ()|
Q I

for all t € [0, Tmax). We now estimate, a.e. in [0, Tinax), the last three integrands
in the right-hand side of (7.19). By (7.14) we get

(7.20) kigllu'||30 < 2k1sY.
Moreover, by the embedding H'(;T) — L?(Q) x L*(T),
(7.21) lull3o < krolluli.
Consequently, by (7.14),

(7.22) us||wl|30 < koo Y.

To estimate the addendum 2p;Cy, [, or|ulP*~!uy| we now distinguish between the
cases p1 = 2 and p; > 2. When p; = 2, by (7.14), (7.22) and Young inequality,

(7.23) 2p1Cp, /Qa|u\p_1|ut| < 210y llerlloo(lullFro + [/ l70) < B T,

where ko1 = 2p1Cy, ||a]|oo (1 + k19)-
When p; > 2, for any ¢ € (0, 1] to be fixed later, by weighted Young inequality

(7.24) 2ple1/a|u|p1_1|ut| §2(p1—1)0p151_p/1/a|u|p1—|—2£Cp1/a|ut|p1.
Q Q Q
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By (7.14) we have

(7.25) 2py — 1)Cp,e' P / alulPr < 2(py — 1) Y.
Q

Moreover by (1.6) we have p; < m = and consequently |u:[P* < 1+ |u|™ a.e. in
Q, which yields

200 [alul < [+ [ alul™ < ol + ludal o
Q Q Q
Plugging (7.25) and (7.26) in (7.24) we get, as € < 1,
(7.27) 2p1C), / aluPrHug| < koo (517”/1T +ellfutlallm,o + 1) )
Q
Comparing (7.21) and (7.27) we get that for p > 2 we have
(128 201G [ alu Ml < koo [0+ T 4 el + 1]
Q

We estimate the last integrand in the right—hand side of (7.19) by transposing from
Q to I'y the arguments used to get (7.28). At the end we get

(7.29) 2¢:C,, / Bl [(wr)e] < kag [(1 +e )Y + e [(wyr )il s, + 1} .
I

Plugging estimates (7.20), (7.22), (7.28) and (7.29) into (7.19) we get
t
(7.30) T(t) < K1 + / [(hase = )l lwrlallin.o + (kaae — ) ur) st 5]

t
+ /m/ [(1 +el P el T 41 for all t € [0, Thax)-
0

Fixing E=¢e1, where g1 = min{l, C;n/kgg, C;L/k}24}, and Setting Kgg = I(32(’U,07 Ul) =
K31 (ug,u1) + kos (1 + si_p,l + 61_(11)7 the estimate (7.30) reads as

t
T(t) < Kao(1+1) + K32/ T(s)ds  forall ¢t € [0, Thax)-
0

Then, since Tiax < 00, by Gronwall Lemma (see [47, Lemma 4.2, p. 179]), T is
bounded in [0, Tmax), getting, by (7.4) and (7.14), the desired contradiction. O

We now state and prove, for the sake of clearness, two corollaries of Theorem 7.1—
(i) which generalize Corollaries 1.5-1.6 in the introduction. The discussion made
there applies here as well.

Corollary 7.1. Suppose that (PQ1-3), (FG1), (FGQP1-2) and (1.26) hold. Then
for any (uo,u;) € HP% x H® problem (1.1) has a global weak solution u €
C(0,00); ).

Proof. Since (1.26) can be written also as p # 1+ r,/m’ when p > 1+ r,/2
and ¢ # 1+ r./p’ when ¢ > 1+ r./2, clearly assumption (FG2) can be skipped.
Moreover, by (1.20), when (1.26) holds we have H':% °r = H1:P:4, O

Corollary 7.2. Suppose that (PQ1-3), (FG1-2), (FGQP1-2) and (1.27) hold.
Then for any (ug,u1) € HYP9 x HY problem (1.1) has a global weak solution u €
C([0, 00); HP1).
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Proof. When (1.27) holds by (1.20) we have Hb%%k = fFlp:a, O

We now state, for the reader convenience, the global-in—time version of the more
general local analysis made in Corollaries 5.3, 6.1 and Theorem 6.4, simply obtained
by combining them with Theorem 7.1.

Corollary 7.3 (Global analysis in the scale of spaces). The following con-
clustons hold true.

(i) (Global existence) Under assumptions (PQ1-3), (FG1-2), (FGQP1-2)
the main conclusion of Theorem 7.1-(i) hold when H%%% is replaced by
(i.1) Hi:g’e, provided p and 0 satisfy (1.37), and by
(i.2) HYPY provided p and 0 satisfy (1.14) and (1.37).

(ii) (Global existence—uniqueness) Under assumptions (PQ1-3), (FG1),
(FG2), (FGQP1-2) the main conclusion of Theorem 7.1-(ii) holds when
the space H %% is replaced by

(ii.1) H;:‘[;’e, provided p and 0 satisfy (1.32) and by
(ii.2) HY*? provided p and 0 satisfy (1.14) and (1.32).

(iii) (Global Hadamard well-posedness) Under assumptions (PQ1-3), (PQ4),
(FG1), (FGQP1), (FG2) and (1.33) problem (1.1) is locally well-posed

(iii.1) in Hi:g’e x H® when p and 0 satisfy (1.36) (that is the conclusions of
Theorem 7.1-(iii) hold true when HY:5152 is replaced by Hi:%,e)’ and

(iii.2) HY7 x HO when p,0 satisfy (1.14) and (1.36) (that is the conclusions
of Theorem 7.1-(iii) hold true when H*1:52 is replaced by H'*).

Proof of Theorem 1.5 and Corollaries 1.5-1.7 in Section 1. When

P(.’L‘,U) = O‘(x)PO(U)7 Qz,v) = B(CL’)QO(’U)7 f(q:,u) = fO(u)7 g(z,u) = go(u),
by Remarks 3.1-3.3 assumptions (PQ1-3), (FG1), (FGQP1) reduce to (I-III).
Moreover by Remark 3.6 (FG2) and (FG2)' reduce to (IV) and (IV)’. By Re-
mark 3.9 (PQ4) and (PQ4)’ reduce to (V) and (V)’, while by Remark 7.2 assump-
tion (FGQP2) reduces to (VI). Hence Theorem 1.5 and Corollaries 1.5-1.6 are
particular cases of Theorem 7.1 and Corollaries 7.1-7.3. ([l

APPENDIX A. PROOF OF LEMMA 5.3

To prove Lemma 5.3 we first recall the following elementary result, which proof is
given only for the reader’s convenience.

Lemma A.1. Let 0 < T < oo and Y1,Ys be two Banach spaces with Yo densely
embedded in Yy. Then CL((0,T);Ya) is dense in CL((0,T); Y1) with respect to the
norm of C1([0,T]; Y1).

Proof. Let u € C}((0,7T);Y1) and n € (0,7/2) such that supp u C [, — n]. Since
u is uniformly continuous and Y3 is dense in Y; one can easily build a sequence of
piecewise linear functions (vy, ), in C.((0,7); Y2) such that v, — @ in C([0,T]; 7).
Hence setting wy, (t) = fot v (1) d7 for 7 € [0,T] we have w, € C'([0,7T];Y2) and,
since w,(0) = u(0) = 0, w, — u in C1([0,T];Y1). Consequently w, — 0 in
CH([0,n] U [T —n, T]; 1)
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Taking a standard cut—off function { € C°(R) such that 0 < £ <1, £ =1 in
[, T —n] and £ =0 in (—oo,n/2) U(T —n/2,00) and setting u, = {w, we trivially
have u, € C*([0,7);Ya), supp u, C [/2,T — n/2]. Moreover u,, = w, — u in
CY([n, T — n); Y1), while u,, — 0 in C*([0,n] U [T — n,T);Y7). Since u = 0 in
[0, U[T —n,T] we get u,, — u in C*([0,T]; Y7). O

Proof of Lemma 5.5. Given ¢ € C.((0,T); H')NC((0,T); H*) N Z(0,T), trivially
extended to ¢ € C.(R;H') N CHR; H°) N Z(—o0,00), by standard time regu-
larization we build a sequence (1), in CL((0,7;X) such that 1, — ¢ in the
norm of C([0,7]; H') N C*([0,T]; H%) N Z(0,T), where X = H, 7" (see (3.5)).
Since by [55, Lemma 2.1] H%°* is dense in X it follows from Lemma A.1 that
CL((0,T); H*>*°) is dense in C1((0,T); X) with respect to the norm of C*([0,7]; X)
and then, since X = H!' N [L2™(Q) x LZ’ﬁ(Fl)], with respect to the norm of
c(o,T); HYYynC([0,T); H°) n Z(0,T). O

TABLE 5. Further results when N = 3 and essinfo o > 0

2<g< o0
2<p<H4
4<p<6 well-posedness in H*2 for p € [6,6 V m)]
6=p<m existence—uniqueness in H'"? for p € [6,m)]
well-posedness in H#2 for p € (6, m]
6=p=m existence—uniqueness in H'
6<p<l+6/m local existence in H*2 for p € [6,m]

global existence in H'*2? for p € [p, m]

existence—uniqueness in H*2 for p € [3(p — 2)/2,m)|

well-posedness in H*+2 for p € (3(p — 2)/2,m]

6 <p=1+6/m| existence—uniqueness in H*>? for p € [3(p — 2)/2,m]

well-posedness in H*2 for p € (3(p — 2)/2,m|
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TABLE 6. Further results when N = 4 and essinfq o, essinfr, > 0
2<g¢g<4a<gqg<6 6=q<p 6=q=p 6<qg<1l4+6/p|6<qg=1+6/u
Tocal
existence
in HP:9 for
pE 4,4V m]
[ N
2<p<3 global
existence
in HP:9 for
pE 4,4V m]

. . 9.€ 19, 1] .
existence— existence— éxXistence= existence—
uniqueness uniqueness uniqueness uniqueness

in H1:2:9 for in HP:2 for in H1:P:9 for in 179 for
pE[4,4Vm] pE[4,4Vm] pE[4,4Vvm] pE[4,4Vvm
0 € [6, 4] 0€[3@=2),u]|0€[3-2),4]
3<p<4 well— well~ well~ well—
posedness posedness posedness posedness
in H1r:9 for in H1:2:9 for in H0:9 for in H1r:9 for
pE[4,4Vvm] pE[4,4Vvm] p € 4,4V m] pE[4,4Vvm]
0€[6,6V ul 0 € (6, 96(%((1—2)7#} 96(%((1—2),u]
existence
in HP:9 for
pE ,m]]
0cl6,u
global
existence
in HP:9 for
p € [4,m]
. . . 9 € g, ] .
4=p<m existence— existence— existence— existence— existence—
uniqueness uniqueness uniqueness uniqueness uniqueness
in H1:0:9 for in H1:£:0 for in H1:#:2 for in H1:0:9 for in H1:°:9 for
pE [4,m] p € [4,m] p € [4,m] p € [4,m] pE [4,m]
0€6,6Vpl 0 € [6, u) 0€[3a=2),u]|0€[3-2),4]
well— well— well— well—
posedness posedness posedness posedness
in H1:P:9 for in H1:£:0 for in Hr:9 for in H1:P:9 for
p € (4,m] p € (4,m] pE (4, m] p € (4,m]
0€6,6Vp 0 € (6,1 o€ (3a—2),ul|0€ (3a-2).4]
existence
in H12:9 for
0. € (6,1
global
existence
4=p=m in H1:2:9 for
. . . 9.€ [, 1] )
existence— existence— existence— éxistence= existence—
uniqueness uniqueness uniqueness uniqueness uniqueness
in H12:9 for in H12:9 for in H! in H1:2:9 for in H1:2:9 for
66,6V p 0 € [6, 1] 0€[3a—2),ullo€[3a—2),4]
I I I I Tocal
existence existence existence existence existence
in H1P+9 for in H1:P:9 for in HP:2 for in HP:9 for in H1:#+9 for
p € [4,m] p € [4,m] p € [4,m] p € [4,m] p € [4,m]
0.€16,6V 1] 0 € [6,1] ociou |oc[3a—2) 4
BI6BEL EIOBAT EIGBAT EIOBAT gIoBAL
existence existence existence ex1sterbce existence
in H*:Y for in H1:#:9 for in H* for in H1:P:9 for in H*:Y for
p € [p,m] p € [p,m] p € [p,m] p € [p,m] p € [p,m]
a<p<i+da/m/| 0€[6,6Vpu 0 € [6, 1] 0 € [q. o€ [3-2),u
existence existence existence existence existence
uniqueness UnIqUenEss uniqueness uniqueness uniqueness
in H1r:9 for in H0:9 for in H*2 for in HP:9 for in H1r:9 for
pe2(p—2),m] |pe2(p—2),ml|pe2(p—2),m]| pe2(p—2),m] | pE[2(p—2),m
0€1[6,6Vu 0 € [6,n] 0€(3(g—2),u||0e|3(@—2).p
well— well— well— well—
posedness posedness posedness posedness

in HY7:9 for
p € (2(p—2),m]

in H*:9 for
p € (2(p—2),m]

in H*:9 for
pE 62(17 —2),m

in HY7:9 for
pE 52(17 -2),m

in HY7:9 for
p € (2(p—2),m]
6 € 6,6V pu]

in HY*9 for
pE (2(p—2),m]
6 € (6, u]

in H1P:9 for
pE(2(p—2),m
0e(2@—2),p

0€1[6,6Vpu 0 € (6] 0€(S3(@—2),u||0e(2@—2),n
existence
in H1:P:9 for
pE2(p — 2%7m]
0 € [6,u
global
existence
in H1P:9 for
, pE2(p—2),m]
4<p=1+4/m ) ) . 9 € [q, 1 .
existence— existence— existence— éxistence= existence—
uniqueness uniqueness uniqueness uniqueness uniqueness
in H10:9 for in 9 for in H1P2 for in H10:9 for in H1r:9 for
pPEP—2),m] |pE2(p—2),m][p€2(p—2),m]| p€[2(p—2),m] [p€[2(p—2)m
6€[6,6V pu] 6 € [6,u] o€ |3(a-2),n||0e|3(@—2),p
well— well— well— well—
posedness posedness posedness posedness

in H7¢ for
pE(2(p—2),m
0 (3@—2),n
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TABLE 7. Further results when N = 5 and essinfq o, essinfr, § > 0

2<qg<4|2<qg<4 4=q<p 4=q=np 4<qg<i+4/pl4<qg=1+4/y
Tocal
existence
in HP:9 for
10 10
pE [T’ 3 \ m]
0 €[4, u
global
existence
in H>F:Y for
pE [%, % \4 m]
0 € [q. 4]
2<p< % existence— existence— existence— existence—
uniqueness uniqueness uniqueness uniqueness
in 179 for in H1:7:2 for in H1:7:9 for in HP:9 for
pG[lafo,%o\/m]pG[%‘o,%\/m}pE[%,%\/m pG[%,%‘O\/m
0.€ [4, 1] 96[(«1*2) pl.).0.€12(q9 = 2), 1]
well— well= well~
posedness posedness posedness posedness
in H17:9 for in HY0:9 for in HY0:9 for in H2:9 for
%,%\/m pG[%,%\/m pG[%,%\/mI]ADG 170,1—30\/771
0€4,4Vp 0 € (4, 96(2101*12)7# 0 € (2(q —2), p]
oca,
x1s ence ex1stence existence existence existence
n H:70 for in H1P:9 for in H1'P>2 for in H1P:9 for in H1P:9 for
e {T‘), 19 Vm] pE [%,%\/m] pE [%,%Vm} pE [%,%\/m] pE [%,%Vm}
S<p< 0cl4,4Vp 0 €[4, 4] 0 € [4, ] € [2(a —2), 4]
EIGBAT
existence
in H>F:Y for
10 10
pE [7, 3 VvV m]
6 < [q,lu]
existence existence existence existence existence
in HLP:9 for in HLP:9 for in HLP:2 for in HLP:9 for in H1:P:9 for
pE ldo,m} pE ldo,m} pE pE ldo,m} pE 130,m]
L=p<m 6€[4,4Vp 0 € [4, 4] 0 € [4, ] 6 € [2(q —2), 4]
globaTl
existence
in H_”% for
pe {130’74
0 € [q.p]
Tocal Tocal I T T I
existence existence existence existence existence
in H:P:9 for in H1P:9 for in H1'P:2 for in H1P:9 for in H1:P:9 for
10 10 1 10 10
pe[L2,m]| pe L2, m| pe| pe L2, m| pe [, m]|
B<p<i+gl| 0€[44vy] 0 €[4, 1] o€ 4,4 0 € [2(g — 2), 4]
global global global global
existence existence existence existence existence
in H1:P:9 for in H1:P:9 for in H1:P>2 for in H1P:9 for in H-P 9 for
p € [p,m] pE [[ ,m] p € [p,m] p € [p,m] p € [p,m]
0€f4,4Vvy 6 €[4,y 6 € [q, p 96[2(q—27#]

=
o

<p=1+ 39

3m/

|

no results

TABLE 8. Further results when N > 6 and essinfq o, essinfr, 5 > 0

2<q¢<1+m/2

1+m/2<q<m

<g<l4+mn/w | m

<qg=1+m/p

2<p<141,/2

well-posedness
in H1:P:0

pErg,1q Vm]

0 € [rp, o Voul

+rq/2<p<r1g

local existence

pErg,rq Vm]
0 € [rp, p1]

in H1:P:0

To <p<1+rﬂ/m/

existence global existence
in H1:°:¢ in H1:°:¢
pE[rg, 1 Vm] pE[rg,rq Vm]
96['rr,rFVu] 0 € [q, u]
local existence local existence
in H1:0:9 in H1:r:0
p € [y, m] p € [y, ml
0 € [rn, 7 Vo 0 € [, p1]
global existence global existence
in H1:°:0 in H1:°:0
p € [p,m] p € [p,m]
0 € [, Vo 0 € [q, u]

o <p:1+'rn/'m'

no results
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